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Abstract. Training data has a significant influence on the behaviour
of an artificial intelligence algorithm developed using machine learning
techniques. Consequently, any argument that the trained algorithm is,
in some way, fit for purpose ought to include consideration of data as an
entity in its own right. We describe some simple techniques that can pro-
vide domain experts and algorithm developers with insights into training
data and which can be implemented without specialist computer hard-
ware. Specifically, we consider sampling density, test case generation and
monitoring for distribution shift. The techniques are illustrated using
example data sets from the University of California, Irvine, Machine
Learning repository.
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1 Introduction

1.1 Background

Over recent years, great progress has been made in Machine Learning (ML)
and a vast amount of academic literature has been written, including: explain-
ing behaviour, [12]; ways of producing adversarial examples, [10,14]; ways of
defending against these examples, [6,7]; and new types of algorithm, [13,15].

Whilst much research focuses on ML algorithms, training data is also impor-
tant, not least because it encodes requirements that the algorithm should sat-
isfy. In addition, small changes to a data set can introduce a backdoor [5] and
adversarial examples can transfer across networks trained on the same data [11].
Adversarial examples may also be a natural consequence of high-dimensional
input domains [3]; that is, the input domain could itself be significant. For these
reasons we expect training data to be explicitly considered in any safety, or
assurance, argument related to an ML algorithm. This paper outlines simple
techniques for gaining insight into training data sets, which could support such
considerations. Our focus is deliberately on low complexity techniques that do
not rely on specialist computational hardware.
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1.2 Terminology and Notation

The data used to train an ML algorithm is referred to as a training data set, or
simply a data set, and is denoted T . We have no need to separately distinguish
data that is withheld in order to test an algorithm after a training epoch.

A training data set is made up of a number of samples, denoted si. Equiva-
lently, T =

{
si : i = 1, . . . , n

}
, where n is the number of samples.

Each sample comprises a number of features, with the jth feature of sample
i being denoted by sij . The collection of features define the algorithm’s input
domain. To simplify the discussion, we focus on quantified features; that is, fea-
tures that take numerical values from a real-valued, continuously-defined scale.
Equivalently, si ∈ R

d, where d is the number of features.
For convenience, and without loss of generality, we assume samples have been

scaled so that they are contained in the relevant d-dimensional unit hypercube.
We have adopted a linear scaling: using o to denote the original, pre-scaling
samples, scaling is achieved as follows:

maxj = max
i

oij , minj = min
i

oij , sij =
oij − minj

maxj − minj

1.3 Example Data Sets

The techniques are illustrated using three example data sets obtained from the
University of California, Irvine (UCI) Machine Learning repository. Key prop-
erties are summarised in Table 1.

Table 1. Summary properties of example data sets

Name Samples Features Reference
http://archive.ics.uci.edu/ml/datasets/

Iris 150 4 Iris

Pen Digits 10,992 16 Pen-Based+Recognition+of+Handwritten+Digits

Cover Type 581,012 10 Covertype

The UCI repository’s description of Cover Type states there are 54 features.
We do not consider the 44 features that are binary flags, so our version contains
10 quantified features. Note that the original data set is c© Jock A. Blackard
and Colorado State University.

Since all samples have been scaled to the d-dimensional unit hypercube, for
our purposes a sample from the Iris data set comprises four real numbers, each
in the range [0, 1]. Similarly, the Pen Digits and Cover Type samples comprise
sixteen and ten such numbers, respectively.

In terms of size, the data sets described in Table 1 are comparable with other
data sets we are using in our work. They are, however, notably smaller than

http://archive.ics.uci.edu/ml/datasets/
http://archive.ics.uci.edu/ml/datasets/Iris
http://archive.ics.uci.edu/ml/datasets/Pen-Based+Recognition+of+Handwritten+Digits
http://archive.ics.uci.edu/ml/datasets/Covertype
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many used in modern applications. More particularly, they are smaller both in
terms of the number of features and, also, the number of samples.

Since they are easy to parallelise, the techniques described in this paper are
easy to extend to data sets that contain more samples, albeit at the possible
expense of having to use specialist hardware. Extending to data sets with a
larger number of features is more complicated. Firstly, the techniques implicitly
assume there is no connection between the different features; this is not the case,
for example, when each sample is an image and each feature is a pixel. Secondly,
the geometric nature of the techniques means they may be less informative in
very high dimensional spaces.

