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Abstract. We investigate the influence of the mirror shape on the imag-
ing quality of catadioptric sensors. For axially symmetrical mirrors we
calculate the locations of the virtual image points considering incident
quasi-parallel light rays. Using second order approximations, we give an-
alytical expressions for the two limiting surfaces of this “virtual image
zone”. This is different to numerical or ray tracing approaches for the
estimation of the blur region, e.g. [1]. We show how these equations can
be used to estimate the image blur caused by the shape of the mirror. As
examples, we present two different omnidirectional stereo sensors with
single camera and equi-angular mirrors that are used on mobile robots.
To obtain a larger stereo baseline one of these sensors consists of two
separated mirror of the same angular magnification and differs from a
similar configuration proposed by Ollis et al. [2]. We calculate the caus-
tic surfaces and show that this stereo configuration can be approximated
by two single view points yielding an effective vertical stereo baseline of
approx. 3.7 cm. An example of panoramic disparity computation using a
physiologically motivated stereo algorithm is given.

1 Introduction

Omnidirectional catadioptric image sensors have become widely used in recent
years [3]. Usually, the shape of a reflective surface is calculated considering only
the reflection of the principal ray which runs through the nodal point of the
camera lens (pinhole camera model). However, due to the camera lens and its
aperture a finite area on the reflective surface contributes to the imaging of a
single object point. Therefore the shape of the mirror can cause image blur, for
example.

To investigate the imaging quality of a catadioptric system we first estimate
the location of the virtual image of distant objects generated by a convex re-
flective surface (section 2). Using these results we then (section 3) calculate the
expected image blur, which depends also on the focal length and the aperture of
the lens. The intention of this paper is to formulate an approximative description
of how the shape of the reflective surface may influence the imaging quality of a
catadioptric system.
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Fig. 1. a: Calculation of the virtual image zone: Two vertically shifted parallel rays with
incidence direction −eo originating from a distant point are reflected at neighboring
points x and x̃. The corresponding virtual image point is the intersection of the reflected
rays with direction vectors −e and −ẽ. The imaging is more complex for horizontally
shifted parallel rays. b: Illustration of the parameters used in Eqs. (18) and (20), which
determine – in addition to the magnification factor α – the shape of the reflective
surface: γS is the angle relative to the x-axis at the tip, θmax is the camera angle
corresponding to the maximum radius Rmax of the mirror. From the law of reflection,
we find Θo(0) = π − 2γS .

2 Calculation of the Virtual Image Zone

To compute the location of the virtual image of an object point we consider two
incident parallel light rays1 with direction −eo which hit the mirror surface at
the neighboring points x and x̃ and are reflected into directions −e and −ẽ, see
Fig. 1 a. Therefore, the reflected rays can be described by (λ, µ ∈ R)

g(λ) = x + λ e , g̃(µ) = x̃ + µ ẽ . (1)

The distance ||g(λ) − g̃(µ)||2 is minimized for

λ∗ =
(x̃ − x)((eẽ)ẽ − e)

(eẽ)2 − 1
, µ∗ =

(x − x̃)((eẽ)e − ẽ)
(eẽ)2 − 1

. (2)

λ∗ and µ∗ determine the location of the “virtual image zone”. Whereas an in-
tersection point exists for every two vertically shifted parallel rays, this is not
true in general.

1 We assume that the distance to the object is large compared to the radius of local
curvature.
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If g in Eq. (1) describes the principal ray, and the mirror surface is given by
x(θ, ϕ) with respect to the nodal point of the camera then g hits the mirror in
the point x := x(θ, ϕ), where θ and ϕ are determined by the law of reflection,
i.e.

e = eo − 2(n0eo)n0 . (3)

n0 := n0(θ, ϕ) is the normal vector of the mirror surface at x and

e := e(θ, ϕ) := (sin θ cos ϕ, sin θ sin ϕ, cos θ)� (4)

is the unit direction vector expressed in spherical coordinates θ ∈ [0, π], ϕ ∈
[0, 2π). For the second ray, which hits the mirror in the vicinity of x, we get

x̃ = x(θ + ∆θ, ϕ + ∆ϕ) , (5)
ẽ = eo − 2(ñ0eo)ñ0 (6)

