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Abstract. We present a new technique to recover the shape of an un-
known smooth specular surface from a single image. A calibrated cam-
era faces a specular surface reflecting a calibrated scene (for instance a
checkerboard or grid pattern). The mapping from the scene pattern to
its reflected distorted image in the camera changes the local geometrical
structure of the scene pattern. We show that if measurements of both
local orientation and scale of the distorted scene in the image plane are
available, this mapping can be inverted. Specifically, we prove that sur-
face position and shape up to third order can be derived as a function
of such local measurements when two orientations are available at the
same point (e.g. a corner). Our results generalize previous work [1, 2]
where the mirror surface geometry was recovered only up to first order
from at least three intersecting lines. We validate our theoretical results
with both numerical simulations and experiments with real surfaces.

1 Introduction and Motivation

Shiny surfaces have traditionally been considered a nuisance in computer vi-
sion. Many objects of interest and man-made surfaces are smooth and shiny,
such as a metal spoon or a clean automobile, and violate the hypothesis of
traditional shape reconstruction techniques (e.g. shape from shading, texture
gradient, etc...). In fact, it is not possible to observe the intrinsic surface of a
mirror but only what is reflecting. This additional cue, however, may be precisely
exploited in order to infer the shape of this category of objects.

In this paper we present a new technique to recover local shape of an un-
known smooth specular surface by observing the deformation of the reflection
of a regular pattern in a calibrated scene (for instance, a checkerboard grid),
using a calibrated camera (see Fig. 1). Our approach extends and generalizes
our previous work [1,2,3] based on a novel observation that the mapping from
the scene grid to the reflected curved grid in the camera image plane due to
mirror reflection not only changes the “orientation” of the grid lines but also
”stretches” the grid step, modifying the local scale of the pattern. Such a de-
forming mapping can be easily illustrated by the grid points (1, 2, 3, 4, 5) and
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their corresponding points (1′, 2′, 3′, 4′, 5′) in the curved grid reflected on the
mirror surface shown in Fig 1. We first analyze this map and derive analytical
expressions for the local geometry in the image (namely, first- and second-order
derivatives at the intersection points of the curved grid) as a function of mirror
surface position and shape. We then study the inverse problem and derive surface
position and shape up to third order as a function of local position, orientation
and local scale measurements in the image when two orientations are available
at the same point. Such local measurements may be computed at a point (e.g. 1′

in Fig. 1(c)) from its four neighboring reflected points (e.g. 2′, 3′, 4′, 5′). By com-
paring these measurements with their corresponding analytical expressions, we
induce a set of constraints, which lead to solutions for surface position, as well as
closed-form solutions for normal, curvature and third-order local parameters of
the surface around the reflected point of interest. As a result, our reconstruction
approach is only ”technically” sparse as we can estimate local shape (i.e. surface
orientation, curvature and third order parameters) in the neighborhood of each
reflected point. In other words, we obtain a ”piece-wise parabolic” reconstruc-
tion, where each ”piece” is a vertex of a paraboloid. A robust estimation of the
surface’s shape may be ultimately obtained by integrating such information.

1.1 Previous Work and Paper Organization

Pioneering work on specular surfaces reconstruction was carried out by Koen-
derink [12], Blake [6,5] and Zisserman [15] who tackled the problem under the
hypothesis of viewer motion. Other approaches include those based on mathe-
matical models of specular reflections [10,11], analyzing 3D surface profiles trav-
elled by virtual features (Oren and Nayar [13]), as well as their extensions [14].
Halsead et al. [9] proposed a reconstruction algorithm where a surface global
model is fitted to a set of normals obtained by imaging a pattern of light re-
flected by specular surface. Their results were applied to interactive visualization
of the cornea. Perard [16] and Tarini et al. [17] proposed a structured lighting
technique for the iterative reconstruction of surface normal vectors and topogra-
phy. Bonfort et al. [18] presented a voxel-based approach in the spirit of multiple
view (space carving) algorithms. Among these techniques, some limitations are
the necessity of having available a certain degree of knowledge on shape and
position of the object; multiple images under different condition of the illumi-
nant; dedicated hardware equipment. Savarese et al. [1,2,3] tried to overcome the
above limitations and tackled the monocular single-image case using a local and
differential approach: local measurements of position and orientation of three
intersecting lines were used to recover first-order surface geometry (and second-
order up to one free parameter). By exploiting measurements of both local scale
and orientation, our work generalizes and extends this result to be able to re-
cover the local surface geometry up to third-order accuracy using fewer lines.
Table 1 summarizes the difference between our results and previous work [2,3].

