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Abstract. Automata and branching programs are known models of
computation with restricted memory. These models of computation were
in focus of a large number of researchers during the last decades. Stream-
ing algorithms are a modern model of computation with restricted mem-
ory. In this paper, we present recent results on the comparative compu-
tational power of quantum and classical models of branching programs
and streaming algorithms.

In addition to comparative complexity results, we present a quantum
branching program for computing a practically important quantum func-
tion (quantum hash function) and prove optimality of this algorithm.
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1 Introduction

The class of problems solvable with restricted memory and efficient algorithms
(classical and quantum) for such problems are of great interest nowadays.
There are many different models that process data streams and use few mem-
ory resources: automata, branching programs (BPs), or streaming algorithms.
Streaming algorithms are a new model in computer science, while branching
programs and automata were in the focus of a great number of computer science
researchers during the last decades.

Our research group is focused on the study of automata, branching programs
with the OBDD type restrictions, and models of streaming algorithms. These
research interests largely coincide with the research interests of Juraj Hromkovič
and his research group.

In this paper, we present an overview of our results on classical and quantum
restricted computational models, especially on the comparison of the computa-
tional power of classical and quantum models.

Branching programs are a well-known model of computation that has proven
useful in a variety of domains such as hardware verification, model checking, and
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other applications [64]. It is known that the class of Boolean functions computed
by polynomial-sized branching programs coincides with the class of functions
computed by non-uniform log-space Turing machines. For theoretical computer
science the model of branching programs is interesting, in particular, because
of the possibility to define different natural kinds of restrictions on branching
programs. It is interesting that the computational model, which is known in the-
ory as branching program was independently defined and investigated in applied
computer science as well.

Streaming algorithms are a new model of computation that came to play as
a tool for investigations of big data processing. This direction or research uses
in part methods developed for the model of branching programs. We show that
such connections (between the streaming algorithm model and the branching
program model) are very close.

The paper is organized as follows. We start with the definition of various
models of branching programs and hierarchy results for these models. Note that
hierarchy results need both lower bound and upper bound techniques. To prove
some hierarchy one needs appropriate examples of functions that separate dif-
ferent classes. We present a bunch of such functions and use them for hierarchy
proofs. To show the practical importance of the model of branching programs one
needs examples of practically important functions that can be efficiently com-
puted by BPs. We present a quantum hash function and show a corresponding
quantum branching program that is optimal for such a function.

2 Branching Programs

One of the important restricted variants of branching programs are oblivious
read-once branching programs or ordered binary decision diagrams (OBDD) [64].
The OBDD model can be considered as a nonuniform automaton (see, for exam-
ple, [10]) and is a good model for data streaming algorithms.

2.1 Definitions

A branching program over the set X of n Boolean variables is a directed acyclic
graph with two distinguished nodes s (a source node) and t (a sink node). We
denote such a program by Ps,t or simply P . Each inner node v of P is associated
with a variable x ∈ X. A deterministic P has exactly two outgoing edges labeled
x = 0 and x = 1 respectively for such a node v. The program P computes the
Boolean function f(X) (f : {0, 1}n → {0, 1}) as follows: for each σ ∈ {0, 1}n we
let f(σ) = 1 if and only if there exists at least one s − t path (called accepting
path for σ) such that all edges along this path are consistent with σ.

A branching program is leveled if the nodes can be partitioned into levels
V1, . . . , V� and a level V�+1 such that the nodes in V�+1 are the sink nodes, and
the nodes in each level Vj with j ≤ � have outgoing edges only to nodes in the
next level Vj+1. For a leveled Ps,t the source node s is a node from the first level
V1 of nodes and the sink node t is a node from the last level V�+1.
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The width width(P ) of a leveled branching program P is the maximum num-
ber of nodes over all levels of P , width(P ) = max1≤j≤� |Vj |. The size of a branch-
ing program P is the number of nodes in P .

A leveled branching program is called oblivious if all inner nodes of each
level are labeled by the same variable. A branching program is called read once
if each variable is tested on each path only once. An oblivious leveled read
once branching program is also called ordered binary decision diagram (OBDD).
OBDD P reads variables in its individual order π = (j1, . . . , jn), π(i) = ji;
π−1(j) is the position of j in permutation π. We call π(P ) the order of P . Let us
denote the natural order by id = (1, . . . , n). Sometimes we will use the notation
id-OBDD P , which means that π(P ) = id. Let width(f) = minP width(P ) for
an OBDD P which computes f , and id-width(f) is the same but for id-OBDD.

A branching program P is called a k-OBDD if it consists of k layers, where
the i-th (1 ≤ i ≤ k) layer P i of P is an OBDD. Let πi be an order of P i, where
1 ≤ i ≤ k and π1 = · · · = πk = π. We call π(P ) = π the order of P .

A nondeterministic OBDD (NOBDD) is the nondeterministic counterpart
of OBDD. A probabilistic OBDD (POBDD) can have more than two outgoing
edges for a node, and the choice between them is done probabilistically during
computation. A POBDD P computes a Boolean function f with bounded error
0.5 − ε if the probability of a correct answer is at least 0.5 + ε.

Next, we recall the definition of a quantum version of the branching program
model [4,5].

Definition 1. A quantum branching program Q over the Hilbert space Hd is
defined as

Q = 〈T, |ψ0〉,Accept〉 , (1)

where T is a sequence of l instructions: Tj =
(
xij

, Uj(0), Uj(1)
)

is determined by
the variable xij

tested on the step j, and Uj(0), Uj(1) are unitary transformations
in Hd.

Vectors |ψ〉 ∈ Hd are called states (state vectors) of Q, |ψ0〉 ∈ Hd is the
initial state of Q, and Accept ⊆ {1, 2, . . . , d} is the set of indices of accepting
basis states.

We define a computation of Q on an input σ = σ1 . . . σn ∈ {0, 1}n as follows:

1. A computation of Q starts from the initial state |ψ0〉;
2. The j-th instruction of Q reads the input symbol σij

(the value of xij
) and

applies the transition matrix Uj = Uj(σij
) to the current state |ψ〉 to obtain

the state |ψ′〉 = Uj(σij
)|ψ〉;

3. The final state is

|ψσ〉 =

⎛

⎝
1∏

j=l

Uj(σij
)

⎞

⎠ |ψ0〉 . (2)

4. After the l-th (last) step of quantum transformation the configuration |ψσ〉 =
(α1, . . . , αd)T of Q is measured, and the input σ is accepted if and only if the
result is in Accept, which happens with probability
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Praccept(σ) =
∑

i∈Accept

|αi|2 . (3)

We say that a Boolean function f is computed by Q with bounded error
if there exists an ε ∈ (0, 1

2 ] such that Q accepts all inputs from f−1(1) with
probability at least 1

2 + ε and Q accepts all inputs from f−1(0) with probability
at most 1

2 − ε. We can say that the probability of error is bounded by 1
2 − ε.

Two main complexity measures of a quantum branching program are its width
(the dimension of the state space d) and its length (the number of instructions l).
We can also introduce the complexity measures of the function f being computed
by a quantum branching program (QBP):

Width(f) = minWidth(Q), Length(f) = minLength(Q),

where the minimum is taken over all QBPs that compute f .
We can naturally define restricted variants of the QBP model. For instance,

we call a quantum branching program a quantum OBDD (QOBDD) if each input
variable appears in the sequence of instructions at most once. In this case we
can define π to be a permutation of {1, . . . , n} that defines the order of testing
input variables.