= eo − 2[n0(θ + ∆θ, ϕ + ∆ϕ)eo]n0(θ + ∆θ, ϕ + ∆ϕ) . (7)

We found an approximate solution λ∗(θ) for axially symmetrical mirrors, for
which the surface is described by

x(θ, ϕ) = r(θ)e(θ, ϕ) . (8)

r(θ) is the distance of a point on the mirror to the nodal point at the origin of
the coordinate system. The normal vector at point x(θ, ϕ) is then given by

n0(θ, ϕ) = − (
r(θ)2 + r′(θ)2

)− 1
2

(
r(θ)e(θ, ϕ) − r′(θ) ∂

∂θe(θ, ϕ)
)

. (9)

By Taylor expansion of (5) and (7) with respect to ∆θ and ∆ϕ up to second
order an approximate estimate of (2) can be found analytically.2 As shown in
the appendix the result is

λ∗ ≈ λ∗
θϕ(θ, ∆θ, ∆ϕ) (10)

:= −1
2
r(θ)

[
1 +

(r′(θ)
r(θ)

)2]∆θ2g(θ) + ∆ϕ2h(θ) sin θ

∆θ2g(θ)2 + ∆ϕ2h(θ)2
, (11)

g(θ) := 1 + 2
(r′(θ)

r(θ)

)2
− r′′(θ)

r(θ)
, h(θ) := sin θ − r′(θ)

r(θ)
cos θ . (12)

2 Usually only a small part of the mirror contributes to the imaging of a single point:
For a planar reflective surface, the angular extent ∆θ of the mirror that contributes
to the imaging at angle θ is approx. D cos θ

2r(θ) , where D is the lens aperture. For a
convex mirror of angular magnification α (see 2.1), ∆θ is approximately reduced
by the factor α−1. We exclude rapid changes in curvature and nearly tangential
incidence.

For vertically shifted incident parallel rays in an axial plane the reflected rays
form a caustic curve. In this case the point given by λ∗

θϕ(∆ϕ = 0) is the tangent
point of the principal ray g(λ) on the caustic. The existence of a caustic curve is
not always guaranteed [4], since e.g. for horizontally shifted parallel incident rays
det( ∂

∂ϕ
x̃, ẽ, ∂

∂ϕ
ẽ) may be �= 0.
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If the second ray is shifted solely vertically (∆ϕ = 0) or solely horizontally
(∆θ = 0) we obtain two special cases,

λ∗
θ(θ) := λ∗

θϕ(θ, ∆θ, ∆ϕ = 0) = −1
2
r(θ)

1 + ( r′(θ)
r(θ) )2

1 + 2( r′(θ)
r(θ) )2 − r′′(θ)

r(θ)

, (13)

λ∗
ϕ(θ) := λ∗

θϕ(θ, ∆θ = 0, ∆ϕ) = −1
2
r(θ)

[1 + ( r′(θ)
r(θ) )2] sin θ

sin θ − r′(θ)
r(θ) cos θ

, (14)

which are the extremal values of (11) for fixed θ.3 The corresponding virtual
image surfaces of the mirror are given by

vθ(θ, ϕ) := x(θ, ϕ) + λ∗
θ(θ)e(θ, ϕ) , (15)

vϕ(θ, ϕ) := x(θ, ϕ) + λ∗
ϕ(θ)e(θ, ϕ) . (16)

If the difference between λ∗
θ(θ) and λ∗

ϕ(θ) is large then the camera lens cannot
be focused on both vθ and vϕ(θ, ϕ), and the resulting image will be blurred.4 If
the plane of focus is moved continuously, either horizontal or vertical structures
will be imaged sharply at some points. Of course, the extent of blur also depends
on the aperture of the camera lens. This will be discussed in section 3.

2.1 Mirrors with Equi-angular Magnification

Using the parameters γS , θmax and Rmax that are depicted in Fig. 1 b, the surface
of a mirror with constant (vertical) angular magnification α, i.e.