The rest of the paper is organized as follows. After introducing the problem
formulation in Section 2, we present in Section 3 full analytical expressions for
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Table 1. Comparison of our results with previous work

Method Measurements Estim. surface quantities
Our
Method

point q + orientation & scale of 2 lines
through q

distance, tangent plane, curva-
ture and 3rd order param. at r

[2,3] point q + orientation of 3 lines
through q

distance, tangent plane at r

the first- and second-order derivatives of a reflected image curve, and then de-
rive closed-form solutions for the unknown surface parameters in Section 4. In
Section 5, we describe how to measure derivatives of a reflected image curve us-
ing numerical approximation and address its associated error issues. We finally
validate our theoretical results with both numerical simulations and experiments
with real surfaces in Section 6.

2 Setup and Problem Formulation

The geometric setup is depicted in Fig. 1(a). A calibrated scene composed of a
pattern of intersecting lines is reflected off an unknown smooth mirror surface
and the reflection is observed by a calibrated camera. Our goal is to obtain local
geometrical information of the surface by analyzing the deformation produced
upon the pattern of lines.

Let c be the center of projection of the camera. The image plane is positioned
l unit distance in front of c, perpendicular to the view direction v. Given a scene
point p, let q be the image of p observed on the image plane through a specular
reflection on the mirror surface at r. See Fig. 2(a). Then q and r are constrained
by the following relationship:

r = c + sd, (1)

where the unit vector d = (q − c)/ ||q − c || is the view ray direction, and
s = || r − c || is the distance from r to c. With c fixed and q measured, the
surface position at r is completely determined by a single distance parameter s.

To recover the higher-order surface parameters around the reflection point r
besides its position, we introduce a suitable coordinate reference system [UVW]
centered at r and refer to it as the principal reference system, similar to that
adopted in [5,2]. Let np be the normal vector to the plane defined by q, p and
c, and let nr be the surface normal at r. Then, W = nr, V = np, and U =
V × W. Given an arbitrary point x represented in a reference system [XY Z]
centered in c, its corresponding coordinates x′ in [UVW] can be obtained by a
transformation x′ = RT(x − r), where R = [np × nr np nr], which is a function
of the unknown parameter s. In the principal reference system, the normal of
the surface at the origin is W and the tangent plane to the surface is the plane
defined by U and V, thus the surface around r can be written in the special
Monge form [8], yielding

w =
1
2!

(a u2 + 2c uv + b v2) +
1
3!

(e u3 + 3f u2v + 3g uv2 + h v3) + · · · , (2)
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(a) (b) (c)

Fig. 1. Setup. (a) A camera is facing a specular surface reflecting a scene. (b) Image
seen from the camera. (c) Points correspondence (1, 2, 3, 4, 5) and (1′, 2′, 3′, 4′, 5′) under
reflection.
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Fig. 2. Specular reflection geometry

where we call a, b, c and e, f , g, h the second-order and third-order surface
parameters around r, respectively. Accordingly, we refer to s as the first-order
surface parameter which determines both position and normal of the surface.
From now on we assume that we work in the local principal reference system.

2.1 Surface Recovery

Our focus in this paper is to recover first-, second- and third-order surface pa-
rameters around r using quantities that are known or measurable. Note that c,
q, p are known by assuming calibrated camera and scene.

Consider two lines intersecting at a point p. Through specular reflection,
these two lines becomes two curves on the mirror surface intersecting at r and
subsequently are observed as two deformed curves on the image plane, inter-
secting at q (the image of p). Our approach is to perform differential analysis
around q. Specifically, we derive analytical expressions for the first- and second-
order derivatives of the two deformed image curves at q, in terms of surface
parameters up to the third order (s, a, b, c, e, f, g, h) (see Section 3). By com-
paring these analytical formulas with their corresponding local measurements in
the image obtained from scale and orientation of the lines at q (see Section 5),
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we impose a set of constraints on the unknown surface parameters. The result-
ing constraint system leads to solution for s and closed-form solutions of the
remaining unknowns, allowing us to recover the mirror surface locally around
the reflection point r up to the third-order accuracy (see Section 4). Our results
are summarized in Table 1.