We can also define a quantum k-OBDD (k-QOBDD) to be a quantum branch-
ing program with k layers, where each layer is a QOBDD, and each layer has the
same order π. We allow measurements for k-QOBDDs during the computation,
but after that it should stop and accept an input or continue the computation.
A k-id-QOBDD is a k-QOBDD with the natural order id = (1, . . . , n) of input
bits.

Let k-QOBDDW be a set of Boolean functions that can be computed by the
bounded-error k-QOBDDs of width w, for w ∈ W. k-id-QOBDDW is defined in
a similar way for bounded-error k-id-QOBDDs.

Let BQPε-kQOBDD be a set of Boolean functions that can be computed
by polynomial-sized k-QOBDDs with the probability of error bounded by ε.
We can consider similar classes for the deterministic model (P-kOBDD) and
bounded-error probabilistic model (BPε-kOBDD):

– P-kOBDD and BPδ-kOBDD are defined for polynomial-sized k-OBDDs, the
first one is for the deterministic case and the second one is for the bounded-
error probabilistic k-OBDD with error probability at most δ;

– SUPERPOLY-kOBDD and BSUPERPOLYδ-kOBDD are similar classes for
superpolynomial-sized models;

– SUBEXPα-kOBDD and BSUBEXPα,δ-kOBDD are similar classes for a size
of at most 2O(nα), for 0 < α < 1.

2.2 Hierarchies for Classical Read k-Times Branching Programs
(k-OBDDs)

One of the first explicit hard functions for the syntactic BPs was introduced
by Borodin, Razborov, and Smolensky [20]. For each k ≤ c log n they presented
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an explicit function, which needs superpolynomial size syntactic k-BPs for some
appropriate constant c > 0.

Let P-kBP be the set of Boolean functions that can be computed by syntactic
k-BP of polynomial size. The classes NP-kBP and BPP-kBP are nondetermin-
istic and bounded-error probabilistic counterparts of the P-kBP class.

Thathachar [61] presented a family of explicit Boolean functions depending
on integer parameter k, which cannot be represented by a kn-length polynomial-
sized syntactic nondeterministic k-BP. In addition, the technique from [61] allows
to prove the following proper inclusion: NP-(k − 1)BP � NP-kBP, for k =
o(log log n).

Probabilistic k-BPs were investigated by Hromkovič and Sauerhoff in 2003
[35]. They proved a lower bound for the explicit Boolean function m-Masked -
PJk,n and showed that bounded-error probabilistic k-BPs should have a size of
at least 2Ω(Nα/k3), for α = 1/(1 + 2 log 3). Using these results Hromkovič and
Sauerhoff obtained a hierarchy for polynomial-sized bounded-error probabilistic
k-BPs: BPP-(k − 1)BP � BPP-kBP, for k ≤ log n/3.

For the case of k-OBDD models, Bolling, Sauerhoff, Sieling, and Wegener sug-
gested an explicit Boolean function which cannot be represented by non-linear-
length o(n3/2/ log3/2 n)-polynomial-sized k-OBDDs. In addition their technique
allows to prove the following proper inclusions: P-(k − 1)OBDD � P-kOBDD,
for k = o(n1/2/ log3/2 n).

Ablayev and Karpinski [8,12] introduced an explicit Boolean function which
is hard for polynomial-sized nondeterministic k-OBDDs, for k = o(n/ log n), but
can be computed by bounded-error probabilistic k-OBDDs.

Brosenne, Homeister, and Waack [25] showed that for any constant k it holds
that NP-OBDD = NP-kOBDD.

The k-OBDD model of small width is also interesting, because, for example,
the class of functions computed by constant-width poly(n)-OBDD equals the
well-known complexity class NC1 for logarithmic-depth circuits [17,62].

Khadiev [42] considered polynomial-width deterministic and nondeterminis-
tic k-OBDDs, and sublinear-width deterministic, nondeterministic and proba-
bilistic k-OBDDs. For polynomial, superpolynomial and subexponential width
(size) he proved a lower bound for an explicit function and obtained the following
hierarchies.

Theorem 1 (Khadiev [42]).

– For k = o(n/ log n) and k > log2 n, the following statements are true:

P-
(

k

log2 n

)
OBDD � P-kOBDD, NP-

(
k

log2 n

)
OBDD � NP-kOBDD.

– For k = o(n/ logα n) and logα+1 n = o(k), the following statements are true:

SUPERPOLY-
⌊
k/ logα+1 n

⌋
NOBDD � SUPERPOLY-kNOBDD,

SUPERPOLY-
⌊
k/(logα+1 n)

⌋
OBDD � SUPERPOLY-kOBDD.
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– For k = o(n1−α) and nα log n = o(k), the following statements are true:

SUBEXPα- �k/(nα log n)	NOBDD � SUBEXPα-kNOBDD,

SUBEXPα- �k/(nα log n)	OBDD � SUBEXPα-kOBDD.

Proof (Sketch). The shuffled equality function was used, which was defined in
[6,7]. The lower and upper bounds for separation of the classes are proven via
this function.

The idea of the lower bound is presenting k-NOBDDs as 1-NOBDDs of bigger
width using a product technique. Then we can use the NOBDD complexity of
the shuffled equality function from [6,7].

Let us define the shuffled equality function. Let d be a multiple of 4 such
that 4 ≤ d ≤ n/4. The Boolean function EQSd depends only on the first d bits.
For any given input ν ∈ {0, 1}n, we can define two binary strings α(ν) and β(ν)
in the following way. We call odd bits of the input marker bits and even bits
value bits. For any i satisfying 1 ≤ i ≤ d/2, the value bit ν2i belongs to α(ν)
if the corresponding marker bit ν2i−1 = 0 and ν2i belongs to β(ν) otherwise.
EQSd(ν) = 1 if α(ν) = β(ν), and EQSd(ν) = 0 otherwise. 
�

Later the results for polynomial width (size) deterministic and probabilis-
tic k-OBDDs were improved by Khadiev and Khadieva [44]. They developed a
reordering method for constructing hard functions that allow to show the fol-
lowing hierarchies.

Theorem 2 (Khadiev and Khadieva [44]).

– For polynomial size (width) we have:

P-kOBDD � P-2kOBDD, for k = o(n/ log3 n).

BP1/3-kOBDD � BP1/3-2kOBDD, for k = o(n1/3/ log n).

– For superpolynomial size (width) we have:

SUPERPOLY-kOBDD � SUPERPOLY-2kOBDD,

for k = o(n1−δ), δ > 0.

BSUPERPOLY1/3-kOBDD � BSUPERPOLY1/3-2kOBDD,

for k = o(n1/3−δ), δ > 0.

– For subexponential size (width) we have:

SUBEXPα − kOBDD � SUBEXPα-2kOBDD,

for k = o(n1−δ), 1 > δ > α + ε, ε > 0.