θo = Θo(θ) := π − 2γS − α θ (17)

(⇒ | ∂
∂θ Θo(θ)| = α), can be described by

r(θ) =
K

cos(θ/k + γS)k
, k :=

2
1 + α

, (18)

K := r(0) coskγS = r(θmax) cos(θmax/k + γS)k (19)

=
Rmax

sin θmax
cos(θmax/k + γS)k . (20)

Eq. (18) is a variant of the equations derived in [5]. As mentioned in [2], cor-
rections are necessary to obtain uniform resolution images for large angles θ. In
this case the shape of the mirror surface has to be calculated numerically.

Substituting r(θ) for the equi-angular mirror in Eqs. (13) and (14) we find

λ∗
θ(θ) =

r(θ)
α − 1

, λ∗
ϕ(θ) =

r(θ) sin θ

sin(αθ + 2γS) − sin θ
. (21)

3 Exploiting the axial symmetry, it can be easily shown that ∂x(θ,ϕ)
∂θ

and ∂x(θ,ϕ)
∂ϕ

are
the principal curvature directions at point x(θ, ϕ).

4 Interestingly, the differential equation λ∗
θ(θ) = λ∗

ϕ(θ) is solved by r(θ) = (1−b)r(0)
1−b cos θ

,
b ∈ R, which are conic sections.
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a b

Fig. 2. Two mobile robots from K-Team SA (www.k-team.com) with omnidirectional
stereo sensors used for indoor navigation. a: “Khepera”: diameter ≈ 5.5 cm, height
≈ 13 cm. b: “Koala”: size ≈ 35 cm × 30 cm, height (including stereo sensor) ≈ 40 cm.

Since λ∗
ϕ(0) = 0 if γS �= 0, vϕ(θ, ϕ) touches the mirror surface at θ = 0. If γS = 0,

vϕ(θ, ϕ) and vθ(θ, ϕ) are in contact at θ = 0, since limθ→0 λ∗
ϕ(θ) = λ∗

θ(0). For
small θ the imaging can then be described as reflexion at a sphere. In the case
of a conical mirror (α = 1, γS > 0) Eq. (21) give5

λ∗
θ(θ) → ∞ , λ∗

ϕ(θ) =
r(θ) sin θ

sin(θ + 2γS) − sin θ
. (22)

2.2 Examples

Our robots (see Fig. 2) are equipped with omnidirectional stereo sensors con-
sisting of a single camera and equi-angular mirrors.

The mirror of the small “Khepera”-robot consists of two conical parts (α = 1)
with slightly different slopes. A more detailed description of the stereo sensor
and its use for visual homing can be found in [6].

The sensor of the “Koala”-robot consists of two separate mirrors with the
same diameter (46 mm) fixed inside a glass cylinder, see Fig. 3 a. A hole in the
lower mirror permits imaging via the upper mirror. This configuration allows
small dimensions and a comparatively large (vertical) stereo base line. In com-
parison to a similar panoramic stereo device suggested by Ollis et al. [2] we use
the same angular magnification (α = 4) for both mirrors which is achieved by set-

5 A planar mirror is described by α = 1, γS = 0 � λ∗
θ , λ∗

ϕ → ∞.
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Fig. 3. a: Close-up view of Koala’s stereo sensor. b: Stereo image, approx. size 550×550
pixel. The inner/outer part corresponds to the upper/lower mirror (in the image center
one can see the reflection of the back side of the lower mirror). In the left side the stereo
image of a pocket calculator held close to the sensor is highlighted by two polygons.
The circles mark the areas that are used for stereo computation, see section 5 and
Fig. 7.

ting γS = 17.5◦ for the upper mirror.6 A stereo image taken by the monochrome
camera is shown in Fig. 3 b.

The virtual image surfaces,

vθ(θ, ϕ) =
α

α − 1
r(θ)e(θ, ϕ) , (23)

vϕ(θ, ϕ) =
sin(αθ + 2γS)

sin(αθ + 2γS) − sin θ
r(θ)e(θ, ϕ) , (24)

are depicted in Fig. 4 for both catadioptric stereo sensors.
For each mirror of the Koala sensor (Fig. 4 b) vθ(θ, ϕ) and vϕ(θ, ϕ) are

comparatively close together and near to the reflective surface. Thus, when using
a single mirror, the camera must be focused to a plane just behind the mirror
surface to get a sharp image of distant objects. Furthermore, blur in the stereo
image will be mainly due to the use of two mirrors with vertically separated
virtual images. A good compromise is to focus the camera on a plane near the
tip of the upper mirror.

