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Abstract. This paper investigates spectral approaches to the problem
of point pattern matching. Specifically, kernel principle component anal-
ysis (kernel PCA) methods are studied and compared with Shapiro and
Brady’s approach and multidimensional scaling methods on both syn-
thetic data and real world data. We demonstrate that kernel methods
can be effectively used for solving the point correspondence matching
problem with a performance that is comparable with other iterative-
based algorithms in the literature under the existing of outliers and ran-
dom position jitter. We also provide discussion of the theoretical support
from kernel PCA to the earlier approach of Shapiro and Brady.

1 Introduction

The problem of point pattern matching is to find one-to-one correspondences
among two given data-sets and serves as an important part in many computer
vision tasks. Graph spectral methods have been used extensively for locating
correspondences between feature point-sets, e.g. [8, 9]. In [8], Scott and Longuet-
Higgins first use a Gaussian weighting function to build an inter-image proximity
matrix between feature points in different images being matched and then per-
form singular value decomposition on the obtained matrix in order to get corre-
spondences from the proximity matrix’s singular values and vectors. This method
fails when rotation or scaling between the images is too large. To overcome this
problem, Shapiro and Brady [9] construct intra-image proximity matrices for the
individual point-sets being matched with an aim to capturing relational image
structure. The eigenvectors of the individual proximity matrices are used as the
columns of a modal matrix. Correspondences are located by comparing the rows
of the modal matrices for the point-sets under match. This method can be viewed
as projecting the individual point-sets into an eigenspace, and seeking matches
by looking for closest point correspondences. Carcassoni and Hancock have at-
tempted to improve the robustness of this method to point-jitter using robust
error kernels instead of the Gaussian [2] and have overcome problems due to
differences in the structure of the point-sets by using spectral clusters [3]. Multi-
dimensional scaling is also used to solve this problem by performing Procrustes
alignment in the eigenspace [6]. However, these two latter approaches involve
iterative computing which requires more computation than other approaches.
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This motivates us to seek point matching algorithms that are both robust and
without iteration. Kosibov and Caelli [1] have extended the Shapiro and Brady
method of seeking correspondences by searching for matches that maximise the
inner product of the truncated and re-normalised eignevactors.

The idea underpinning these spectral methods is to embed point-sets into
a common eigenspace, and to find correspondences by performing alignment
in this space. The key in this idea is that of finding the appropriate function
which captures the essential properties of the given data-set which should also
be robust under uncertainties such as outliers, random position jitter, occlusions,
etc., and identifying the common eigenspace. Also the captured properties should
be common in both data sets. The problem of how to select the best function, is
a topic that has recently attracted considerable interest in kernel learning theory.
The development of kernel PCA [7] provides us with a theoretically sound way
of improving the existing spectral point pattern matching algorithms since it
shares many features in common with spectral graph theory.

Our aim in this paper is to investigate the performance of kernel PCA for
solving the point correspondence problem and provide a robust one-to-one point
pattern matching algorithm which involves no iterations. We focus in detail the
Gaussian and polynomial kernels which are invariant to similarity transforma-
tions and reflection, and compare their performance in point pattern matching
with previous approaches. A common weakness with existing spectral methods is
that they are particularly sensitive to structural variations in the point-sets. We
demonstrate that the kernel approach is a feasible way for point pattern match-
ing and with an appropriate kernel function, in this work the polynomial kernel,
encouraging performance can be obtained and the results are less sensitive to
these problems than the previous graph spectral methods.

2 Spectral Point Pattern Matching

The problem of point pattern matching can be described as given two feature
point-sets X1 = {x1, . . . ,xm} and X2 = {y1, . . . ,yn} extracted from two differ-
ent images, establish a one-to-one point correspondences between the two data-
sets. Ideally, outliers can be removed from the data-sets during matching. In this
paper, the feature points in each data-set are in the form of xi = (x(1)

i , x
(2)
i ) and

yi = (y(1)
i , y

(2)
i ), respectively, where i are the indices and superscripts (1) and

(2) represent each point’s respective abscissa and ordinate. Our aim is to locate
correspondences between the two point-sets.