BSUBEXPα,1/3 − kOBDD � BSUBEXPα,1/3 − 2kOBDD,

for k = o(n1/3−δ/3), 1/3 > δ > α + ε, ε > 0.
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Proof (Sketch). We can use the reordered version of the pointer jumping function
from [19,57]. We use the lower bound for the pointer jumping function that is
based on communication complexity results from [57], and modify it for the
reordered version of the function. Additionally, we show the upper bound for
the function.

Let us define the function. Let VA, VB be two disjoint sets (of vertices) with
|VA| = |VB | = m and V = VA ∪ VB . Let FA = {fA : VA → VB}, FB = {fB : VB →
VA}, and f = (fA, fB) : V → V is defined by f(v) = fA(v) if v ∈ VA, and
f = fB(v) if v ∈ VB . For each k ≥ 0 we define f (k)(v) as f (0)(v) = v, f (k+1)(v) =
f(f (k)(v)). Let v0 ∈ VA. We will be interested in computing gk,m : FA ×FB → V
defined by gk,m(fA, fB) = f (k)(v0). The function PJt,n : {0, 1}n → {0, 1} is the
Boolean version of gk,m, where we encode fA by a binary string using m log m
bits, and do this for fB as well. The result of the function is the parity of the
binary representation of the resulting vertex.

Let us apply the reordering method from [44] to the PJk,n function. RPJk,n

is the total version of the reordered PJk,n. Formally, the Boolean function
RPJk,n : {0, 1}n → {0, 1} is defined as follows. Let us separate the whole
input X = (x1, . . . , xn) into b blocks, such that b�log2 b + 1� = n; therefore
b = O(n/ log n). Let Adr(X, i) be the address whose binary representation is
given by the first �log2 b� bits of the i-th block and let V al(X, i) be the value
of the bit at position �log2 b + 1� of block i, for i ∈ {0, . . . , b − 1}. Let a be a
number such that b = 2a�log2 a� and VA = {0, . . . , a − 1}, VB = {a, . . . , 2a − 1}.

Let the function BV : {0, 1}n × {0, . . . , 2a − 1} → {0, . . . , a − 1} be defined
as follows:

BV (X, v) =
∑

i:(v−1)�log2 b�<Adr(X,i)≤v�log2 b�
2Adr(X,i)−(v−1)�log2 b� · V al(X, i) (mod a).

Then fA(v) = BV (X, v) + a, fB(v) = BV (X, v).
Let r = gk,a(fA, fB); then

RPJk,n(X) =
⊕

i:(r−1)�log2 b�<Adr(X,i)≤r�log2 b�
V al(X, i).


�
Khadiev [42] also investigated the sublinear-width case. He showed the fol-

lowing results for deterministic, nondeterministic and probabilistic models of
constant, polylogarithmic and sublinear width.

Theorem 3 (Khadiev [42]).

– For k = o(n/ log n), the following statements are true:

�k/(log2 log2 n)	−OBDDconst � k−OBDDconst, for log n = o(k);
�k/(log2 log2 n)	−NOBDDconst � k−NOBDDconst, for log n = o(k);
�k/(log2 n · log2 log2 n)	−POBDDconst � k−POBDDconst,

for log2 n · log2 log2 n = o(k).
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– For ε, ε1 > 0, k = o(n1−ε), nε1 < k, the following statements are true:

�k/nε1	−OBDDpolylog � k−OBDDpolylog;
�k/nε1	−NOBDDpolylog � k−NOBDDpolylog;
�k/nε1	−POBDDpolylog � k−POBDDpolylog.

– the following statements are true:
⌊
k/(nα(log2 n)2)

⌋−OBDDsublinearα
� k−OBDDsublinearα

,

for 0 < α < 0.5 − ε, ε > 0, k > nα(log2 n)2, k = o(n1−α/ log2 n);
⌊
k/(nα(log2 n)2)

⌋−OBDDsublinearα
� k−OBDDsublinearα

,

for 0 < α <
1
3

− ε, ε > 0, k > n2α(log2 n)2, k = o(n1−α/ log2 n);
⌊
k/(n2α(log2 n)2)

⌋−POBDDsublinearα
� k−POBDDsublinearα

,

for 0 < α < 0.25 − ε, ε > 0, k > n2α(log2 n)2, k = o(n1−2α/(log2 n)2).

Proof (Sketch). The shuffled address function from [41] is used. The results also
can be shown using the modification of the pointer jumping function from [19,57]
that is called matrix XOR pointer jumping function [3]. We use lower bounds
for memoryless communication protocols from [11,42] and prove upper bound
for the shuffled address function.

Let us define the matrix XOR pointer jumping that is easier and also useful
for the proof. The matrix XOR pointer jumping function (MXPJ2k,d) is a mod-
ification of PJ . First, we give the definition of the MatrixPJ 2k,d function. Let
us consider functions fA,1, . . . , fA,k ∈ FA and fB,1, . . . , fB,k ∈ FB . On iteration
j +1 function f (j+1)(v) = fj+1(f (j)(v)), where fi(v) = fA,� i

2 �(v) if i is odd, and
fi(v) = fB,� i

2 �(v) otherwise. The value of MatrixPJ 2k,d(fA,1, . . . , fA,k, fB,1, . . . ,

fB,k) is given by f (k)(v0). MXPJ2k,d is a modification of MatrixPJ 2k,d. Here,
we take

f (j+1)(v) = fj+1(f (j)(v)) ⊕ f (j−1)(v), for j ≥ 0.

Finally, we consider a Boolean version of these functions. The Boolean func-
tion PJt,n : {0, 1}n → {0, 1} is gk,d, where we encode fA in a binary string
using d log d bits, and do this for fB as well. The result of the function is the
parity of the bits from the binary representation of the resulting vertex’s num-
ber. For encoding input functions of MXPJ2k,d we use the following order:
fA,1, . . . , fA,k, fB,1, . . . , fB,k. The function fA,i is encoded by ai,1, . . . , ai,d, and
fB,i is encoded by bi,1, . . . , bi,d, for i ∈ {1, . . . , k}. We assume that v0 = 0. 
�

The results for deterministic k-OBDDs extend the Bolling-Sauerhoff-Sieling-
Wegener hierarchy for larger k, but they are not tight. If we compare the results
of [44] and [42], then we can see that the latter results are true for larger k. At
the same time, the hierarchy of [44] has a smaller “jump” between the classes.
Additionally, these two papers show hierarchies for sublinear, superpolynomial
and subexponential width. These cases were not considered before.
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In the nondeterministic case, the best possible hierarchy for polynomial width
is shown in [42]. A smaller jump is not possible, because increasing k by a con-
stant factor does not give more power for the model [25]. So Khadiev’s result
shows a hierarchy which extends Thathachar’s and Okolnishnikova’s hierarchies
but for the model with a more regular structure (k-NOBDDs). As for the deter-
ministic case, the improvement was shown for sublinear, superpolynomial and
subexponential width.

For the probabilistic case, the authors of [44] prove a hierarchy which extends
the Hromkovič-Sauerhoff hierarchy but for the model with a more regular struc-
ture (probabilistic k-OBDDs). The papers [42,44] show an extension of the
Hromkovič-Sauerhoff hierarchy in case of sublinear, superpolynomial and subex-
ponential width.

