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Abstract. Inspired by the concept of stability of approximation, we
consider the following (re)optimization problem: Given a minimum-cost
Hamiltonian cycle of a complete non-negatively real weighted graph
G = (V, E, c) obeying the strengthened triangle inequality (i.e., for some
strength factor 1/2 ≤ β < 1, we have that ∀u, v, z ∈ V, c(u, z) ≤
β(c(u, v) + c(v, z))), and given a vertex v whose removal from G (resp.,
addition to G), along with all its incident edges, produces a new weighted
graph still obeying the strengthened triangle inequality, find a minimum-
cost Hamiltonian cycle of the modified graph. This problem is known to
be NP-hard, but we show that it admits a PTAS, which just consists
of either returning the old optimal cycle (after having by-passed the
removed node), or instead computing (for finitely many inputs) a new
optimal solution from scratch − depending on the required accuracy in
the approximation. Then, we turn our attention to the case in which
a minimum-cost Hamiltonian path is given instead, and the underlying
graph obeys the relaxed triangle inequality. Here, if one edge weight is
increased, and βO, βM ≥ 1 denotes the relaxation factor of the original
and the modified graph, respectively, then we show how to obtain an
approximation of 1 + 2 min{βO, βM}, which improves over existing solu-

tions as soon as min{βO, βM} ≥ 3+2
√
6

5
≈ 1.58.

1 Introduction

The hardness of optimization problems is commonly defined according to the
computational complexity of worst-case input instances. However, in many cases
one can find significant sets of input instances that behave substantially better
in terms of tractability. In order to promote a broader notion of tractability, less
tied to the tyranny of worst-case complexity, Hromkovič introduced the concept
of stability of approximation [26,27]. This provides a formal tool to partition
the set of input instances of optimization problems into possibly infinitely many
subclasses according to the hardness of their approximability, and allows us to
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have an efficient algorithm for deciding the membership of any problem instance
to one of the subclasses considered. The idea behind this concept is to find a
distance measure between input instances that captures their difference from a
computational complexity perspective. An algorithm that offers a good approxi-
mation for some set I of input instances is then called stable with respect to this
measure if its approximation ratio grows with the distance of an input instance
from I but not with the size of the input instances.

As a paradigmatic case study, the literature offers many examples of opti-
mization problems which are computationally hard when defined on general
weighted graphs, but become easier to solve/approximate when the input
graph happens to be metric (i.e., its cost function obeys the triangle inequal-
ity). Following the concept of stability, it is then natural to assume, as dis-
tance measures from “good” instances, a parametrization of the metricity of
the input graph. More precisely, we say that a non-negatively real weighted
graph G = (V,E, c) satisfies the β-triangle inequality, where β ≥ 1/2, if
c(u, v) ≤ β (c(u, z)+ c(z, v)),∀u, v, z ∈ V . If β < 1, we speak about the strength-
ened triangle inequality, while if β > 1, we speak about the relaxed triangle
inequality. Then the parameter β can be used to partition the set of all input
instances of a hard optimization problem (from β = 1/2, i.e., unweighted graphs,
up to β = ∞, i.e., general weighted graphs), and to classify them according to
their respective computational properties. This idea proved to be very fruitful,
giving rise to numerous results for different hard optimization problems, such
as k-connectivity [11,12], Steiner tree [8,9,14,19], Traveling Salesman Problem
(TSP for short) [1,2,5,15–17,22], and its variants [7,10,13,18,20,21,24,25].

In this paper we further explore the usefulness of the notion of stability of
approximation in order to attack the reoptimization version of the TSP (and a
Hamiltonian-path variant of it) when the input graph is β-metric.

1.1 The Reoptimization Version of the TSP

The TSP is that of finding a minimum-cost cycle spanning all the nodes of a
complete real weighted graph, say G = (V,E, c). It is well-known to be not only
NP-hard, but also not approximable in polynomial time within a 2p(|V |)-factor,
where p is any polynomial, unless P = NP. On the other hand, in the metric
case, although it remains APX-hard, it can be approximated within a factor of
3/2 by means of the classic Christofides algorithm [23]. For an excellent survey
on the TSP, we refer the reader to [32].