3 Differential Analysis

A line passing through a scene point po(= [pou pov pow]T) in 3D space can be
described in a parametric form by p(t) = po + t ∆p, where t is a parameter and
∆p = [∆pu ∆pv ∆pw]T is the orientation vector of the line. Given a fixed camera
position c, a mapping from the parameter t to the corresponding reflection point
r in the mirror surface defines a parameterized space curve r(t) lying on the
mirror surface, which describes the position of the reflection point as t varies.
See Fig. 2(b). Consequently, through a perspective projection, r(t) is mapped
to another parameterized curve q(t) on the image plane. In order to perform
differential analysis, we denote the first-order derivatives (tangent vector) of
r(t) and q(t) respectively by ṙ and q̇, and denote their second-order derivatives
respectively by r̈ and q̈. They are all functions of t. When t = to = 0, we denote
r(to) by ro, which is the reflection point of po on the mirror surface and can be
set as the origin of the principal reference system. Accordingly, the values of ṙ,
q̇, r̈ and q̈ evaluated at to are denoted by ṙo, q̇o, r̈o and q̈o. Throughout this
paper, if there is no further explanation, we always assume that we evaluate ṙ,
q̇, r̈ and q̈ at to, and omit the subscript o to make the notation easier on the eye.

3.1 First-Order Derivative of r(t)

By formulating a specular reflection path from p to q as Chen and Arvo [7]
did and carrying out implicit differentiation [2], we can compute ṙ(= [u̇ v̇ ẇ]T)
analytically as




u̇
v̇
ẇ


=− 1

∆




Jv − 2b cos θ 2c cos θ 0
2c cos θ Ju − 2a cos θ 0

0 0 ∆






Bu

Bv

0


 (3)

where θ is the reflection angle at ro, and

∆ = (Ju − 2a cos θ)(Jv − 2b cos θ) − 4c2 cos2 θ

Bv = − ∆pv

||po || ; Bu =
∆pw cos θ sin θ − ∆pu cos2 θ

||po ||

Ju = Jv cos2 θ; Jv =
s + ||po ||
s ||po || cos θ =

√
2

2

√
s − 〈d,po〉
|| sd − po || + 1.

Equation (3) holds when ∆ �= 0, which is true in general [2]. With po, ∆p and c
fixed for a given scene line, Eq. (3) expresses ṙ as a function of unknown surface
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parameters s, a, b, c. A similar equation was derived by Zisserman et al. [15] in
the dual context of a moving observer.

In [2] we found that if (at least) 2 scene lines pi, pj intersecting at po are
available, a,b,c can be expressed as a function of s and a free parameter r:





a =
Ju

2 cos θ
− r

h1

2 cos θ

b =
Jv

2 cos θ
− r

h2

2 cos θ

c = r
h3

2 cos θ

, (4)

where [h1 h2 h3]
T = hk × hj , hi = [Bvi , −Bui tanφi, Bui − Bvi tanφi] and φi

denotes the angle between ṙi and the U axis at ro.

3.2 Second-Order Derivative of r(t)

Let f(u, v, w) = 0 denote the implicit function of the mirror surface s represented
in Eq. (2) and Hs = ∂2f/∂r2 be the Hessian matrix of the function f with respect
to the reflection point r. Under the assumption that the third-order terms in the
Monge form (2) are negligible, in [3] we exploited the property that ∂Hs/∂r = 0
at t = to, and derived a simplified second-order derivative r̈ of the curve r(t).
We generalize here this result to the case where e, f, g, h are not negligible and
obtain a general expression for the second-order derivative r̈:

r̈ =




ü
v̈
ẅ


 =




ü1
v̈1
ẅ1


 +




ü2
v̈2
0


 = r̈1 + r̈2. (5)

The first term r̈1 is given by ẅ1 = −au̇2 − 2cu̇v̇ − bv̇2 and

[
ü1
v̈1

]
= − 1

∆

[
Jv − 2b cos θ 2c cos θ

2c cos θ Ju − 2a cos θ

] [
D1 − Jwẅ

D2

]
, (6)

where Jw = ((||po || − s) sin θ cos θ) /(s ||po ||), and D1, D2 are functions de-
pending only on s, a, b, c. The second term r̈2 depends on the third-order surface
parameters and is expressed as:

[
ü2
v̈2

]
=

2 cos θ

∆

[
Jv − 2b cos θ 2c cos θ

2c cos θ Ju − 2a cos θ

] [
u̇2 2u̇v̇ v̇2 0
0 u̇2 2u̇v̇ v̇2

]



e
f
g
h


 . (7)

Detailed derivation of Eq. (6) and Eq. (7) is available as a technical report.
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3.3 Relationship between ṙ and q̇

Based on Eq. (3), we derive an analytical formula for the first-order derivative
of q(t) on the image plane by examining the relationship between ṙ and q̇.