2.3 Hierarchies for Quantum Read k-Times Branching Programs
(k-OBDDs)

In the last decades, a quantum model of OBDDs was considered [4,54,58,59].
Researchers are also interested in the read-k-times quantum model of OBDDs (k-
QOBDDs, see, for example, [34]). k-QOBDDs can be explored from an automata
point of view. In that situation, we can find good algorithms for two-way quan-
tum classical automata and related models [15,65]. It is known that if we consider
unbounded-error k-OBDDs, then we don’t have known hierarchies of complexity
classes. Let us consider two classes of Boolean functions: functions computed by
polynomial-sized unbounded-error k-QOBDDs and 1-QOBDDs. Homeister and
Waack [34] have shown equality of these two classes.

Ablayev, Ambainis, Khadiev and Khadieva [3] modified the technique from
[44] and proved hierarchies for quantum k-OBDDs with bounded error.

Theorem 4 (Ablayev et al. [3]). BQP1/8-kOBDD�BQP1/8-(2k)QOBDD, for
k > 0, k = const.

Proof (Sketch). We use the XOR-reordered version of the pointer jumping func-
tion from Theorem 2 and the modified version of the lower bound for the pointer
jumping function based on communication complexity results from [39,48]. Addi-
tionally, we show an upper bound for the function. 
�

In [3] we also showed hierarchies for sublinear width and the natural order
of the input variables:

Theorem 5 (Ablayev et al. [3]).

– For k = o(
√

n),
√

k > r, 1 = o(r), we have

�
√

k/r	-id-QOBDDconst � k-id-QOBDDconst.

– For k = o(n0.5−δ),
√

k > nr, r > 0, δ > 0, we have

�
√

k/nr	-id-QOBDDpolylog � k-id-QOBDDpolylog.
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– For k = o(n0.5−δ),
√

k > nr, r > 0, δ > 0, we have

�
√

k/nα+r	-id-QOBDDsublinearα
� k-id-QOBDDsublinearα

.

Proof (Sketch). We use the matrix XOR pointer jumping function and lower
bounds for memoryless communication protocols that are modifications of results
from [11,42]. Also we present an upper bound for the matrix XOR pointer jump-
ing function. 
�

The hierarchies in [3] are the first such hierarchies for bounded-error quan-
tum k-OBDDs, and these results show that unbounded-error and bounded-error
models have different properties in this point of view.

3 Las-Vegas Models

The Las-Vegas model is an alternative probabilistic computational model. In this
case, an algorithm gives the right answer 0 or 1 with probability 1 − ε and with
probability ε it fails. The relations between Las-Vegas and deterministic versions
of automata and OBDDs were explored by different groups and using different
techniques. The first group were Ďurǐs, Hromkovič, Rolim, and Schnitger [29,37];
another result was produced by Klauck with the focus on quantum models [49];
and the third research group were Hirvensalo and Seibert [32].

The relations between Las-Vegas and deterministic automata complexities
are the following.

Fact 1 (Ďurǐs et al. [29,37], Klauck [49], Hirvensalo and Seibert [32]).
For any regular language L and error bound ε < 1, we have the following lower
bounds for probabilistic finite automata and quantum finite automata:

(DFA(L))1−ε ≤ LVε(L) and (DFA(L))1−ε ≤ ULVε(L).

Here DFA(L) is the size of the best deterministic finite automaton for the
language L, LVε(L) is the size of the best Las-Vegas automaton and ULVε(L) is
the size of the best measure-once quantum automaton. So, if ε ≤ 1/2, then the
best gap can be quadratic.

Up to a constant, this quadratic gap is achieved [29,37] by using the language
ENDk = {u1v | u, v ∈ {0, 1}∗ and |v| = k − 1}:

DFA(ENDk) = 2k and LV0.5(ENDk) ≤ 4 · 2k/2.

Later Ibrahimov, Khadiev, Prūsis and Yakaryılmaz [38] suggested a modifi-
cation MODXORk of the language. The language MODXORk for k > 0 is formed by
the strings

{0, 1}<2kx1{0, 1}2k−1x2{0, 1}2k−1 · · · xm{0, 1}2k−1,

where m > 0, each xi ∈ {0, 1} for 1 ≤ i ≤ m, and
⊕m

i=0 xi = 1, taking x0 = 0.
Using this language, better gaps for the probabilistic and quantum cases were

shown.
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Theorem 6 (Ibrahimov et al. [38]). For each k > 0, we have:

DFA(MODXORk) ≥ 22k, LV0.5(MODXORk) ≤ 2 · 2k, ULV0.5(MODXORk) ≤ 2 · 2k.

The same relation exists for the OBDD model. The relation between the
quantum Las-Vegas model and the deterministic one was shown by Sauerhoff
and Sieling [60]. For the probabilistic model, the relation was investigated by
Ibrahimov, Khadiev, Prūsis and Yakaryılmaz [38].

Theorem 7 (Sauerhoff and Sieling [60], Ibrahimov et al. [38]). For any
Boolean function f over X = (X1, . . . , Xn) and error bound ε < 1:

(OBDD(f))1−ε ≤ ULV−OBDDε(f) and (OBDD(f))1−ε ≤ LV−OBDDε(f).

For OBDDs with ε = 1
2 , the lower bound can be at most quadratic. Up to

a logarithmic factor, this quadratic gap was achieved by using the SAd function
in [60] for id-OBDDs. The authors of [38] presented result for OBDDs (for any
order) using the SSAn function.

Let us define this function. We start with the well-known storage access
Boolean function SAd(x, y) = xy, where the input is split into the storage
x = (x1, . . . , x2d) and the address y = (y1, . . . , yd). By using the idea of
“shuffling” from [1,6,7,12] we define the shuffled storage access Boolean func-
tion SSAn : {0, 1}n → {0, 1}, for even n. Let x ∈ {0, 1}n be an input. We
form two disjoint sorted lists of even indexes of bits I0 = (2i1, . . . , 2im) and
I1 = (2j1, . . . , 2jk) with the following properties: (i) if x2i−1 = 0 then 2i ∈ I0(x),
(ii) if x2i−1 = 1 then 2i ∈ I1(x), (iii) ir < ir+1, for r ∈ {1, . . . , m − 1} and
jr < jr+1, for r ∈ {1, . . . , k − 1}.

Let d be a number such that 2d+d = n/2. We can construct two binary strings
by the following procedure: Initially we set α(x) := 02

d

(the all-zero sequence
of length 2d); then for r from 1 to m we do α(x) := ShiftX(α(x), x2ir

), where
ShiftX((a1, . . . , am), b) = (a2, . . . , am, a1 ⊕ b). We initially set β(x) := 0d (the
all-zero sequence of length d); then for r from 1 to k: β(x) := ShiftX(β(x), x2jr

).
Then, SSAn(x) = SAd(α(x), β(x)).

We can provide a lower bound for OBDDs and upper bounds for Las-Vegas-
OBDDs (LV-OBDDs), computing the SSAn function.

Theorem 8 (Ibrahimov et al. [38]). For 2d + d = n/2, we have:

OBDD(SSAn) ≥ 22
d

, LV−OBDD0.5(SSAn) ≤ 22
d/2+d+3,

ULV−OBDD0.5(SSAn) ≤ 22
d/2+d+3.