To get closer to the subject of this paper, imagine now a scenario in which,
given an instance of the general TSP, along with an optimal solution, i.e., a
minimum-cost Hamiltonian cycle of G, this instance is subject to a small modifi-
cation, consisting in the insertion or the deletion of a new node into or from the
graph. Then, two natural arising questions are the following: Is it still NP-hard to
find an optimal solution for this problem? And if so, what about its approxima-
bility? This was exactly the pioneering formalization of a reoptimization version
of the TSP given in [3]. More precisely, the authors focused on the metric TSP,
and showed that both problems (i.e., insertion or deletion of a new node) remain
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NP-hard. Moreover, they showed that for the former, the adaptation of the classic
cheapest insertion heuristic guarantees a linear-time 3/2-approximation ratio, as
opposed to the O(|V |3) time required by the Christofides algorithm, while for
the latter, they showed that simply deleting the edges of the solution incident
to the node that we have to eliminate, and then linking the other endpoints of
such edges, we obtain a 3/2-approximation ratio.

Inspired by this work, in [13] the authors addressed another natural reopti-
mization variant of the metric TSP, namely that in which the instance undergoes
the alteration of the weight of a single edge. Once again, the authors proved the
NP-hardness of the problem, and therefore provided an extensive comparative
analysis with the canonical metric TSP as far as the approximability of the prob-
lem was concerned. To this end, the authors developed their study by classifying
the approximability of TSP depending on the metricity of both the input and
the modified instance. More formally, they proved that: (i) if the input and the
modified instance obey the strengthened triangle inequality, the problem admits
a PTAS (this compares favorably with the APX-hardness of the counterpart);
(ii) if the input and the modified instance are both metric, the problem can be
approximated within a factor of 7/5, which compares favorably with the approx-
imation ratio guaranteed by the Christofides algorithm; this result was further
improved in [6], where the authors proved the problem can be approximated
within a factor of 4/3; and finally, (iii) if the input and the modified instance
obey the relaxed triangle inequality with 1 < β < 3.34899, the problem admits
a β2 15β2+5β−6

13β2+3β−6 -approximation algorithm, which is better than its counterparts
given in [5,17]. In other words, for the considered range of values of β, all these
reapproximation algorithms are stable.

Further reoptimization versions of the metric TSP were developed for both
the strengthened and the relaxed case [4,13,21].

1.2 Our Results

In this paper we focus on two reoptimization variants of the TSP, and we show
that they admit stable reapproximation algorithms.

First, we concentrate on a reoptimization version of the strengthened metric
TSP (Δβ<1-TSP for short). We apply the same kind of perturbations introduced
in [3], namely insertion and deletion of a node, trying to exploit both the optimal
solution and the strengthened metric properties of the input instances, and we
show that also in this case the problem on the perturbed instances admits a
PTAS. Notice that, for the case of node deletion, our approach has a natural
application counterpart in the so-called transient failure setting, namely that
in which the malfunctioning of a network component (in our case, a node) is
supposed to be promptly repaired. In such a scenario, it makes sense to exploit
the knowledge that can be gathered from the optimal solution of the old instance
(which was presumably found with much effort and time), in order to compute
quickly an approximation to the new instance, and we will show that this is
actually possible.
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Then, we turn our attention to a more general version of the TSP, called
the Traveling Salesman Path Problem (TSPP for short), in which we are also
given two vertices s, t ∈ V and the goal is to find a path from s to t visiting each
vertex in V exactly once. More precisely, we address the relaxed metric TSPP
(Δβ>1-TSPP for short), whose input instances obey the relaxed triangle inequal-
ity, and whose goal is the same as for the TSPP, i.e., finding a minimum-cost
Hamiltonian path between the given vertices s and t. The best current approx-
imation algorithm for this problem is the so-called Path Matching Christofides
Algorithm-TSPP [25], with an approximation ratio of 5

3β2. Also in this case, we
focus on the reoptimization version of the relaxed metric TSPP. More precisely,
if one edge weight is (transiently) increased, and we assume that the original
and the modified graph obey the triangle inequality within a relaxation factor
of βO, βM ≥ 1, respectively, then we show how to obtain an approximation of
1 + 2βL, where βL = min{βO, βM}, which becomes the best approximation ratio
for the Δβ>1-TSPP when β ≥ 3+2

√
6

5 ≈ 1.58.

2 Reoptimizing the Strengthened Metric TSP on Single
Node Modifications

In this section we study the reoptimization of TSP subject to a (transient) single
node modification. For the remaining part of this section, for an input graph G,
let OptG denote the cost of a minimum-cost Hamiltonian cycle of G. Formally,
we define two problems, to cover both the insertion and the deletion of a single
node of G.