The approaches of graph spectral methods for point pattern matching is to
solve the point correspondence problem by first build a graph representation
for each data-set where each graph node corresponds to an image feature point,
and each edge between nodes corresponds to the relationships of the two feature
points. After the graph construction, represent each graph by a matrix and find
feature correspondences from the matrices’ eigendecompositions. These methods
aim to embed the dissimilarity (or similarity) properties of the original data
into a common space in which correspondence matching can be performed. As
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mentioned in the last section, the two essential ingredients are the dissimilarity
function and the embedding procedure. The dissimilarity properties are regarded
as weights of the edges and are expressed in the form of a proximity matrix A
with its elements Aij represents the dissimilarity relationship between feature
points xi and xj .

The objects in image frames are usually subject to transformations such as
translation, rotation, scaling, and reflection. Hence, it is desirable for the dissim-
ilarity function to be invariant under these transformations and thus provide a
basis for directly comparing images and for finding correspondences between the
original feature points and their transformed counterparts. It is known from ge-
ometry that the Euclidean distance is invariant to any similarity transformation,
so the dissimilarity functions underpinning many existing methods are related to
the Euclidean distance between feature points (see for example, [9, 8]). Another
example of similarity transformation-invariant property is the directional prop-
erties of feature points. This property can also be considered as a good candidate
for constructing a suitable similarity function for spectral point matching.

When viewed from the perspective of kernel PCA, applying a dissimilarity or
similarity function to the original data set is equivalent to the process of using
a kernel function to map the data into a higher, possibly infinite, dimensional
space. Moreover, this mapping interpolates the data in the new space according
to their transformation invariant properties. From this perspective, we believe
that kernel PCA provides us a sound theoretical explanation for spectral pattern
matching, and by applying an appropriate kernel function, expected matching
results should be obtained.

3 The Kernel Approach

Kernel PCA can be regarded as a generalization of PCA from a linear to a
nonlinear transformation space. In the literature it has been shown to provide a
better way of recovering the underlying principal components of the given data.

Conventional principal component analysis (PCA) provides an orthogonal
transformation of the data from a high dimensional space to a low dimensional
one which maximally preserves the variance of the original data. This is done
by computing the eigenvalues and eigenvectors of the covariance matrix C =
1
M

∑M
i=1(xi−x)(xi−x)T , and then use the first N normalized eigenvectors (N ≤

M , assume the eigenvalues are sorted in descending order) of the covariance
matrix as the main projection axes for the training data. Since the method
minimizes the residual covariance of the data points projected into the common
eigen-subspace, it thus gives an optimum representation of the original data in
the projection space.

The main difference between kernel PCA and conventional PCA is that ker-
nel PCA first uses a function T : x �→ Φ(x) to map the data from the low di-
mensional space into a new feature space F of higher dimension. Conventional
PCA is then performed on the transformed data matrix. This gives kernel PCA
the property of extracting nonlinear features from the data-set and makes it a
powerful tool in many applications.
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However, an explicit mapping T is not always exist. In real practices the
mapping is implicitly done by choosing a suitable kernel function K(xi,xj) for
data points xi and xj . However, there is a problem when choosing the function
K(xi,xj) since not every function is guaranteed to satisfy the requirements of
a feature space. An approach of choosing a qualified kernel function is to use
the properties described in the Mercer’s theorem [10] which states that any
continuous symmetric function K(xi,xj) that satisfies the positive semidefinite
condition

∫
X×X

K(xi,xj)f(xi)f(xj)dxidxj ≥ 0 is ensured to be a kernel for
some feature space. This provides a broad way of choosing the kernel mapping
functions. In this paper, we study the Gaussian kernel and the polynomial kernels
in more detail for reasons described in the last section.

To extract the principal components of the mapped data, first a covariance
matrix needs to be constructed for the mapped data. Suppose that the data
{x1, . . . ,xm} in space F is centred, then the covariance matrix of the mapped
data in this space is:

C =
1

m − 1

m∑

i=1

Φ(xi)Φ(xi)T

Since the explicit mapping T is probably unknown, computing the covariance
matrix directly is not feasible. Schölkopf, Smola, and Müller showed in [7] that
by solving the eigen-equation mλα = Kλ in which the eigenvalues are mλ, the
pth feature vector, corresponding to the projection of the pth feature point on
the eigenspace, takes the form < vp, Φ(x) >= 1√

λp

∑m
i=1 αp

i k(xi,x), which can
be further simplified to ([5])

< vp, Φ(x) >=
1√
λp

(Kαp)n =
√

λpαp
n (1)

To generalize the method to non-centered data, the kernel function K be-
comes [7, 5] K ′ = (I − eeT )K(I − eeT ) where e = M−1/2(1, 1, . . . , 1)T .