4 Quantum Hashing

Hashing has a lot of fruitful applications in cryptography. Note that in cryptogra-
phy functions satisfying (i) the one-way property and (ii) the collision resistance
property (in different specific meanings) are called hash functions, and we use
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this notion when we are considering cryptographic aspects of quantum functions
with the above properties. So we suggest to call a quantum function (which
maps classical words into quantum states) that satisfies properties (i) and (ii)
(in the quantum setting) a cryptographic quantum hash function or just quan-
tum hash function. One of the first considerations of a quantum function as
a cryptographic primitive, having the one-way property and the collision resis-
tance property, is due to [31], where the quantum fingerprinting function from
[26] was used. Another approach towards constructing quantum hash functions
from quantum walks was considered in [51,52,66], and it resulted in privacy
amplification in quantum key distribution and other useful applications.

In this section, we recall the notion of a quantum (δ, ε)-resistant hash function
based on [9].

We let Zq be the finite additive group of Z/qZ, i.e., the integers modulo q.
Let Σk be the set of words of length k over a finite alphabet Σ. Let X be a finite
set (in [63] we have considered X as an arbitrary finite Abelian group, and in
Subsect. 4.3, we will restrict ourselves to X = Zq). For K = |X| and integer an
s ≥ 1 we define a (K; s) classical-quantum function (or just quantum function)
to be the following mapping:

ψ : X → (H2)⊗s or ψ : w �→ |ψ(w)〉.

In order to outline a computational aspect and present a procedure for
the quantum function ψ, we define a unitary transformation (determined by
an element w ∈ X) of the initial state |ψ0〉 ∈ (H2)⊗s to a quantum state
|ψ(w)〉 ∈ (H2)⊗s:

|ψ(w)〉 = U(w)|ψ0〉,
where U(w) is a unitary matrix.

Extracting information about w from |ψ(w)〉 is a result of the measurement of
the quantum state |ψ(w)〉. In this paper, we consider quantum transformations
and measurements of quantum states with respect to computational basis.

4.1 One-Way δ-Resistance

We present the following definition of a quantum δ-resistant one-way function.
Let M be a function M : (H2)⊗s → X. Informally speaking, an “information
extracting” mechanism M makes some measurement of the state |ψ〉 ∈ (H2)⊗s

and decodes the result to X.

Definition 2 (Ablayev and Ablayev [9]). Let X be a random variable with
Pr[X = w] for all w ∈ X. Let ψ : X → (H2)⊗s be a quantum function. Let Y
be a random variable over X obtained by some M making a measurement to the
encoding ψ of X and decoding the result to X. Let δ > 0. We call a quantum
function ψ a one-way δ-resistant function if

1. it is easy to compute, i.e., a quantum state |ψ(w)〉 for a particular w ∈ X can
be computed using a polynomial-time algorithm;
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2. for any mechanism M , the probability Pr[Y = X] that M successfully decodes
Y is bounded by δ, i.e.,

Pr[Y = X] ≤ δ.

For cryptographic purposes it is natural to expect (and we do this in the rest
of the paper) that the random variable X is uniformly distributed.

A quantum state of s ≥ 1 qubits can theoretically contain an infinite amount
of information. On the other hand, Holevo’s Theorem [33] states that O(s) bits
of information can be extracted from this state. Here we use the result of [56]
motivated by Holevo’s Theorem.

Property 1 (Nayak [56]). Let X be a random variable uniformly distributed over
{0, 1}k. Let ψ : {0, 1}k → (H2)⊗s be a quantum function. Let Y be a random
variable over {0, 1}k obtained by some M making a measurement of the encoding
ψ of X and decoding the result to {0, 1}k. Then the probability of a correct
decoding is given by

Pr[Y = X] ≤ 2s

2k
.

So, extracting information about the input σ from the state |ψ(σ)〉 is rather
limited. The efficiency of computing |ψ(σ)〉 depends on the construction of the
quantum hash function ψ. In Subsect. 4.3, we consider the quantum hash func-
tion that is based on small biased sets and prove the efficiency of this construc-
tion.

4.2 Collision ε-Resistance

The following definition was presented in [2].

Definition 3. Let ε > 0. We call a quantum function ψ : X → (H2)⊗s a colli-
sion ε-resistant function if for any pair w,w′ of different inputs,

|〈ψ(w)|ψ(w′)〉| ≤ ε.

Informally speaking, we need two states |ψ(w)〉 and |ψ(w′)〉 to be almost
orthogonal in order to get a small probability of collision, i.e., if one is testing
different states |ψ(w)〉 and |ψ(w′)〉 for equality, then a testing procedure should
give a positive result with a small probability .

The following result [2] proves that a quantum collision ε-resistant function
needs at least log log K − c(ε) qubits.

Property 2 (Ablayev and Ablayev [2]). Let s ≥ 1 and K = |X| ≥ 4. Let ψ : X →
(H2)⊗s be a collision ε-resistant quantum hash function. Then

s ≥ log log K − log log
(
1 +

√
2/(1 − ε)

)
− 1.
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Properties 1 and 2 provide a basis for building a “balanced” one-way δ-
resistant and collision ε-resistant quantum hash function. Roughly speaking, if
we need to hash elements w from the domain X with |X| = K and if we can build
for an ε > 0 a collision ε-resistant (K; s) hash function ψ with s ≈ log log K−c(ε)
qubits, then the function f is one-way δ-resistant with δ ≈ (log K/K). Such a
function is balanced with respect to Property 2.

To summarize the above considerations we can state the following. A quan-
tum (δ, ε)-hash function satisfies all of the properties that a “classical” hash
function should satisfy. Pre-image resistance follows from Property 1. Second pre-
image resistance and collision resistance follow, because all inputs are mapped to
states that are nearly orthogonal. Therefore, we see that quantum hash functions
can satisfy the properties of classical cryptographic hash functions.

4.3 Constructing Quantum Hash Functions via Small-Biased Sets

This section is based on the paper [63]. We first present a brief background on
ε-biased sets. For more information see [27]. Note that ε-biased sets are generally
defined for arbitrary finite groups, but here we restrict ourselves to Zq.

For an a ∈ Zq a character χa of Zq is a homomorphism χa : Zq → μq,
where μq is the (multiplicative) group of complex q-th roots of unity. That is,
χa(x) = ωax, where ω = e

2πi
q , is a primitive q-th root of unity. The character

χ0 ≡ 1 is called a trivial character.

Definition 4. A set S ⊆ Zq is called ε-biased if for any nontrivial character
χ ∈ {χa | a ∈ Zq}

1
|S|

∣
∣
∣
∣
∣

∑

x∈S

χ(x)

∣
∣
∣
∣
∣
≤ ε.

These sets are interesting when |S| � |Zq| (as S = Zq is 0-biased). In their
seminal paper [55] Naor and Naor defined these small-biased sets, gave the first
explicit constructions of such sets, and demonstrated the power of small-biased
sets for several applications.

Remark 1. Note that a set S of O(log q/ε2) elements selected uniformly at ran-
dom from Zq is ε-biased with positive probability [14].

Many other constructions of small-biased sets followed during the last
decades.