Definition 1. The node-inserted TSP problem (TSP+) is defined as follows:
Given

– two complete weighted graphs GO = (VO, EO, cO) and GM = (VM, EM, cM) such
that VO = {v1, . . . , vn}, VM = VO ∪{vn+1}, and GO coincides with the subgraph
of GM induced by VO;

– a Hamiltonian cycle C of GO such that
∑

e∈C

c(e) = OptGO
;

find a Hamiltonian cycle C of GM such that
∑

e∈C

c(e) = OptGM
.

Definition 2. The node-deleted TSP problem (TSP−) is defined as follows:
Given

– two complete weighted graphs GO = (VO, EO, cO) and GM = (VM, EM, cM) such
that VO = {v1, . . . , vn+1}, VM = VO \ {vi}, for any i = 1, . . . , n + 1, and GM

coincides with the subgraph of GO induced by VM;
– a Hamiltonian cycle C of GO such that

∑

e∈C

c(e) = OptGO
;

find a Hamiltonian cycle C of GM such that
∑

e∈C

c(e) = OptGM
.
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These problems are studied in [3,4], where it is shown that:

1. the problems are NP-hard;
2. in the case of an arbitrary distance between the vertices, the problems are

not 2p(n)-approximable, if P	= NP, for any polynomial p;
3. in the case where the distances between the vertices obey the triangle inequal-

ity, TSP+ is approximable within a factor of 4/3 in O(n3) time [4], and within
a factor of 3/2 in O(n) time [3]; while TSP− is approximable, in constant
time, within a factor of 3/2 [3].

In this paper we further improve these results for input instances where both
GO and GM obey the strengthened triangle inequality up to a strength factor of
βO and βM, respectively, with βO, βM < 1. We denote the restriction of TSP+

(resp., TSP−) to instances of such kind as Δβ<1-TSP+ (resp., Δβ<1-TSP−).
In contrast to the edge-perturbed TSP [24], where we know that changing the

cost of even a single edge can either increase or decrease the minimum β-value
such that the graph satisfies the β-triangle inequality, it is easy to see that by
adding (resp., removing) a vertex to (resp., from) an instance, the corresponding
β-value does not decrease (resp., increase), as shown by the following lemma:

Lemma 1. Let Gn+1 be a complete weighted graph of n + 1 nodes that satisfies
the β-triangle inequality, for some 1/2 ≤ β < 1, and let Gn be the subgraph of
Gn+1 induced by V (Gn) = V (Gn+1) \ {v}, for some v ∈ V (Gn+1). Then Gn

satisfies the β-triangle inequality.

Proof. For any e1, e2, e3 ∈ E(Gn) that form a triangle, the edge costs in Gn are
the same as those in Gn+1, hence they obey the β-triangle inequality. 
�

A natural way to reoptimize a TSP+ instance is to add the vertex vn+1 to
the optimal Hamiltonian cycle C of GO, by means of a vertex-insertion operation
that removes from C an edge (x, y), selected according to certain criteria, and
replaces it with the edges (x, vn+1) and (vn+1, y). Concerning TSP−, w.l.o.g.
let us assume in the following that the removed vertex is vn+1. Then, one can
reoptimize a TSP− instance by using a vertex-deletion operation that removes
from the optimal Hamiltonian cycle C of GO the two edges incident to vn+1, say
(u, vn+1) and (vn+1, w), and then adds (u,w) to C.

Such kind of operations are the foundations of the reoptimization algorithms
for the metric case presented in [3,4], as well as of well-known approximation
algorithms for the classic TSP [28]. Notice that for the TSP+ one can specify
different rules to select the edge to be removed from C. The algorithms in [3,4]
use, in particular, the cheapest insertion rule, that selects, among the edges in
C, any one that minimizes the cost increase of the Hamiltonian cycle C built
by the operation. For our results, it is sufficient to employ the slightly simpler
cheapest-removal insertion rule that just removes from C an edge of minimum
cost.
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Formally, our algorithms are based on the following operations:

Definition 3 (Insertion Operation). Given a cycle C and a node v not in
C, select an edge (x∗, y∗) of minimum cost in C, and build a new cycle C ′ from
C, by removing (x∗, y∗) and then adding edges (x∗, v) and (v, y∗).