6 Using the notation of Eqs. (18) and (20) the reflective surfaces of “configuration 5”
in [2] can be described by γS = 0 (both mirrors) and α = 3 (lower mirror), α = 7
(upper mirror) resulting in different radial resolution in the inner and outer part of
the stereo image.
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Fig. 4. Virtual image surfaces vθ(θ, ϕ) (dashed) and vϕ(θ, ϕ) (dotted) computed ac-
cording to Eqs. (15), (16) and (21) for an axial plane. At some points these curves are
continued by thin dashed and dotted curves, that do not contribute to the imaging
(since the corresponding reflective surface does not exist). The mirrors are depicted by
thick curves. Straight dash-dotted lines starting at the origin mark the θ-region of the
inner mirror, i.e. the lower cone for the Khepera and the upper mirror for the Koala
(note the different scaling). a: Conical stereo mirror of the Khepera. Since α = 1,
vθ(θ, ϕ) lies “at infinity” for both mirror parts, see Eq. (22). b: Stereo sensor of the
Koala: α = 4, Rmax = 23 mm, γS = 17.5◦ (upper mirror), γS = 0◦ (lower mirror).

However, when using conical mirrors, the main reason for a blurred image
will be the “infinite distance” between vθ(θ, ϕ) and vϕ(θ, ϕ) (Fig. 4 a).

3 Calculation of the Blur Region

As depicted in Fig. 5 a, the width of the blur region ∆ξ changes linearly with
the distance d0 of the image plane to the nodal point,

∆ξ

D
= 1 − d0

d
. (25)

D is the diameter of the lens aperture and d the image distance corresponding
to a (virtual) point at distance z. The relation of z and d according to the thin
lens law [7] is

z−1 + d−1 = f−1 . (26)

Substituting (26), Eq. (25) can be transformed to

∆ξ

D
= 1 −

(d0

f
− d0

z

)
=

f(z0 − z)
z(z0 − f)

, (27)

where z0 is the object plane to which the camera is focused.



The Quality of Catadioptric Imaging 621

�

� �

1.05 1.06 1.07 1.08 1.09 1.1

-0.04

-0.02

0

0.02

0.04

0.06

�

� � � 	 


�  � � � � �  � � � � � �
� �

� � ! "

#

$

%

d0/f

b

ca & (

Fig. 5. a: Calculation of the blur region: If the image distance d which corresponds
to an object at distance z deviates from the image plane at d0, then image blur will
occur. The width of the defocused region ∆ξ depends linearly on the lens aperture D.
b: Normalized area of the blur region, i.e. A(z)D−2f−2zϕzθ, in dependence of distance
z to the focused object plane. c: Calculated size of the blur regions ∆ξlow

θ (dashed) and
∆ξup

ϕ (dotted) for the Koala stereo sensor at θ = 15◦ in dependence on the distance d0

of the image plane, focal length is f = 4.8 mm.

To investigate Eq. (27), we assume that the camera is focused on a virtual
image point of vθ, i.e. we set z0 = zθ := vθ(θ, ϕ) ez = α

α−1r(θ) cos θ. Considering
the imaging of a point on vϕ, i.e z = zϕ := vϕ(θ, ϕ) ez, we obtain

∆ξϕ

D
=

f(zθ − zϕ)
zϕ(zθ − f)

zθ�f≈ f
zθ − zϕ

zϕzθ
. (28)

Since zθ, zϕ ∝ r(θ), see Eqs. (23) and (24) for α �= 1, we find ∆ξϕ ∝ Df
r . For

conical mirrors (α = 1, zθ → ∞) Eq. (28) is simplified to

∆ξϕ

D
=

f

zϕ
=

f

r(θ)
sin(θ + 2γS) − sin θ

sin(θ + 2γS) cos θ
. (29)

The mirror shape will affect image quality especially for small dimensions of
the catadioptric sensor. To get an idea of the size of the blur region, we set the
parameters to typical values for the stereo sensor of the Khepera, e.g. D ≈ 1 mm,
f
zϕ

≈ 1
10 , which results in ∆ξϕ ≈ 100 µm (∆ξθ � ∆ξϕ since the camera is

assumed to be focused on vθ). By comparing this to the size of an element in
the CCD-array of the camera, which is ≈ 10 µm, it becomes apparent that such
small conical mirrors cause significant blur.