Whilst application of the techniques to larger data sets is future work, we
note the easiest way to apply them to a large, image-based data set may be to
create a representation of that data set on a reduced-dimension manifold, the
results of which may also be valuable for other reasons.

1.4 Structure

The remainder of this paper is structured as follows: Sect. 2 introduces the con-
cept of an axis-aligned box, which underpins our techniques; Sects. 3 and 4
describe techniques for understanding sampling density; Sect. 5 discusses a way
of creating novel test sets; Sect. 6 outlines a way of monitoring for distribution
shift; Sect. 7 provides conclusions.

2 Axis-Aligned Boxes

The techniques developed in this paper make extensive use of axis-aligned boxes.
A box is defined by providing lower and upper bounds for each feature, denoted
loj and hij . A sample, si is within this box if loj < sij < hij for j = 1, . . . , d.
Note, the sample is in the box if it is strictly within the bounds.

Scaling the data set so all samples fall strictly within the d-dimensional unit
hypercube implicitly introduces a distance metric. Using axis-aligned boxes to
decide whether two samples are, in some sense, close to one another is consistent
with the notion of Manhattan Distance [2]. Axis-aligned boxes are ideal for our
purposes: determining whether a particular sample lies within a given box needs
at most 2d comparisons, which can be computed very efficiently.

3 Sample Density

3.1 Approach

Generally speaking, samples in training data sets are observations from some
external process. It is typically not possible to gather samples against a specific
type of experimental design. This means that the distribution of samples across
the input domain is often uncontrolled and may not be well understood.
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One way of understanding this distribution involves calculating the distance
between each sample and its nearest neighbour and looking at the ratios of these
distances [1]. However, the associated distance calculations can be inefficient for
large data sets. An alternative approach simply involves counting the number of
points in a suitably-sized and located axis-aligned box.

In terms of box size, this is typically expressed in terms of the number of
samples that would be expected to be found in the box if samples were uniformly
distributed. More specifically, suppose we have n samples uniformly distributed
within a d-dimensional unit hypercube. In this case, an axis-aligned box with
sides of length l would be expected to contain x samples, where:

l = exp
(

ln (x/n)
d

)
⇒ ld = x/n

Table 2 shows values of l for our illustrative data sets. It is apparent that in all
cases these values cover a reasonable fraction of the [0, 1] range that each (scaled)
feature covers. Table 2 also shows that as d increases, so does l; this is one challenge
that arises when applying the techniques to high dimensional data sets.

Table 2. Length of sides so hypercube would be expected to contain 1 or 10 samples

Name Expected (x) Samples (n) Features (d) Side (l)

Iris 1 150 4 0.286

Pen Digits 1 10,992 16 0.559

Cover Type 1 581,012 10 0.265

Iris 10 150 4 0.508

Pen Digits 10 10,992 16 0.646

Cover Type 10 581,012 10 0.334

Intuitively, it would be preferable to count the total number of samples in
an axis-aligned box centred on each sample1. However, given the sizes indicated
by Table 2, a significant portion of these boxes could fall outside the unit hyper-
cube (where our scaling means there are no sample points). Hence, each box is
located by first centering it on the sample point of interest and then, if necessary,
translating so it is entirely within the unit hypercube.

The number of samples in each of these boxes is an approximate measure of
sampling density: boxes that contain large numbers of samples represent densely
sampled regions; boxes with a low number of samples represent sparsely sampled
regions. Consequently, the distribution of the total number of samples in each
of these boxes is informative. It is also helpful to consider two other factors.

The first factor is the ratio between the 1st and 99th percentiles of this
distribution. This indicates the ratio of sampling densities between the most
densely and most sparsely sampled regions. There are often good reasons why
1 For very large data sets, it is sufficient to consider a suitable number of randomly

chosen samples.
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sampling density should vary across the input domain; indeed, some sequential
experimental design techniques are designed to target “more interesting” parts
of the input domain [4]. As a minimum, extreme differences in sampling densities
should be explained and justified. Whilst there are no hard and fast rules, our
empirical work to date suggests that ratios of less than 100 may be judged
reasonable, whilst those greater than 1000 may need special justification.

The second factor is whether any samples are outliers. In this context a
sample would be an outlier if the associated suitably-sized, axis-aligned box
contained no other samples. Outliers are of interest for several reasons: our
experience shows they provide domain experts with insights into the training
data set; they can have a disproportionate effect on the behaviour of the trained
algorithm; and they can reveal errors in data collection and preparation.