Definition 4 (Deletion Operation). Given a cycle C and a node v such that
(x, v) and (v, y) are the edges incident to v in C, build a new cycle C ′ from C
by removing edges (x, v) and (v, y), and then adding edge (x, y).

The strengthened triangle inequality induces a strong relationship between
edge costs, that can be used to bound the increase (resp., decrease) of the cost
of the cycle modified by an insertion (resp., deletion) operation. We show this
in Lemma 3, that in turn uses the following technical lemma proven in [16]:

Lemma 2 (Böckenhauer et al. [16]). Given a complete weighted graph G =
(V,E, c) that satisfies the β-triangle inequality, for some 1/2 ≤ β < 1:

– For any two edges e1, e2 ∈ E with a common endpoint:

c(e1) ≤ β

1 − β
c(e2). (1)

– Let cmax and cmin denote the maximum and the minimum, respectively, among
all edge costs. Then,

cmax

cmin
≤ 2β2

1 − β
. (2)

Lemma 3. Let Gn+1 be a complete weighted graph that satisfies the β-triangle
inequality, for some 1/2 ≤ β < 1, such that |V (Gn+1)| = n + 1, and let Gn be
a subgraph of Gn+1 such that V (Gn+1) = V (Gn) ∪ {vn+1}. Let Cn+1 and Cn

be a minimum-cost Hamiltonian cycle for Gn+1 and for Gn, respectively, of cost
OptGn+1 and OptGn

, respectively. Then we have

OptGn
< OptGn+1 ≤

(

1 +
(

2β

1 − β
− 1

)
1
n

)

OptGn
. (3)

Proof. Let s and t be the vertices of Gn+1 that are adjacent to vn+1 in Cn+1.
From Cn+1 we can construct a Hamiltonian cycle Ca of Gn by removing vn+1

with a deletion operation. Since Cn is a minimum-cost Hamiltonian cycle for
Gn, we have OptGn

≤ c(Ca). On the other hand, the strengthened triangle
inequality rules out the existence of edges of weight 0 (but for the degenerate
case in which all the edges have weight 0), which implies c(Ca) < OptGn+1 , and
so we have that

OptGn
< OptGn+1 .

From Cn we can build a Hamiltonian cycle Cb of Gn+1 by inserting vn+1 with
an insertion operation; let (x∗, y∗) be the edge removed by the operation. Since
Cn+1 is a minimum-cost Hamiltonian cycle for Gn+1, we have OptGn+1 ≤ c(Cb).
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On the other hand, c(Cb) = OptGn
+ c(x∗, vn+1)+ c(vn+1, y

∗)− c(x∗, y∗). Since
(x∗, vn+1) and (vn+1, y

∗) have an endpoint in common with (x∗, y∗), from (1)
we have that the cost of each of them is bounded from above by β

1−β c(x∗, y∗).
Since (x∗, y∗) has the minimum cost among the edges in Cn, we have c(x∗, y∗) ≤
1
nOptGn

. Therefore it follows that

OptGn+1 ≤ c(Cb) ≤
(

1 +
(

2β

1 − β
− 1

)
1
n

)

OptGn
. �

The previous lemma immediately suggests that it is possible to achieve a very
good approximation for the Δβ<1-TSP+ and for the Δβ<1-TSP−, and allows
us to provide our main result. More precisely, we show that returning the cycle
obtained by using an insertion or deletion operation, respectively, guarantees
an approximation which can be made arbitrarily close to 1 for sufficiently large
input graphs.

Theorem 1. Let (GO, GM, C) be an input instance of Δβ<1-TSP+ (resp.,
Δβ<1-TSP−) such that GO and GM obey the triangle inequality up to a strength
factor of βO and βM, respectively, with βO, βM < 1. Let GO and GM agree except
for a single node vi along with all its incident edges. Let βmax := max{βO, βM} <

1 and n = min{|V (GO)|, |V (GM)|}. Then, it is a
(
1 +

(
2βmax
1−βmax

− 1
)

1
n

)
-

approximation to simply output the cycle obtained by using the insertion (resp.,
deletion) operation.

Proof. Let us start with the Δβ<1-TSP+: let n = |V (GO)| and let vn+1 be
the vertex of GM that does not belong to GO. From Lemma 1, we know that
GO satisfies the βM-triangle inequality, hence βmax = βM. Using the insertion
operation, we obtain, from C, a Hamiltonian cycle C of GM that, as shown in
Lemma 3, has a cost bounded from above by

(
1 +

(
2βmax
1−βmax

− 1
)

1
n

)
OptGO

.
From Lemma 3, we also have that OptGO

≤ OptGM
, therefore

c(C) ≤
(

1 +
(

2βmax

1 − βmax

− 1
)

1
n

)

OptGM
.