For a single mirror the area of the blur region can be estimated by

A(z) ≈ |∆ξϕ(z)||∆ξθ(z)| (30)
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z�f≈ Df
|z − zϕ|
zϕ|z| Df

|z − zθ|
zθ|z| =

D2f2

zϕzθ

|z − zϕ||z − zθ|
z2 . (31)

An example of (31) with two minima at zϕ and zθ is shown in Fig. 5 b. A similar
curve was found by Baker and Nayar [1] for a hyperboloid mirror using numerical
calculations.7

In standard applications one wants to find an image distance d0 which ensures
that both horizontal and vertical structures for all angles θ are imaged with
little blur. In addition, two mirrors have to be taken into consideration for the
Koala sensor. As can be seen from Fig. 4 b, the largest distance of the virtual
image surfaces is at θ = 15◦ between (for the lower mirror) zlow

θ = vlow
θ ez and

(for the upper mirror) zup
ϕ = vup

ϕ ez (or zup
θ which is almost identical to zup

ϕ at
θ = 15◦). In Fig. 5 c, ξlow

θ and ξup
ϕ are plotted against the distance d0 of the

image plane using Eq. (27). Both have the same absolute value of approx 0.02D
at d∗

0 ≈ 1.07f . Since the focal length of the camera is f = 4.8 mm, d∗
0 corresponds

to an object distance z0 ≈ 72.5 – close to the tip of the upper cone. If we assume
f/D = 5.6 which is a standard value for indoor imaging, the expected maximum
blur region ∆ξ is of the magnitude of one or two elements of the CCD-array.8

This is significantly better than for the stereo sensor of the Khepera but still
restricts the use of high resolution cameras.

4 Caustics of the Stereo Sensors

In this section the caustic of a catadioptric system with equi-angular magnifica-
tion factor is calculated. The caustic is the curve to which the reflected rays of
light are tangents. Because of axial symmetry we omit the parameter ϕ in the
following. As described in [8] a point on the caustic lies on the straight line of
the light ray given by

l(θ, λ) = x(θ) + λ eo(θ) = x(θ) + λ e(Θo(θ)) , λ ∈ R . (32)

The caustic is then defined by c(θ) := l(θ, λ(θ)), where λ(θ) is the solution of
the equation denoted in [8],

det
( ∂

∂θ
l(θ, λ),

∂

∂λ
l(θ, λ)

)
= 0 . (33)

The solution of (33) after substitution of (32) is

λ(θ) = − 1
Θ′

o(θ)

(
r(θ) cos(θ − Θo(θ)) + r′(θ) sin(θ − Θo(θ))

)
. (34)

7 The small offsets at the minima mentioned in [1] are probably due to higher order
terms which were omitted in our calculations.

8 If the inner and outer rings of the stereo image are unwarped to the same size, a
small blur in the outer image part (which corresponds to the lower mirror) will have
less effect.
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Fig. 6. Rays and caustic curves (marked by arrows) of the Koala stereo sensor. The
reflective surfaces are depicted by thick curves. The rays are plotted for θ = 1.25◦ l,
l = 0, 1, . . . , 12 for the upper mirror and θ = 15◦ + 1.25◦ l, l = 0, 1, . . . , 8 for the
lower mirror. The corresponding (used) angles of elevation ε = π

2 − θo are approx.
εup ∈ [−35◦, +5◦] and εlow ∈ [−30◦, +10◦] respectively.