Vasiliev [63] showed that ε-biased sets generate (δ,ε)-resistant hash functions.
We present the result of [63] in the following form.

Theorem 9. Let S ⊆ Zq be an ε-biased set. Let

HS = {ha(x) = ax (mod q), a ∈ S, ha : Zq → Zq}
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be a set of functions determined by S. Then the quantum function ψHS
: Zq →

(H2)⊗ log |S|

|ψHS
(x)〉 =

1
√|S|

∑

a∈S

ωha(x)|a〉

is a (δ, ε)-resistant quantum hash function, where δ ≤ |S|/q.

As a corollary from Theorem 9 and the above considerations we can state
the following.

Property 3. For a small-size ε-biased set S = {a1, . . . , aT } ⊂ Fq with T =
O(log q/ε2), for s = log T , for δ = O(1/(qε2)), HS generates the quantum (δ, ε)-
hash function

ψHS
: Fq → (H2)⊗s (4)

|ψHS
(x)〉 =

1√
T

T−1∑

j=0

ωajx|j〉. (5)

5 Computing Quantum Hash Function by QOBDD

The complexity of computing the quantum hash function ψHS
in the QOBDD

model is given by the following theorem.

Theorem 10. The quantum (δ, ε)-hash function (4)

ψHS
: Fq → (H2)⊗s

can be computed by a quantum OBDD Q composed of s = O(log log q) qubits.

Proof. The quantum function ψHS
(4) maps an input x ∈ Fq to a quantum

state (5), i.e.,

|ψHS
(x)〉 =

1√
T

T−1∑

j=0

ωajx|j〉,

which is the result of a transformation (similar to the well-known quantum
Fourier transformation, QFT) of the initial state

|ψ0〉 =
1√
T

T−1∑

j=0

|j〉.

Such a QFT-like operator is controlled by the input x. We represent an integer
x ∈ {0, . . . , q − 1} as the bit string x = x0 . . . xlog q−1, i.e., x = x0 + 21x1 + · · · +
2log q−1xlog q−1.
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For a binary string x = x0 . . . xlog q−1 a quantum OBDD Q over the space
(H2)⊗s for computing ψHS

(x) (composed of s = log T qubits) is defined as

Q = 〈T, |ψ0〉〉,

where |ψ0〉 is the initial state and T is a sequence of log q instructions:

Tj = (xj , Uj(0), Uj(1))

is determined by the variable xj tested on step j, and Uj(0), Uj(1) are uni-
tary transformations in (H2)⊗s. More precisely, Uj(0) is the T × T iden-
tity matrix. Uj(1) is the T × T diagonal matrix whose diagonal entries are
ωa02

j

, ωa12
j

, . . . , ωaT−12
j

and the off-diagonal elements are all zero, i.e.,

Uj(1) =

⎡

⎢
⎢
⎢
⎢
⎣

ωa02
j

ωa12
j

. . .
ωaT−12

j

⎤

⎥
⎥
⎥
⎥
⎦

.

Note that here we compute a quantum function instead of a Boolean func-
tion, and thus we abandoned the measurement phase of the computation and
the corresponding accepting set in the construction of a quantum branching
program.

We define a computation of Q on an input x = x0 . . . xlog q−1 ∈ {0, 1}log q as
follows:

1. A computation of Q starts from the initial state |ψ0〉;
2. The j-th instruction of Q reads the input symbol xj (the value of x) and

applies the transition matrix Uj(xj) to the current state |ψ〉 to obtain the
state |ψ′〉 = Uj(xj)|ψ〉;

3. The final state is

|ψHS
(x)〉 =

⎛

⎝
log q−1∏

j=0

Uj(xj)

⎞

⎠ |ψ0〉.


�

Upper bounds. From Theorem 10 we have the following corollary.

Corollary 1. It holds that

Width(ψHS
) = O(log q),

Length(ψHS
) = O(log q).

Proof. O(log q) width corresponds to O(log log q) qubits used by the QOBDD,
and O(log q) length is due to the binary encoding of the input x ∈ Fq.
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Lower bounds. Here we show that the quantum OBDD from Theorem 10 is
optimal for the function ψHS

.

Theorem 11. It holds that

Width(ψHS
) = Ω(log q), (6)

Length(ψHS
) = Ω(log q). (7)

Proof. Let Q be a QOBDD computing the function ψHS
. Since QOBDDs are

defined for binary inputs, we use the following encoding for ψHS
:

ψHS
: {0, 1}log q → (H2)⊗s.

The lower bound (6) for Width(ψHS
) follows immediately from the minimal

number of qubits required by Property 2.

s ≥ log log q − log log(1 +
√

2/(1 − ε)).

The lower bound (7) for Length(ψHS
) follows from the fact that ψHS

is a collision
ε-resistant function. Indeed, the assumption that the QOBDD Q for ψHS

can
test less than log q (that is, not all log q) variables encoding the input x ∈ Fq

means the existence of (at least) two different inputs w,w′ ∈ Fq, such that Q
produces the same quantum hashes |ψ(w)〉 and |ψ(w′)〉 for w and w′, that is,
|ψ(w)〉 = |ψ(w′)〉 = |ψ〉. The latter contradicts the fact that the states |ψ(w)〉
and |ψ(w′)〉 are ε-orthogonal:

|〈ψ(w)|ψ(w′)〉| ≤ ε.


�

6 Online Streaming Algorithms

Online algorithms are well-known as a computational model for solving opti-
mization problems. The defining property of this model is that the algorithm
reads an input piece by piece and should return output variables after some of
the input variables immediately, even if the answer depends on whole input.
An online algorithm should return an output for minimizing an objective func-
tion. There are different methods to define the efficiency of online algorithms
[22,23,28], but the most standard is the competitive ratio [40].

Typically, online algorithms have unlimited computational power and the
main restriction is the lack of knowledge on future input variables. There are
many problems that can be formulated in these terms. At the same time it is
quite interesting to solve online minimization problems in the case of large input
streams. We consider a large stream such that it cannot be stored in memory.
In this situation, we can discuss online algorithms with restricted memory. In
this paper, we consider streaming algorithms as online algorithms. This classi-
cal model was considered in [18,24,30,47]. Automata for online minimization
problems were considered in [43]. We are interested in the investigation of a new
model of online algorithms, the quantum online algorithms, that use the power
of quantum computing for solving online minimization problems. This model
was introduced in [47]. Here, we focus on quantum online streaming algorithms.
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6.1 Definitions

Let us define online optimization problems. We give all following definitions with
respect to [42,45,47,67]. An online minimization problem consists of a set I of
inputs and a cost function. Every input I ∈ I is a sequence of requests I =
(x1, . . . , xn). Furthermore, a set of feasible outputs (or solutions) is associated
with every I; every output is a sequence of answers O = (y1, . . . , yn). The cost
function assigns a positive real value cost(I,O) to every input I and any feasible
output O. For every input I, we call any feasible output O for I that has the
smallest possible cost (i.e., that minimizes the cost function) an optimal solution
for I.