Letting λ(t) = ||q(t) − c || / || r(t) − c || be the ratio between the distance
from c to q(t) and that from c to r(t). We may express the image plane curve
q(t) as follows:

q(t) − c = λ(t)(r(t) − c). (8)

In our setup the image plane is located l unit distance along the view direction
v, thus λ satisfies the following equation

λ(t) 〈r(t) − c,v〉 = l. (9)

Here, 〈 , 〉 denotes the inner product of two vectors. Using Eq. (9), we may
evaluate λ and λ̇ at to as

λ =
l

s 〈d,v〉 , λ̇ = − l 〈ṙ,v〉
s2 〈d,v〉2 . (10)

Then we can differentiate Eq. (8) with respect to t and compute q̇ as follows:

q̇ = λṙ + sλ̇d =
l

s 〈d,v〉
[
I − dvT

〈d,v〉
]
ṙ = T ṙ, (11)

where the 3 × 3 matrix T is defined as

T =
l

s 〈d,v〉
[
I − dvT

〈d,v〉
]

. (12)

3.4 Relationship between q̈ and r̈, ṙ

To relate the second-order derivative of r(t) to that of its image plane projection
q(t), we differentiate Eq. (11) with respect to t, obtaining

λq̈ = λ2r̈ + (λ̈λ − 2λ̇2)sd + 2λ̇q̇, (13)

where λ and λ̇ are defined in Eq. (10). By differentiating Eq. (9) twice with
respect to t, we can compute λ̈ and then get an analytical formula for q̈ from
Eq. (13), that is

q̈ = T
[
r̈ − 2

s 〈d,v〉 〈ṙ,v〉 ṙ
]

, (14)

where the matrix T is defined as in Eq. (12). It then follows from Eq. (5) that
q̈ = q̈1 + q̈2, where

q̈1 = T
[
r̈1 − 2

s 〈d,v〉 〈ṙ,v〉 ṙ
]

, q̈2 = T r̈2. (15)

As we can see, the third-order surface parameters e, f, g, h only appear in q̈2.
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4 Surface Reconstruction

In this section we shall show that by using two scene lines intersecting at a
point po, we are able to recover first order surface parameter s and higher order
parameters a, b, c, e, f, g, h in close form using Eq. (11) and Eq. (15). For clarity,
we indicate the quantities measured in the image plane with the superscript m
and the quantities associated with different scene lines with a subscript. For
example, the measurement of the first-order derivative of the ith curve qi(t) in
the image plane is indicated by q̇m

i .

4.1 Recovering First and Second Order Parameters

It can be seen from Eq. (4) that we only need to determine two unknowns r and
s to recover first and second-order surface parameters. Replacing a, b, c in Eq. (3)
by Eq. (4), we obtain a novel expression for ṙ in terms of r and s (embedded in
h1, h2, h3, Bu, Bv) as:

ṙ = − 1
r(h1h2 − h2

3)




h2 h3 0
h3 h1 0
0 0 r(h1h2 − h2

3)







Bu

Bv

0


 = −1

r

[
VB

0

]
,

where we have defined

V =
1

h1h2 − h2
3

[
h2 h3
h3 h1

]
, B =

[
Bu

Bv

]
.