Based on the interesting transformation invariants, two kernel functions, the
Gaussian kernel and the polynomial kernel, are of interest in this work. The
polynomial kernel has the form K(xi,xj) = (xi · xj + c)d, where c and d are
constants (d �= 0). It captures the directionality of the data which should be
very important for correspondence matching. However, the dot product is not
invariant under object’s scaling so there is still a magnitude problem we should
consider. To solve this problem, one way is to normalize the scaled and truncated
eigenvectors. Another method is to scale both of the two eigenvector matrices
by the eigenvalue matrix of the model data-set. In this work, the latter method
is chosen to eliminate this problem.

The Gaussian kernel has the form K(xi,xj) = exp{−d2
ij/σ} where d2

ij is a
dissimilarity metric between the points xi and xj , which usually takes the form
of a Euclidean distance between these two points as used in this work.

Having the kernel functions described, we now introduce our point matching
algorithm using kernel PCA techniques. We expect that a suitable kernel func-
tion will capture the object’s properties and feature points can be embedded
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into a lower dimensional feature space in terms of the extracted properties thus
provide a basis for one-to-one correspondence matching. In short, the following
procedures are taken for performing point matching by kernel PCA:

• Build a matrix representation A for each image, where the matrix elements
are computed by Aij = K(xi,xj), and xi and xj are two feature points from
the same image and also let the matrix A be centred;

• Perform the eigendecomposition of A: Aλ = λα, with λ the eigenvalues and
α the eigenvectors for each proximity matrix;

• Use equation (1) to compute the projection of each feature in the eigenspace
spanned by α. Only the first two eigenvectors are used in the polynomial
kernels, and only the first three are used in the Gaussian kernels;

• The correspondences between two feature point-sets are the pairs which have
the smallest Euclidean distance between them.

• The σ values in the Gaussian function are chosen automatically using the
heuristic formula σ = 1

0.09

∑m
i=1(

1
m

∑m
j=1 d2

ij)
2, where dij are the Euclidean

distances between point pairs xi and xj .

One may find the above algorithm somewhat similar to the approach by
Shapiro and Brady [9]. In [9], a proximity matrix A is first built for each image
with the matrix elements computed as Aij = exp{−d2

ij/2σ2}, where d2
ij is the

Euclidean distance between points xi and xj , and σ is an adjustable parameter.
Shapiro and Brady explain this as the mapping of the original two dimensional
data to a higher dimensional space and thus capture structural information from
the feature points. They then perform eigendecomposition on matrix A to obtain
its eigenvalues and eigenvectors and to get a new modal matrix which has the
descendant-sorted eigenvectors as its columns for each data set. The rows of
the matrix are then considered as the projections of the feature points into the
eigenspace. When the data sets are of different size, only the first M leading
eigenvectors from each data sets are used where M is the size of the smaller
data set. To make the algorithm more robust, Shapiro and Brady also suggest
to use the eigenvalues to scale their corresponding eigenvectors and put more
emphasis on the more significant eigenvectors. This acts in a more similar way
as the kernel PCA. Comparing with the kernel PCA approach described above,
one can see that in this way, Shapiro and Brady’s method can be regarded as a
special case of the kernel PCA approach, which assumes the data in the mapped
space has a mean zero and uses the Gaussian as the kernel function. Figure 3
shows the performance of Shapiro and Brady’s method and the kernel PCA with
a Gaussian kernel.

4 Experimental Results

Experiments are designed to compare the matching performance of the afore-
mentioned spectral point matching algorithms. In addition to the algorithms
described above, the multidimensional scaling is also included in this section.
MDS is also a method commonly used for data dimension reduction which is
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based on eigenvalues and eigenvectors of a dissimilarity matrix [4]. It attempts
to preserve the pairwise relationship between data points while mapping the data
into a low dimensional space. The experiments here of matching using MDS is
performed using the classical MDS in which the Euclidean distance is taken as
the dissimilarity measure.

Focuses of the experiments are on the performance of the algorithms when
the data are under transformations and contains uncertainties such as outliers
and random position jitter. For this purpose, the data in the experiments are
designed as in the following subsection.