Let us define an online algorithm for a given online problem as an algorithm
which gets requests xi from I = (x1, . . . , xn) one by one and should return
answers yi from O = (y1, . . . , yn) immediately, even if an optimal solution can
depend on future requests. A deterministic online algorithm A computes the out-
put sequence A(I) = (y1, . . . , yn) such that yi is computed from x1, . . . , xi. This
setting can also be regarded as a request-answer game: an adversary generates
requests, and an online algorithm has to serve them one at a time [13].

We use the competitive ratio as the main measure of quality for online
algorithms. It is the ratio of the cost of the algorithm’s solution and the cost
of a solution of an optimal offline algorithm in the worst case. We say that
some deterministic online algorithm A is c-competitive if there exists a non-
negative constant α such that, for every n and for any input I, we have:
cost(A(I)) ≤ c · cost(Opt(I)) + α, where Opt is an optimal offline algorithm
for the problem, |I| ≤ n and |I| is length of I. We also call c the competitive
ratio of A. If α = 0, then A is called strictly c-competitive; A is optimal if it is
strictly 1-competitive.

Let us define an online algorithm with advice. We can say that advice is
some information about the future input. An online algorithm A with advice
computes the output sequence Aφ(I) = (y1, . . . , yn) such that yi is computed
from φ, x1, . . . , xi, where φ is the message from an adviser, who knows the whole
input. A is c-competitive with advice complexity b = b(n) if there exists a non-
negative constant α such that, for every n and for any input I, there exists some
φ such that cost(Aφ(I)) ≤ c · cost(Opt(I)) + α and |φ| ≤ b, |I| ≤ n.

Next, let us define a randomized online algorithm. A randomized online algo-
rithm R computes the output sequence Rψ := Rψ(I) = (y1, . . . , yn) such that
yi is computed from ψ, x1, . . . , xi, where ψ is the content of a random tape, i.e.,
an infinite binary sequence, where every bit is chosen uniformly at random and
independently of all the others. By cost(Rψ(I)) we denote the random variable
expressing the cost of the solution computed by R on I. R is c-competitive in
expectation if there exists a non-negative constant α such that, for every I,
E[cost(Rψ(I))] ≤ c · cost(Opt(I)) + α.

We use streaming algorithms for online minimization problems as online algo-
rithms with restricted memory. You can read more about streaming algorithms
in [53]. Shortly, these are algorithms that use a small amount of memory and
read input variables one by one. Suppose A is a deterministic online streaming
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algorithm with s = s(n) bits of memory that processes the input I = (x1, . . . , xn).
Then we can describe a state of the memory of A before reading input variable
xi+1 by a vector di = (di

1, . . . , d
i
s) ∈ {0, 1}s. The algorithm computes the out-

put A(I) = (y1, . . . , yn) such that yi depends on di−1 and xi; di depends on
di−1 and xi. Randomized online streaming algorithms and deterministic online
streaming algorithms with advice have similar definitions, but with respect to
the definitions of the corresponding models of online algorithms.

Now we are ready to define a quantum online algorithm. A quantum online
algorithm Q computes the output sequence Q(I) = (y1, . . . , yn) such that yi

depends on x1, . . . , xi. The algorithm can measure qubits several times during
a computation. Note that quantum computation is a probabilistic process. Q is
c-competitive in expectation if there exists a non-negative constant α such that,
for every I, E[cost(Q(I))] ≤ c · cost(Opt(I)) + α.

Let us consider a quantum online streaming algorithm. For a given n > 0,
a quantum online algorithm Q with q qubits is defined on the input I =
(x1, . . . , xn) ∈ {0, . . . , α − 1}n and outputs (y1, . . . , ym) ∈ {0, . . . , β − 1}m.
The algorithm is a triple Q = (T, |ψ0〉,Result), where T = {Tj | 1 ≤
j ≤ n and Tj = (U0

j , . . . , Uα−1
j )} are (left) unitary matrices representing the

transitions. Here, U
xj

j is applied on the j-th step. |ψ0〉 is an initial vector
from the 2q-dimensional Hilbert space. Result = {Result1, . . . ,Resultn}, where
Result i : {0, . . . , 2q −1} → {0, . . . , β −1} is a function that converts the result of
the measurement to an output variable. For any given input I, the computation
of A on I can be traced by a 2q-dimensional vector from the Hilbert space. The
initial one is |ψ0〉. In each step j ∈ {1, . . . , n} the input variable xj is tested
and then the U

xj

j unitary operator is applied: |ψj〉 = U
xj

j (|ψj−1〉), where |ψj〉
represents the state of the system after the j-th step. The algorithm can measure
one of the qubits or more on any step after a unitary transformation; or it can
skip the measurement. Suppose that Q is in the state |ψ〉 = (v1, . . . , v2q )T before
the measurement, and the i-th qubit is measured. Let the states with numbers
a0
1, . . . , a

0
2q−1 correspond to the 0 value of the i-th qubit, and the states with

numbers a1
1, . . . , a

1
2q−1 correspond to the 1 value of the qubit. The result of the

measurement of the qubit is 1 with probability pr1 =
∑2q−1

j=1 |va1
j
|2 and 0 with

probability pr0 = 1 − pr1. If r qubits were measured on the j-th step, then we
get the number γ ∈ {0, . . . , 2r − 1} as a result and A returns Resultj(γ).

The following lemma describes relations between automata, id-OBDDs and
streaming algorithms that are folklore.

Lemma 1. If a quantum (probabilistic) id-OBDD P of width 2w computes a
Boolean function f , then there is a quantum (randomized) streaming algorithm
computing f that uses w + �log2 n� qubits (bits). If a quantum (probabilistic)
automaton A of size 2w recognizes a language L, then there is a quantum (ran-
domized) streaming algorithm recognizing L that uses w qubits (bits). If any
deterministic (probabilistic) id-OBDD P computing a Boolean function f has
width at least 2w, then any deterministic (randomized) streaming algorithm com-
puting f uses at least w bits. If any deterministic (probabilistic) automaton A
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recognizing a language L has size at least 2w, then any deterministic (random-
ized) streaming algorithm recognizing L uses at least w bits.

Let us describe the “black hats method” from [45] that allows to construct
hard online minimization problems. In this paper, we discuss a Boolean function
f , but in fact we consider a family of Boolean functions f = {f1, f2, . . . }, where
fm : {0, 1}m → {0, 1}. We use the notation f(X) for fm(X) if the length of X
is m and it is clear from context.

Definition 5 (Black Hats Method). Let f be a Boolean function. Then
BHt

k,r,w(f), for positive integers k, r, w, t, where k mod t = 0, is the follow-
ing online minimization problem: Suppose we have an input I = (x1, . . . , xn)
and k positive integers m1, . . . , mk, where n =

∑k
i=1(mi + 1). Lets assume that

I = 2,X1, 2,X2, 2,X3, 2, . . . , 2,Xk, where Xi ∈ {0, 1}mi , for i ∈ {1, . . . , k}.
Let O be an output and O′ = (y1, . . . , yk) be the output bits corresponding to
input variables with value 2 (in other words, output variables for guardians).
Output yj corresponds to an input variable xij

, where ij = j +
∑j−1

r=1 mr. Let
gj(I) =

⊕k
i=j fmi

(Xi). We split all output variables yi into t blocks each of
length u = k/t. The cost of the i-th block is ci, where ci = r if yj = gj(I) for
j ∈ {(i − 1)u + 1, . . . , i · u}, and ci = w otherwise. The cost of the whole output
is cost t(I,O) = c1 + · · · + ct.