Accordingly, it follows from Eq. (11) that the first-order derivative q̇ and its L2
norm can also be expressed in terms of the two unknowns r and s:

q̇ = −1
r
T

[
VB

0

]
, || q̇ ||2 = 〈q̇, q̇〉 =

1
r2

[
BTVT 0

]
TTT

[
VB
0

]
(16)

where only the unknown s (not r) appears in T, V and B.
Suppose that we are able to measure tangent directions (tanφk and tanφj)

and first-order derivatives (q̇m
k and q̇m

j ) of qk(t) and qj(t) at qo, respectively

(see Section 5). By taking the ratio || q̇m
k ||2 /

∣∣∣∣ q̇m
j

∣∣∣∣2, we have

|| q̇m
k ||2∣∣∣∣ q̇m
j

∣∣∣∣2 =

[
Bk

TVT 0
]
TTT

[
VBk

0

]

[
Bj

TVT 0
]
TTT

[
VBj

0

] , (17)

where the matrix V is expressed in terms of our tangent direction measurements
tanφk and tanφj . Notice that the matrix T defined in Eq. (12) does not depend
on a particular line. Equation (17) imposes a constraint for us to solve for s.
Once s is computed, we can easily derive the closed-form solution for another
unknown r up to a sign from Eq. (16):

r2 =

[
Bk

TVT 0
]
TTT

[
VBk

0

]

|| q̇m
k ||2 . (18)
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4.2 Recovering Third Order Parameters

To recover the third-order surface parameters, we assume that we are able to
estimate the second-order derivatives for the two reflection curves in the image
plane, denoted by q̈m

k and q̈m
j respectively (see Section 5). Let v̂ denote a 2D

vector consisting of the first two components of a 3D vector v. In accordance
with the decomposition of q̈ in Eq. (15), we can divide ˆ̈q

m

k and ˆ̈q
m

j into two
parts, yielding:

(ˆ̈q2)
m
k = ˆ̈q

m

k − (ˆ̈q1)k, (ˆ̈q2)
m
j = ˆ̈q

m

j − (ˆ̈q1)j , (19)

where (ˆ̈q1)k and (ˆ̈q1)j (independent of e, f, g, h) are known from Eq. (6) once
we have recovered s, a, b, c. On the other hand, we have analytical solutions for
(ˆ̈q2)k and (ˆ̈q2)j from Eq. (15), that is,

(ˆ̈q2)k = T22(ˆ̈r2)k, (ˆ̈q2)j = T22(ˆ̈r2)j , (20)

where T22 is the upper left 2× 2 sub-matrix of T, and ˆ̈r2 can be expressed from
Eq. (7) using Eq. (4) as

[
ü2
v̈2

]
=

2 cos θ

r(h1h2 − h2
3)

[
h2 h3
h3 h1

] [
u̇2 2u̇v̇ v̇2 0
0 u̇2 2u̇v̇ v̇2

]



e
f
g
h


 . (21)

Thus, Equating Eq. (19) and Eq. (20) gives rise to a constraint system for
e, f, g, h:

[
(ˆ̈q)m

k − (ˆ̈q1)k

(ˆ̈q)m
j − (ˆ̈q1)j

]
=

2 cos θ

r(h1h2 − h2
3)

M1M2M3




e
f
g
h


 , (22)

where M1,M2,M3 are defined as follows:

M1 =




h2 h3 0 0
h3 h1 0 0
0 0 h2 h3
0 0 h3 h1


 , M2 =

[
T22 0
0 T22

]
, M3 =




u̇2
k 2u̇kv̇k v̇2

k 0
0 u̇2

k 2u̇kv̇k v̇2
k

u̇2
j 2u̇j v̇j v̇2

j 0
0 u̇2

j 2u̇j v̇j v̇2
j


.(23)

Equation (22) leads to the following closed-form solution for the third-order
surface parameters, that is,




e
f
g
h


 =

r(h1h2 − h2
3)

2 cos θ
(M1M2M3)−1

[
(ˆ̈q)m

k − (ˆ̈q1)k

(ˆ̈q)m
j − (ˆ̈q1)j

]
, (24)

where the existence of (M1M2M3)−1 is based on the following proposition:
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Proposition 1 The matrix M1M2M3 is invertible.

Proof: det(M1) �= 0 follows directly from ∆ �= 0. It can be easily proved that
det(M2) �= 0 since T in Eq. (11) is associated with the projective transformation
from a mirror surface (3 D.O.F.) into the image plane (2 D.O.F.). Let us prove
that det(M3) �= 0. We first show that M3 is invertible when one of {u̇k, v̇k, u̇j , v̇j}
is zero. For example, if u̇k = 0, then det(M3) = (v̇ku̇j)4 �= 0. Otherwise, either
v̇k = 0 or u̇j = 0 will contradict to our observation of two curves with different
orientations. Next we shall consider the case where none of u̇k, v̇k, u̇j , v̇j is zero.
The proof is performed by contradiction. With two differently-oriented image
curves observed, we should have

v̇k/u̇k �= v̇j/u̇j , v̇k/u̇k �= −v̇j/u̇j . (25)