3.2 Example Data Sets

Figure 1 illustrates the distribution of the number of data samples in axis-aligned
boxes for cases where the box is sized so it would contain either 1 or 10 samples,
if the samples were uniformly distributed. For the Iris and Pen Digits data sets,
this distribution is based on all samples; due to the large number of samples in
the Cover Type data set, this case is based on 100,000 randomly chosen samples.
Table 3 summarises some characteristics of these distributions (for brevity, this
only considers the case where the box is scaled for 10 samples).
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Fig. 1. Distribution of number of samples in axis-aligned boxes (scaled for 1 and 10
samples, assuming samples are uniformly distributed)
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Table 3. Characteristics of the distribution of number of samples in an axis-aligned
box (scaled for 10 samples, assuming samples are uniformly distributed)

Characteristic Iris Pen Digits Cover Type

99th/1st %ile Ratio 21.3 115.5 148.7

Number of single-sample boxes 0 1 5

Maximum number of samples in a box 66 1,624 65,939

Figure 1 shows there are many more samples in each box than would be
expected if the samples were uniformly distributed. For these three data sets,
this effect becomes more pronounced as the number of samples in a data set
increases. The same trend is shown in Table 3.
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Fig. 2. Pen Digits samples from the most sparse (left), most dense (centre) and most
sparse digit 2 (right) regions

The Pen Digits training data is in the form of eight pairs of (x, y) coordinates.
Plotting these gives a graphical illustration of the sample. Figure 2 illustrates the
samples associated with the smallest (left-hand) and largest (central) number of
samples in the associated axis-aligned box (scaled for 10 samples); the circle
marks the starting point, that is, (X1, Y1). Equivalently, these are samples from
the most sparsely (left) and most densely (centre) sampled parts of the input
domain.

These samples make intuitive sense: although the left-hand plot could be
illustrative of a 6, or perhaps an 8, it does not follow a traditional pattern for
writing either digit; conversely, the central plot clearly illustrates a typical way
of writing 2. More generally, we have found that samples from the most sparse
and most dense regions are informative for domain specialists.

If the data set is labelled with class information then repeating this analy-
sis solely for samples within a single class can provide additional insights. For
example, it can identify “modal” (most dense) and outlier (most sparse) samples
for each specific class. As an illustration, the right-hand plot in Fig. 2 shows the
sample that is in the most sparse region of digit 2s in the training data.
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4 Empty Hyper-Rectangles

4.1 Approach

The previous section considered parts of the input domain where the training
data set contains samples. Another perspective is provided by considering those
parts of the input domain where there are no samples2. Equivalently, finding
Empty Hyper-Rectangles (EHRs) within the training data set, is interesting.

Our approach to finding large, axis-aligned, EHRs is taken from Lemley,
et al. [8]. The method starts from a randomly chosen point and expands from there.
Observe that a random start point is more likely to be in a large empty space than
it is to be in a small one. This observation provides some confidence that, despite
its random nature, the method should provide reasonable performance; that is, it
should identify large empty regions in the data set (should any exist).

Having started from a point, the method expands in each dimension until
it hits any sample projected onto that single dimension. This is illustrated in
the left-hand plot in Fig. 3: in this figure the randomly chosen start point is
illustrated with a red X; samples in the data set are illustrated with red circles;
and the EHR is shown as a blue rectangle. After this initial expansion, the
empty hyper-rectangle is expanded in all dimensions simultaneously. Expansion
in a given dimension stops when a sample point is reached. For example, the
central plot in Fig. 3 shows the situation when no further expansion is possible
in either the negative x direction or the positive y direction. The right-hand plot
shows the final situation, when no further expansion is possible in any direction.
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Fig. 3. Steps in finding an empty hyper-rectangle (Color figure online)

This process is repeated for different randomly chosen starting points. A vari-
ety of approaches may be taken to decide how many repetitions should be con-
ducted. The simplest involves choosing a fixed value. An alternative involves con-
sidering a minimum of repetitions and then stopping if the last r repetitions has
not increased the size of the largest EHR found so far, for a suitable value of r.