6.2 Quantum vs. Classical Online Streaming Algorithms

Khadiev, Ziatdinov, Mannapov, Khadieva and Yamilov [46,47] showed that
quantum online streaming algorithms can be better than classical ones in the
case of sublogarithmic memory (see the following theorem).

Theorem 12 (Khadiev et al. [46], Khadiev et al. [47]). There is an online
minimization problem BHP with the following properties:

– There is a quantum online streaming algorithm Q for BHP such that it uses
1 qubit of memory and has expected competitive ratio c.

– Any deterministic online algorithm D with unlimited computational power
solving BHP is c′-competitive, for c′ > c.

– Any randomized online streaming algorithm R using o(log n) bits and solving
BHP is c′′-competitive in expectation, for c′′ > c.

Proof (Sketch). To define the BHP problem, we use the Boolean function
PartialMODs

n from [6,7,16] and the black hats method for constructing hard
minimization problems from [45]. We propose a single qubit quantum online
streaming algorithm for the problem and show lower bounds for classical mod-
els.

Let us present the definition of the Boolean function PartialMODs
n. The

feasible inputs for the problem are X = (x1, . . . , xn) ∈ {0, 1}n such that
#1(X) = v · 2s, where #1(X) is the number of 1s in X and v ≥ 2.
PartialMODs

n(X) = v mod 2. 
�
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The case of polylogarithmic memory was considered by Khadiev, Khadieva,
Kravchenko, Rivosh, Yamilov and Mannapov [45]. Similar supremacy is shown
in the following result.

Theorem 13 (Khadiev et al. [46]). There is an online minimization problem
BHR with the following properties:

– There is a quantum online streaming algorithm Q for BHR such that it uses
logO(1) n qubits of memory and has expected competitive ratio c.

– Any deterministic online algorithm D with unlimited computational power
solving BHR is c′-competitive, for c′ > c.

– Any randomized online streaming algorithm R using no(1) bits and solving
BHR is c′′-competitive in expectation, for c′′ > c.

Proof (Sketch). For the definition of the BHR problem, we use Rν,l,m,n from [60]
and the black hats method. We propose a single qubit quantum online streaming
algorithm for the problem and show lower bounds for classical models.

Let us define Rν,l,m,n. Let |1〉, . . . , |n〉 be the standard computational basis
of the n-dimensional Hilbert space. Let V0 and V1 denote the subspaces spanned
by the first and last n/2 of these basis vectors. Let 0 < ν < 1/

√
2. The input

for the function Rν,l,m,n consists of 3l(m+1) Boolean variables ai,j , bi,j , ci,j , 1 ≤
i ≤ l, 1 ≤ j ≤ m + 1, which are interpreted as universal (ε, l,m)-codes for three
unitary n × n matrices A, B, C, where ε = 1/(3n). The function takes the
value z ∈ {0, 1} if the Euclidean distance between CBA|1〉 and Vz is at most ν;
otherwise the function is undefined. 
�

6.3 Advice Complexity of Quantum and Classical Online Streaming
Algorithms

We are also interested in the advice complexity of online algorithms [21,50]. In
this model an online algorithm gets some bits of advice about the input. The
trusted adviser sending these bits knows the whole input and has unlimited
computational power. The question is “How many advice bits are sufficient to
reduce the competitive ratio or to make the online algorithm as efficient as the
offline algorithm?” This question has different interpretations. One of them is
“How much information should an algorithm have about the future for solving
a problem efficiently?” Another one is “If we have an expensive channel which
can be used for pre-processed information about the future, then how many bits
should we send via this channel to solve a problem efficiently?” Deterministic
and probabilistic or randomized online algorithms with advice were investigated
in [36,50]. It is interesting to compare the power of quantum online streaming
algorithms and classical ones.

Let us consider the case of sublogarithmic memory. Khadiev, Ziatdinov, Man-
napov, Khadieva and Yamilov [46,47] showed that quantum online streaming
algorithms can be better than classical ones even if the classical algorithms get
advice bits. Moreover, if a quantum online streaming algorithm gets a single
advice bit, then it becomes optimal.
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Theorem 14 (Khadiev et al. [46], Khadiev et al. [47]). There is an online
minimization problem BHP with the following properties:

– There is a quantum online streaming algorithm Q for BHP such that it uses
a single qubit of memory and has expected competitive ratio c, for c ≥ 1.

– There is an optimal quantum online streaming algorithm Q′ for BHP such
that it uses a single qubit of memory and a single advice bit.

– Any deterministic online streaming algorithm D using o(log n) bits of mem-
ory, o(log n) advice bits and solving BHP is c′-competitive, for c′ > c.

– Any randomized online streaming algorithm R using o(log n) bits of memory,
o(log n) advice bits and solving BHP is c′′-competitive in expectation, for
c′′ > c.

Proof (Sketch). We use the same problem BHP as in Theorem 12 that is based on
the Boolean function PartialMODs

n from [6,7,16]. We can construct an optimal
quantum algorithm, because we have an exact quantum streaming algorithm for
PartialMODs

n. 
�
Quantum online streaming algorithms can also be better than deterministic

algorithms with unlimited computational power and a constant number of advice
bits.

Theorem 15 (Khadiev et al. [46]). There is an online minimization problem
IBHPλ with the following properties:

– There is a quantum online streaming algorithm Q for IBHPλ such that it
uses constant memory, less than λ advice bits and has expected competitive
ratio c, for c ≥ 1.

– Any deterministic online algorithm D with unlimited computational power
using less than λ advice bits and solving IBHPλ is c′-competitive, for c′ > c.

Proof (Sketch). We use a modification of the BHP problem from Theorems 12
and 14. This modification uses λ copies of the BHP problem. 
�

At the same time, randomized online streaming algorithms cannot achieve
a similar supremacy for the BHP problem as quantum online streaming algo-
rithms. The reason is that there is no randomized streaming algorithm that can
compute the Boolean function PartialMODs

n using constant memory.
Let us again consider the case of polylogarithmic memory. Khadiev, Ziatdi-

nov, Mannapov, Khadieva and Yamilov [46] and same authors with Kravchenko
and Rivosh [45] considered this case. They showed that we have a situation sim-
ilar to the sublogarithmic case. A quantum online streaming algorithm can be
better than classical ones even if classical algorithms get advice.

Theorem 16 (Khadiev et al. [46], Khadiev et al. [45]). There is an online
minimization problem BHR with the following properties:

– There is a quantum online streaming algorithm Q for BHR such that it uses
logO(1) n qubits of memory and has expected competitive ratio c, for c ≥ 1.
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– Any deterministic online streaming algorithm D using no(1) bits of memory,
o(log n) advice bits and solving BHR is c′-competitive, for c′ > c.

– Any randomized online streaming algorithm R using no(1) bits of memory,
o(log n) advice bits and solving BHR is c′′-competitive in expectation, for
c′′ > c.

Proof (Sketch). We use the same problem BHP as in Theorem 13 that is based
on the Boolean function Rν,l,m,n from [60]. 
�
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