4.1 The Data

The experiments are taken on both synthesized data and real data sets and have
the following designs:

1. Synthetic data: Assume two dimensional affine transformation. Given X =
{x1,x2, . . . ,xn}, a synthetic dataset Y = (X+5×11T )×0.6×R is generated

for testing the algorithms, where 1 = (1, . . . , 1)T , R =
[

cos θ sin θ
− sin θ cos θ

]

is the

rotation matrix and θ = 10
180 × π.

2. Real data: Here we use the hands sequence shown in Figure (1) and the CMU
house sequence ([3]) shown in Figure (2).

3. Noisy data: A Gaussian noise is added to the data set to test the robustness
of the algorithm. First A 2-D Gaussian random matrix D ∼ N(µ, Σ) is
generated, and then the data are added to the matrix of the second feature
point set X2 using the equation X2 = X2 + D

4. Data sets with different size: To simulate structural errors we delete l consec-
utive points, where l = 1, . . . , 5, from the second data set (the test data).
Also feature point sets in the CMU house sequence have different sizes. For
frame 01, 02, 03, 04, and 10 displayed in Figure (2), the sizes of each data-set
are 30, 32, 32, 30, 30, respectively.

4.2 The Results

To compare the performances of the kernel approaches when deformations are
present, experiments are performed on synthetically generated data where a 2D
translation, rotation and isoscaling are added. The effect of missing points and
random point position jitter in terms of the 2-D Gaussian random matrices with
different covariance matrices as described above are also tested. The results are
shown in Figure (3). The experimental results of random point jitter are averages
of 100 runs for each covariance matrix. In the experiments of different data sizes,
at the beginning, both data sets have 30 points. The results of missing points are
averaged over all 30 runs. The testing method of missing data are as described
above.

The results of the algorithms on real data sets are displayed in Figure (3),
and Table (1). The experiments on missing points are performed in the same
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Table 1. Matching results (Total error numbers)

Hand data CMU House

Frames 08 - 25 09 - 11 09 - 25 11 - 25 01 - 02 01 - 03 01 - 04 01 - 10

KPCA,Gaussian 30 7 22 21 17 21 4 17

KPCA,Polynomial 5 7 6 12 11 11 3 16

MDS 35 5 26 27 17 21 25 29

Shapiro&Brady 30 7 22 21 26 28 3 25

Fig. 1. The hand image data (From left to right, up to down: frame 08, 09, 11, 25)

way as for the synthetic data. The results are got from all 44 runs (since in this
part, each data set has 44 points at the beginning).

In all the experiments using Shapiro and Brady’s method, the eigenvalues
are used to enhance their corresponding eigenvectors in order to improve the
matching results.

From these experiments, we can see that the kernel PCA approach with a
polynomial kernel gives the best results. Experiments on the CMU house data
(table 1) also show that the polynomial kernel outperforms all the other algo-
rithms. In all the experiments, the performance of kernel PCA with a Gaussian
kernel and the Shapiro and Brady’s method ([9]) similar due to their close rela-
tionship.

5 Discussion

In this paper we have explored the use of kernel PCA with a polynomial kernel
function for finding correspondences between two feature point sets. A relation-
ship with Shapiro and Brady’s correspondence method [9] is also discussed. The
experimental results reveal that the method offers performance advantages over
a number of alternative methods. Besides of the plotted results, the polynomial
kernel also shows a more stable performance in experiments of different data size.
Even in worst cases it can still maintain a tolerable error rate. The performance
of our algorithm is also comparable to the approaches in [2, 3, 6]. The relative
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Fig. 2. The CMU house data (From left to right, up to down: frame 01,02,03,04,10)
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Fig. 3. Matching results (From left to right, up to down: synthetic data; hand 08 and
09; hand 08 and 11; effects of Gaussian random position jitter)
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weakness of the polynomial kernel is that it requires slightly more computing
time that other methods and this might be a problem when very big data sets
are being matched and the time requirements is strictly restricted. However this
is compensated by its non-iterative property. Comparing with previous iterative-
based methods, its computing is more efficient.

In Gaussian kernels, the choose of the parameter σ is not an easy task. In
[9], the value is chosen manually. In this paper, we use a heuristic formula based
on each data-set’s pairwise Euclidean distance matrix to compute the σ value
automatically. In our experiments, this formula always chooses an appropriate
σ value for different data sets.
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