Suppose that M3 is singular. Its 4 row vectors U1, U2, U3, U4 are linearly depen-
dent. Without loss of generality, we may assume that U4 = k1U1 + k2U2 + k3U3
(at least one ki is nonzero), which can be expanded as

k1u̇
2
k + k3u̇

2
j = 0 (26)

2k1u̇kv̇k + k2u̇
2
k + 2 k3u̇j v̇j = u̇2

j (27)

k1v̇
2
k + 2 k2u̇kv̇k + k3v̇

2
j = 2u̇j v̇j (28)

k2v̇
2
k = v̇2

j (29)

By eliminating variables through substitutions, we get

(k1 + k2k3)(k3v̇k + u̇k)2 = 0, (k1 + k2k3)(k1v̇j − k2u̇j)2 = 0. (30)

If k1+k2k3 = 0, then it follows from Eqs. (26) and (29) that k3
[
v̇2

j /v̇2
k − u̇2

j/u̇2
k

]
=

0. To satisfy Eq. (25), we must have k3 = 0, which leads to k1 = 0 and then
v̇k/u̇k = v̇j/u̇j from Eqs. (27) and (28), contradictory to our assumption (25).
Consequently, Equation (30) simplifies to

k3v̇k + u̇k = 0, k1v̇j − k2u̇j = 0. (31)

Eqs. (31), (26) and (29) present an over-constrained system for k1, k2, k3,
which requires v̇k/u̇k = v̇j/u̇j , again contradictory to our assumption (25).
Therefore, U1, U2, U3, U4 must be linearly independent, and M3 is invertible. ��

5 Numerical Measurement and Error Analysis

In Section 4 we have assumed that for a reflected curve q(t) observed on the im-
age plane, we are able to measure its orientation tanφ, the first-order derivative
q̇m and the second-order derivative q̈m at qo. In this section we shall describe
how to numerically compute these quantities, and analyze the reconstruction
error due to such approximations.
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Fig. 3. Reconstruction error analysis by means of numerical simulations
on a synthetic mirror surface. Given the center of the camera c and 2 scene
lines intersecting at po, we observe two reflected image curves depicted in the top
left panel. The synthetic mirror surface is positioned such that the distance s be-
tween the reflecting point ro and c is 9cm. The surface principal curvatures at
ro are κ1 = −0.603 and κ2 = −0.502, and the third-order surface parameters are
e = −0.35, f = −0.1, g = 0.2, h = −0.045. By numerically measuring the first- and
second-order derivatives at qo (i.e. point 1) using pairs of mark points located at in-
creasing distance ∆t from q (i.e. mark point pair (2, 2′), · · · (5, 5′)), we recover the local
surface at ro as described in Section 4. Each of the remaining plots in the top panel
recovered surface parameter as a function of the mark gap ∆t, with the maximum
percentage error reported at the bottom. Notice that the error of recovered distance
s increases as a quadratic function of ∆t, the curvature error is one order of magni-
tude bigger than the distance error, and the third-order parameter error is one order
of magnitude bigger than the curvature error. In the bottom panels the reconstructed
surface (estimated by using the pair of mark points (5, 5′)) is qualitatively compared
to the original one in both W−V and W−U sections of the UVW reference system.
The numerical approximation (32) and (33) appears to give rise to reasonably good
reconstruction results as long as the mark points are close enough to each other (i.e.,
∆t small enough).

Given a scene line p(t), we may accurately measure the orientation of its
reflected image curve q(t) at qo using B-spline interpolation. In fact, by con-
structing a B-spline that interpolates image points along the curve, the di-
rection of q̇ (i.e.,tanφ) can be calculated by numerical differentiation of the
resulting B-spline. To estimate a complete q̇ (with both direction and mag-
nitude) and higher-order derivative q̈, we can make use of mark points po =
p(to),p−1 = p(t−1),p1 = p(t1), . . . (see Fig. 2) distributed along p(t) and use
central finite difference approximation. Specifically, suppose that the mark points
p(ti)(i = . . . ,−1, 0, 1, . . .) are mapped to corresponding image points q(ti). Let
the step size ∆t = ti − ti−1. We may approximate q̇ and q̈ at qo by using 2
points and 3 points respectively, that is
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q̇ ≈ (q(t1) − q(t−1))/(2∆t) (32)
q̈ ≈ (q(t1) − 2q(t0) + q(t−1))/(∆t)2. (33)

The truncation error of the finite difference approximation (32) and (33) decays
when ∆t decreases. To analyze how this numerical approximation affects recov-
ery of distance, curvature and third-order parameters of the mirror surface, we
conducted numerical simulations on a synthetic mirror surface by implementing
Eqs. (17), (18) and (24) in Matlab (see Fig. 3).