For the Δβ<1-TSP−, let n = |V (GM)| and let v be the vertex of GO that does
not belong to GM. From Lemma 1, again, we know that βmax = βO. Now, from
C, using the deletion operation, we obtain a Hamiltonian cycle C of GM that, by
the βO-triangle inequality, has a cost bounded from above by OptGO

. Since, by
Lemma 3, OptGO

is bounded from above by
(
1 +

(
2βmax
1−βmax

− 1
)

1
n

)
OptGM

, we
have

c(C) ≤
(

1 +
(

2βmax

1 − βmax

− 1
)

1
n

)

OptGM
. �

Notice that for the Δβ<1-TSP+, the above result holds true also if one uses,
instead of the insertion operation, a similar one that selects the edge to be
removed from the original cycle according to the cheapest insertion rule, since
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Algorithm 1. Δβ<1-TSP+/−

1 For the given input instance compute βmax and n;
2 By Theorem 1, compute the approximation α which can be guaranteed by

simply returning the cycle C obtained by using the insertion (resp., deletion)
operation;

3 if α ≤ ε then
4 output C.
5 else
6 Perform exhaustive search for an optimal solution.
7 end

the cost of the cycle constructed by this operation is not greater than that of
the cycle constructed by our insertion operation.

The algorithms for the Δβ<1-TSP+ and for the Δβ<1-TSP− obtained from
Theorem 1 can be easily adapted to provide a (1 + ε)-approximation guarantee,
for a parameter ε > 0 (see Algorithm 1).

Theorem 2. Algorithm 1 is a PTAS.

Proof. Given an instance of Δβ<1-TSP+ (resp., Δβ<1-TSP−) with n = |V (GO)|
(resp., n = |V (GM)|), one can compute

c = 1 +
(

2βmax

1 − βmax

− 1
)

in O(n3) time. Then, for any ε > 0, we proceed as follows:

1. If n ≥ c
ε , we know from Theorem 1 that returning the cycle C obtained by

using the insertion (resp., deletion) operation guarantees an approximation
ratio of 1 + c

n ≤ 1 + ε, and thus this case costs O(1) time;
2. otherwise, we perform an exhaustive search for a new optimal solution, and

this costs O(n!) = O(n
c
ε+1) time.

Since Case 2 happens for finitely many inputs only, the claim follows. 
�

3 Reoptimizing the Relaxed Metric TSPPon Single Edge
Weight Increases

In this section we study the reoptimization version of Δβ>1-TSPP subject to
a (transient) single edge weight increase. The best current approximation algo-
rithm for the Δβ>1-TSPP is the PMCA-TSPP [25] algorithm, which has an
approximation ratio of 5

3β2. We analyze the impact of an edge weight increase
in an instance for which we have an optimal solution, trying to exploit the relaxed
metric properties of the instance. In the following, for a given graph G, let P
denote a minimum-cost Hamiltonian path in G with predetermined endpoints s
and t, and let OptG be the cost of P .

Now we can give a formal definition of our problem:
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Definition 5. The edge-increased Δβ>1-TSPP (ei − Δβ>1-TSPP for short)
is defined as follows: Given

– two complete non-negatively real weighted undirected graphs GO = (V,E, cO)
and GM = (V,E, cM) such that GO and GM obey the triangle inequality up to a
relaxation factor of βO and βM, respectively, with βO, βM ≥ 1, and such that cO

and cM coincide, except that, for an edge ei, we have cO(ei) < cM(ei);
– two predetermined vertices s and t;
– a Hamiltonian path P of GO between s and t such that

∑

e∈P

cO(e) = OptGO
;

find a Hamiltonian path P of GM between s and t such that
∑

e∈P

cM(e) = OptGM
.

In the following, we describe our approximation algorithm for the
ei-Δβ>1-TSPP. Let e = (i, j) be the edge of G whose weight is increased (i.e.,
cO(e) < cM(e)). If e /∈ P then, trivially, P is an optimal path in GM. Thus we
assume in the following e ∈ P . Also it is worth noting that, if the number of nodes
of the graph is at most 3, then the edge e = (i, j) is always an edge of the optimal
solution of the modified instance, and therefore OptGM

= OptGO
−cO(e)+cM(e).