For the equi-angular mirror, for which r(θ) and Θo(θ) are given by Eqs. (17) and
(18), (34) yields λ(θ) = − r(θ)

α and the caustic (in the x-z-plane) is given by

c(θ) =
K

cos(θ/k + γS)k

[ (
sin θ
cos θ

)
− 1

α

(
sin(αθ + 2γS)

− cos(αθ + 2γS)

) ]
. (35)

The caustics of the Koala stereo sensor are shown in Fig. 6. Since the ver-
tical extension of the caustics is small, the stereo imaging can be described
in good approximation by means of two virtual points close to the caustics.
The distance of all rays in the relevant angular domains, i.e. εup ∈ [−35◦, +5◦]
and εlow ∈ [−30◦, +10◦] to the points pup ≈ (−5.1 mm, 83.8 mm) and plow ≈
(4.9 mm, 46.5 mm) respectively is below 0.4 mm. In 3D these points form two
vertically separated circles rather close to the symmetry axis. Thus, the vertical
baseline of the stereo system is ≈ 37 mm.

By substituting α = 1 into (35), we see that the caustic of a simple conical
mirror is independent of θ, i.e. the caustic surface consists of a single point in
2D, c(θ|α = 1) = 2K (− sin γS , cos γS)�, or a ring in 3D. This fact has already
been described before, e.g. in [9], [6]. For the stereo sensor of the Khepera, these
two points have the coordinates (−29.8 mm, 33.7 mm) and (−29.5 mm, 41.4 mm).
Therefore, the two circles have approximately the same radius.
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Fig. 7. “Physiological” disparity computation: a: Unwarped image Iup(x, y) (corre-
sponding to the upper mirror; size 360×100 pixel) of the stereo image shown in Fig. 3 b.
The rectangle highlights the pocket calculator near the sensor. b: Superposition of the
unwarped upper and lower images. c: Fused image, 1

2

(
Iup(x, y) + I low(x, y + d(x, y))

)
,

using the disparity map d(x, y). d: Computed disparity map, d(x, y) is the preferred
disparity of the locally most active neuron. The “calculator area” contains small dispar-
ities. e: Activity map a(x, y) ∈ [0, 2] of the locally most active neurons. An activity well
below 1.5 indicates that the corresponding disparity is uncertain. This occurs primarily
at occlusion regions or low-textured image parts.

5 Disparity Computation with the Koala Stereo Sensor

After unwarping the stereo image we use a stereo algorithm based on the binoc-
ular energy model [10], which can explain most of the experimental data on
disparity-tuned complex cells in the visual cortex of cats and monkeys. The im-
plementation with an additional normalization stage is similar to that described
in [11]. Two (spatial) frequency channels (center frequencies are ν1 = 7.5 ν0 and
ν2 = 25 ν0, ν0 = (100 [pixel])−1) with a bandwidth of two octaves are used. An
example of the unwarped images and the resulting disparity map for the stereo
image of Fig. 3 b is shown in Fig. 7.

6 Conclusions

We have presented an analytical description for the virtual image zones of axi-
ally symmetrical catadioptric sensors that allows a quantitative evaluation of the
imaging quality of the system. An extension to non-axially symmetric reflective
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surfaces should be straight forward. If the surfaces for horizontally and verti-
cally parallel incoming light rays, vϕ and vθ, are widely separated (compared to
distance from the nodal point to vϕ and vθ, see Eq. (28) ), significant blur will
occur especially in indoor environments where the lens aperture must be opened
widely. We showed that small conical mirrors have a comparatively low imaging
quality.

We also presented a panoramic stereo sensor consisting of a single camera di-
rected towards two vertically separated reflective surfaces with the same constant
angular magnification. Because of its compact size it is well suited for omnidirec-
tional disparity/depth estimation on mobile robots for localization and obstacle
avoidance purposes.
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A Appendix: Derivation of Eq. (11)

Taylor expansion of x̃ and ñ0 about (θ, ϕ) yields

x̃ := x(θ + ∆θ, ϕ + ∆ϕ) ≈ x + ∆x , (36)
ñ0 := n0(θ + ∆θ, ϕ + ∆ϕ) ≈ n0 + ∆n + ∆2n , (37)