6 Experimental Results

In addition to numerical simulations on synthetic surfaces, we also validated our
theoretical results by recovering local surface parameters of some real mirror
objects. A Kodak DC290 digital camera with 1792×1200 resolution was used to
take a picture of a mirror surface reflecting a checkerboard pattern of 2cm × 2cm
grid size. The mirror surface and camera were set about 30cm apart. The edges
of the pattern grids acted as a pair of intersecting lines and corners served as
mark points for our finite difference approximation. The pattern was placed such
that both pattern and its specular reflection were clearly visible from the camera
(see Fig. 1). The camera and pattern were calibrated using standard calibration
routines. Our local surface reconstruction algorithm can be summarized as the
following 8 steps:

1. Select a scene intersection point and its reflected point (e.g. 1 and 1′ in
Fig. 1).

2. Select four neighboring points from both checkerboard pattern (e.g. 2, 3, 4,
5) and corresponding reflected pattern (e.g. 2′, 3′, 4′, 5′).

3. From 1, 2, 3, 4, 5 compute po and the direction of two scene lines ∆p1 and
∆p2.

4. From 1′, 2′, 3′, 4′, 5′ estimate qm, q̇m
1 , q̇m

2 and q̈m
1 , q̈m

2 using Eqs. (32) and
(33).

5. Recover the distance parameter s by Eq. (17) from q̇m
1 , q̇m

2 .
6. Recover the parameter r by Eq. (18) from q̇m

1 , q̇m
2 .

7. Recover curvature parameters (a, b, c) by Eq. (4).
8. Recover third-order surface parameters (e, f, g, h) by Eq. (24) from q̈m

1 , q̈m
2 .

We validated this algorithm with a specular teapot and a portion of car fender
(see Fig. 5). The recovery of third-order surface parameters has been validated in
Fig. 3 (bottom panel) using a synthetic mirror surface. In the teapot experiments
we compared our reconstruction results with those obtained using three lines [2]
in Fig. 4.

7 Conclusions

Under the assumption of an unknown mirror surface reflecting a known cali-
brated pattern (e.g. a checkerboard) onto the image plane of a calibrated cam-
era, we demonstrated that surface position and shape up to third order can be
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Fig. 4. Teapot Experiment. We compared our reconstruction results with those
obtained using the 3-lines-approach [2] for a specular teapot (left panel). At that end,
we used a special pattern composed of a tessellation of triangles in order to have a
triplet of intersecting lines at each corner point. The bottom part of the teapot (a
cylinder of diameter d = 13.15 cm) was reconstructed at each marked point (middle
panel). The right panel compares reconstructed points obtained by 3-lines-method (a)
and our method (b). Each point is represented by its tangent plane and its normal
vector. Statistical analysis shows that these two methods exhibit similar performances
in reconstructing position and surface normal at each intersecting point. Our approach,
however, is more advantageous than the 3-lines-approach in that it can also estimate
curvature parameters. Our recovered average principal curvatures are κ1 = −0.153 ±
0.005 and κ2 = 0.003 ± 0.007, which corresponds to an average estimated cylinder
diameter of 13.097 cm.
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Fig. 5. Experimental results with real surfaces (teapot and car fender).

derived as a function of local position, orientation and local scale measurements
in the image when two orientations are available at the same point of the image
reflected pattern (e.g. a corner). We validated our theoretical results with both
numerical simulations and experiments with real surfaces and found that the
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method is practical and yields good quality surface reconstruction. Future work
may be done to overcome the correspondence problem between pattern points
and their reflected image points. Additional work may be also needed to remove
the hypothesis of having a calibrated pattern, which will most likely require inte-
grating additional cues (such as stereo views) and some form of prior knowledge
on the likely statistics of the scene geometry.
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