Consequently, w.l.o.g., we assume that the instances have at least 4 nodes.
The idea is simple: if an edge e = (i, j) of the optimal path P has increased

its weight by a quantity c, either we keep P as a solution or we find an alternative
s-t path that does not include e. The algorithm, in the general case, finds two
alternative subpaths Pi and Pj of P (see Fig. 1), and then selects the cheaper of
the two, say P ′. Let P ∗ be the unique subpath of P that has the same endpoints
as P ′. Then the algorithm returns the cheaper (with respect to the increase in
the cost of e) between P and the alternative path P̃ = P − P ∗ + P ′.

Notice that there is only one case in which both i < 3 and j > t − 2 holds,
namely when i = 2 and j = 3 and the input instance has 4 nodes, but in this
case, since s = 1 and t = 4 are fixed, the edge e = (2, 3) is always an edge of the
optimal solution of the modified instance. For all other instances with at least
5 nodes, it is not possible that both i < 3 and j > t − 2 holds. Indeed, if we
consider the extreme case in which the instance has exactly 5 nodes we have the
following:

– The vertices of P are numbered in non-decreasing order from 1 to 5, where
s = 1 and t = 5 are the endpoints of P ;

– e = (i, j), with i < j, is the edge of P whose weight is increased;
– thus, since e ∈ P and the vertices of P are numbered in nondecreasing order,

then i = j − 1 and therefore it is not possible that i < 3 and j > t − 2 = 3.

This ensures that if L is empty after line 12, the algorithm returns P which is
optimal for the modified instance, otherwise L is not empty.

We are now ready to give our main result, that is we show that Algo-
rithm 2 guarantees an approximation of 1 + 2βL for the ei-Δβ>1-TSPP, which
outperforms the 5

3β2 approximation ratio of the PMCA-TSPP algorithm for
β ≥ 3+2

√
6

5 ≈ 1.58.
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Fig. 1. From the top to the bottom, we have: P with the vertices numbered in non
decreasing order and with s = 1, t = 12, the bold edge e = (6, 7) is the edge whose
weight is increased; P ∗

i is the unique path in P having as endpoints i − 2 = 4 and
j = 7; Pi is a path having the same endpoints as P ∗

i and not including e = (6, 7); P ∗
j

is the unique path in P having as endpoints i = 6 and j + 2 = 9; Pj is a path having
the same endpoints as P ∗

j and not including e = (6, 7)

Theorem 3. Let (GO, GM, P ) be an input instance of ei − Δβ>1-TSPP such
that GO and GM obey the triangle inequality up to, respectively, βO and βM, with
βO, βM ≥ 1. Let GO and GM agree except for an edge e such that cM(e) > cO(e). Let
βL = min{βO, βM} and let s, t ∈ V (GO) be the endpoints of P . Then, Algorithm 2
provides a (1 + 2βL)-approximation with respect to the cost of P .

Proof. It is easy to verify that, if the number of nodes of the graph is 4, our
algorithm always returns an optimal solution, so, w.l.o.g., we assume that the
number of nodes is at least 5 and L is not empty. Let P ′ and P ∗ be the paths
found by Algorithm 2 at lines 17 and 18, respectively. Since e = (i, j) /∈ P ′, we
have cO(P ′) = cM(P ′), while, on the other hand, since e ∈ P ∗ and cM(e) > cO(e),
we have cO(P ∗) < cM(P ∗). Now we show that

cM(P ′) − cO(P ∗) ≤ 2βOOptGO
(4)

and

cM(P ′) − cO(P ∗) ≤ 2βMOptGM
. (5)

By definition, we have

cO(Pi) = cO(i − 2, i) + cO(i, i − 1) + cO(i − 1, j)
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Algorithm 2. ei-Δβ>1-TSPP

1 Let s and t be the endpoints of P ;

2 Number the vertices of P in non decreasing order from 1 to n, with s = 1 and
t = n and let e = (i, j), with i < j, be the edge whose weight is increased;

3 Let L be a list of paths, initially empty;
4 if i ≥ 3 then

5 Let P ∗
i be the unique path in P having as endpoints i − 2 and j;

6 Let Pi = (i − 2, i), (i, i − 1), (i − 1, j) be a path having the same endpoints
as P ∗

i ;
7 Add Pi to L and set key(Pi) to the value of c(Pi);