2 The previous section showed that areas of the input domain contain more samples
than would be the case if samples were uniformly distributed. A corollary is that
there must be relatively large regions of the input domain that contain no samples.
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4.2 Example Data Sets

Figure 4 shows EHRs for the Iris (top plot) and Cover Type (bottom plot) data
sets. Each feature in the data set is illustrated by a separate column. For example,
the top plot shows a region that covers the range (0.0, 1.0) for the first two
features, the range (0.15, 1.0) for the third feature and the range (0.0, 0.38) for
the fourth feature. More loosely, this data set contains no samples where the third
feature is large and the fourth feature is small. Our experience shows insights
like this are valuable to domain experts.

Care needs to be taken when interpreting plots like Fig. 4. The outlined
regions provide a useful illustration of the shape of the empty region, but it
does not provide a useful guide to its size. To help address this difficulty, the
plots include a final column, drawn in red and labelled as (Size). This shows
the fraction of the unit hypercube that is covered by the empty region; this
information is also shown in the plots’ titles.

A full discussion of the regions shown in Fig. 4 is beyond the scope of this
paper. However, note that both regions cover more than 25% of the respec-
tive unit hypercube and, as such, should provide domain experts with valuable
insights into the respective data sets.

Fig. 4. Largest EHRs found in the Iris and Cover Type data sets

The Pen Digits data set has been excluded from Fig. 4 as the identified EHR
covers the entire interior of the unit hypercube. Recall that a sample is only
inside a region if it is strictly within the bounds established for each feature.
The scaling used when building the Pen Digits data means each sample has at
least one x coordinate that is 0 and one x coordinate that is 100; the same also
holds for the y coordinates. Consequently, every sample falls on a boundary of the
unit hypercube and hence the EHR covers the whole interior of the hypercube.

It is reassuring that the algorithm correctly identifies the EHR that covers
the entire unit hypercube, but it is not especially interesting. Despite this, the
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notion of EHRs can still be informative. As an example, we consider the first
and last pairs of features, that is, (X1, Y1), which marks the start of the digit,
and (X8, Y8), which marks the end.

The left-hand plot in Fig. 5 shows the EHR for these four dimensions. In the
right-hand plot, the blue dashed rectangle shows the (X1, Y1) part of the region;
the red dotted rectangle shows the (X8, Y8) part of the region. The EHR is such
that there are no digits that start in the blue rectangle and finish in the red one.
Our experience indicates these types of observation are informative to domain
specialists.

Fig. 5. Largest EHR found in the Pen Digits (X1, Y1, X8, Y8) data set (Color figure
online)

5 Single-Class Regions

5.1 Approach

The techniques discussed in the preceding sections are applicable to all types of
ML application (including, for example, classification and regression) and also
to both supervised and unsupervised learning. In the specific case of supervised
learning for classification applications, they can be extended to provide addi-
tional insights.

Consider the algorithm outlined below:

1. Select a class, C, from the training data, T .
2. Randomly pick a sample from this class, si.
3. Create a (temporary) set of training data, T ′, by removing all samples of class

C from T . So, T ′ = T \ {
si : si ∈ C

}
.

4. Find an EHR within T ′, using starting points drawn from
{
si : si ∈ C

}
; that

is the starting points are the class C points within T .

Any region found by this algorithm will satisfy two properties: firstly, given
the possible starting points, the region will contain at least one sample from C;
secondly, since the region contains no samples from T ′, any samples it contains
(from T ) must be of class C.

Hence, this algorithm finds axis-aligned boxes that only contain samples from
a single class. These regions can provide a domain expert with additional insights
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into the training data. They can also inform testing of the model created from the
training data: for example, if the model predicted many non-class C results from
test inputs drawn from a “class C only” region then this should raise concerns.

For practical applications, it is helpful to add another step to the algorithm.
Note, firstly, that the algorithm is based on finding empty regions and, secondly
(as shown earlier) that training data sets may have relatively large regions where
there are no samples. This means that the identified regions may contain rela-
tively large spaces where there are no samples. More particularly, if the above
algorithm is used to create single-class regions for more than one class then
there may be a significant degree of overlap between these regions. Given the
intended uses of the single-class regions, it is helpful to try and remove some of
this overlap.

This can be achieved by increasing the lower bound of each dimension of
the region so that it is equal to the lowest value of any sample (from T ) in the
empty (T ′) region. Similarly, the upper bound is reduced so that it is equal to
the highest value of any sample. This is simple to implement and, consequently,
consistent with our aims, but it is not guaranteed to remove all overlap between
single-class regions for different classes.