∆x :=
∂x
∂θ

∆θ +
∂x
∂ϕ

∆ϕ , ∆n :=
∂n0

∂θ
∆θ +

∂n0

∂ϕ
∆ϕ , (38)

∆2n :=
1
2

∂2n0

∂θ2 ∆θ2 +
∂2n0

∂ϕ∂θ
∆θ∆ϕ +

1
2

∂2n0

∂ϕ2 ∆ϕ2 . (39)
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Using (37), ẽ can be approximated up to second-order by

ẽ = eo − 2(ñ0eo)ñ0 ≈ e + ∆e + ∆2e , (40)
∆e := −2[(∆neo)n0 + (n0eo)∆n] , (41)
∆2e := −2[(∆2neo)n0 + (∆neo)∆n + (n0eo)∆2n] . (42)

From the Taylor expansion up to second-order of the numerator and the denom-
inator,

(x̃ − x)((eẽ)ẽ − e) ≈ (∆x∆e) + (e∆x)(e∆e) , (43)
(eẽ)2 − 1 ≈ 2(e∆e) + 2(e∆2e) + (e∆e)2 , (44)

Eq. (2) can be approximated by

λ∗ ≈ (∆x∆e) + (e∆x)(e∆e)
2(e∆e) + 2(e∆2e) + (e∆e)2

. (45)

Substituting eo = e−2(n0e)n0 into (41) and exploiting the fact that n0∆n = 0
(if the reflective surface is given by x(θ, ϕ) = r(θ)e(θ, ϕ), i.e. an axially sym-
metrical mirror), straight forward calculation yields e∆e = 0. Thus, Eq. (45) is
simplified to

λ∗ ≈ 1
2
∆x∆e
e∆2e

. (46)

By means of n∆x = 0 and ∂x
∂θ

∂n0

∂ϕ = ∂x
∂ϕ

∂n0

∂θ = 0 we obtain

∆x∆e = 2(n0e)(∆n∆x) (47)

= 2(n0e)
[(∂x

∂θ

∂n0

∂θ

)
∆θ2 +

(∂x
∂ϕ

∂n0

∂ϕ

)
∆ϕ2

]
. (48)

Using n0∆n = 0, ∂2n0

∂ϕ∂θn
0 = 0 and ∂n0

∂ϕ e = 0, simple calculus leads to

e∆2e = 4(n0e)2(n0∆2n) − 2(∆ne)2 (49)

= 2(n0e)2
[(

n0 ∂2n0

∂θ2

)
∆θ2 +

(
n0 ∂2n0

∂ϕ2

)
∆ϕ2

]
− 2

(∂n0

∂θ
e
)2

∆θ2 . (50)

Substituting

n0e = −
[
1 +

(r′(θ)
r(θ)

)2]− 1
2

, (51)

∂x
∂θ

∂n0

∂θ
= r(θ)(n0e)

[
1 + 2

(r′(θ)
r(θ)

)2
− r′′(θ)

r(θ)

]
, (52)

∂x
∂ϕ

∂n0

∂ϕ
= r(θ) sin θ (n0e)

[
sin θ − cos θ

r′(θ)
r(θ)

]
, (53)

n0 ∂2n0

∂θ2 = −(n0e)4
[
1 + 2

( r′(θ
r(θ)

)2
− r′′(θ)

r(θ)

]2
, (54)
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n0 ∂2n0

∂ϕ2 = −(n0e)2
[
sin θ − cos θ

r′(θ)
r(θ)

]2
, (55)

∂n0

∂θ
e = (n0e)3

r′(θ)
r(θ)

[
1 + 2

(r′(θ)
r(θ)

)2
− r′′(θ)

r(θ)

]
(56)

into (48) and (50) we finally obtain from (46)

λ∗ ≈ −1
2
r
[
1 +

(r′

r

)2]

×
∆θ2

[
1 + 2( r′

r )2 − r′′
r

]
+ ∆ϕ2 sin θ

[
sin θ − cos θ r′

r

]

∆θ2
[
1 + 2( r′

r )2 − r′′
r

]2
+ ∆ϕ2

[
sin θ − cos θ r′

r

]2 . (57)
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