5.2 Example Data Sets

For brevity, only results from the Pen Digits data set are shown. Figure 6 shows
single-class regions for Class 5 (top) and Class 6 (bottom); for these plots the
(Size) column reflects the fraction of Class 5 (or Class 6) samples that are in the
region. The Class 5 plot contains over 34% of the 5s that are in the data set; the
region in the Class 6 plot contains over 57% of the 6s. Hence, these regions are
significant in terms of understanding the behaviour of any algorithm trained on
the Pen Digits data set.

Despite their importance, each region covers less than 0.5% of the unit hyper-
cube (reported as 0.00% in Fig. 6). Hence, without the type of analysis discussed
here, it is unlikely that either would be explored in any detail.

6 Monitoring Distribution Shift

6.1 Approach

Strictly speaking, distribution shift is not a property of training data; it rep-
resents the relationship between training data and data observed during opera-
tional use. The topic is considered in this paper because the techniques discussed
above can be easily extended to provide a perspective on distribution shift and,
furthermore, this perspective is consistent with our general theme of limited
computational resources.

Specifically, we are interested in monitoring for covariate shift [9], which
occurs when the distribution of inputs during operational use is different from
the distribution exhibited by the training data set. Our method considers two
perspectives: that of individual points; and that of collections of points.
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Fig. 6. Single-class regions for Class 5 and Class 6 in the Pen Digits data set

The individual point considerations are straightforward. Any operational
inputs that (scaled using the same factors as for the training data set) fall
outside the d-dimensional unit hypercube also fall outside the bounds of the
training data set and, as such, may be indicative of distribution shift. Likewise,
any (scaled) operational inputs that fall inside an EHR may also be indicative
of a distribution shift. In both of these cases, some leeway is advisable: a single
point that is only just outside the unit hypercube, or only just inside an EHR,
is unlikely to represent a significant distribution shift.

In order to consider collections of points, some further analysis is needed. In
particular, we find a series of expanding, axis-aligned boxes that contain given
fractions of the training data. That is, we want to find A0 ⊂ A1 ⊂ . . . ⊂ Am

where |{si : si ∈ Ai

}|/|T | ≈ fi, with f0 < f1 < . . . < fm.
A suitable collection of boxes can be identified by choosing a starting point

and expanding equally in all dimensions until either the edge of the d-dimensional
unit hypercube is reached, or the desired fraction of samples is contained in the
box. Essentially, the choice of starting point is arbitrary. We have achieved good
results by picking starting points in densely sampled parts of the input domain.

Note that, due to the restriction that we use axis-aligned boxes, it might not
be possible to precisely achieve the desired fractions. We typically use 0.2, 0.4,
0.6 and 0.8 as our desired values.

Once we have the bounding boxes, we count the number of operational inputs
that fall into each one. By considering, respectively, the number of operational
inputs and the number of training data samples that are in Am but not in
Am−1, and so on, we can create a contingency table for a Chi-squared test. This
can be used to determine the probability that the spatial distributions of the
training data and operational inputs (as summarised by the series of bounding
boxes) are different. By using a relatively small number of axis-aligned, bounding
boxes this approach discards a large amount of potentially useful information.
Nevertheless, it is simple to implement, even on limited computational hardware.
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Hence, it may be useful either in its own right, or as a trigger to prompt a more
detailed, and more time consuming, calculation.

6.2 Example Data Sets

For reasons of brevity, only limited information is provided on applying the
above process to the example data sets. In each case, results were as expected.
For example, test sets developed by randomly choosing samples from the train-
ing data set did not routinely exhibit distribution shift. Conversely, test sets
developed by choosing individual feature values from the training data set, or
by choosing feature values at random, routinely exhibited distribution shift.

We acknowledge that these types of test are extremely simple. Nevertheless,
they illustrate there is merit in the approach discussed above.

7 Conclusions

Although they inevitably introduce some inaccuracy, axis-aligned boxes are a
helpful concept for understanding training data sets, especially in situations
where computational resources are limited. They can be used to understand
sampling density, including the balance between densely and sparsely sampled
regions, and to identify regions that contain no samples. They can also inform
test generation, for example by identifying regions that contain samples from a
single class, and support simple ways of monitoring for distribution shift between
training and operational use.
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