8 end
9 if j ≤ t − 2 then

10 Let P ∗
j be the unique path in P having as endpoints i and j + 2;

11 Let Pj = (i, j + 1), (j + 1, j), (j, j + 2) be a path having the same endpoints
as P ∗

j ;
12 Add Pj to L and set key(Pj) to the value of c(Pj);

13 end
14 if L is empty then

15 output P .
16 else
17 Let P ′ be the path in L having minimum cost;

18 Let P ∗ be the unique subpath of P having the same endpoints as P ′;
19 if cM(P ′) ≥ cM(P ∗) then

20 output P .
21 else

22 output ˜P = P − P ∗ + P ′.
23 end

24 end

and

cO(P ∗
i ) = cO(i − 2, i − 1) + cO(i − 1, i) + cO(i, j).

Hence

cO(Pi) − cO(P ∗
i ) = cO(i − 2, i) + cO(i − 1, j) − cO(i − 2, i − 1) − cO(i, j). (6)

Moreover, since the β-triangle inequality holds, we have that

cO(i − 2, i) ≤ βO (cO(i − 2, i − 1) + cO(i − 1, i))

and

cO(i − 1, j) ≤ βO (cO(i − 1, i) + cO(i, j)) .

Hence

cO(i − 2, i) + cO(i − 1, j) ≤ 2βOcO(P ∗
i ), (7)
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and from (6) and (7) we have

cM(Pi) − cO(P ∗
i ) = cO(Pi) − cO(P ∗

i ) ≤ 2βOcO(P ∗
i ) ≤ 2βOOptGO

. (8)

Moreover we have that

cO(i − 2, i) = cM(i − 2, i) ≤ βM (cM(i − 2, i − 1) + cM(i − 1, i))

and

cO(i − 1, j) = cM(i − 1, j) ≤ βM (cM(i − 1, i) + cM(i, j)) .

Therefore

cM(i − 2, i) + cM(i − 1, j) ≤ 2βMcM(P ∗
i ), (9)

and from (6) and (9) we have

cM(Pi) − cO(P ∗
i ) ≤ 2βMcM(P ∗

i ) ≤ 2βMOptGM
. (10)

With a similar argument, one can prove that

cM(Pj) − cO(P ∗
j ) ≤ 2βOcO(P ∗

j ) ≤ 2βOOptGO

and

cM(Pj) − cO(P ∗
j ) ≤ 2βMcM(P ∗

j ) ≤ 2βMOptGM
.

Hence (4) and (5) hold true. The rest is proven by a case distinction.

Case 1: If cM(P ∗) ≤ cM(P ′), we return P . Indeed:

cM(P )
OptGM

=
OptGO

− cO(e) + cM(e)
OptGM

=
OptGO

− cO(P ∗) + cM(P ∗)
OptGM

≤ OptGO
− cO(P ∗) + cM(P ′)
OptGM

(4)

≤ OptGO
+ 2βOOptGO

OptGO

= 1 + 2βO. (11)

But we also have

cM(P )
OptGM

=
OptGO

− cO(e) + cM(e)
OptGM

=
OptGO

− cO(P ∗) + cM(P ∗)
OptGM

≤ OptGO
− cO(P ∗) + cM(P ′)
OptGM

(5)

≤ OptGM
+ 2βMOptGM

OptGM

= 1 + 2βM. (12)
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Thus, the combination of (11) and (12) yields

cM(P )
OptGM

≤ 1 + 2βL. (13)

Case 2: otherwise, if cM(P ∗) > cM(P ′), we return P̃ = P − P ∗ + P ′. Indeed:

cM(P̃ )
OptGM

≤ OptGO
− cO(P ∗) + cM(P ′)
OptGM

(4)

≤ OptGO
+ 2βOOptGO

OptGO

= 1 + 2βO. (14)

But we also have

cM(P̃ )
OptGM

≤ OptGO
− cO(P ∗) + cM(P ′)
OptGM

(5)

≤ OptGM
+ 2βMOptGM

OptGM

= 1 + 2βM. (15)

Thus, the combination of (14) and (15) yields

cM(P̃ )
OptGM

≤ 1 + 2βL, (16)

and so the claim follows by (13) and (16). 
�

4 Conclusion

In this paper, we reviewed the influential concept of stability of approxima-
tion, introduced by Hromkovič [26,27], that has inspired many advances in
the investigation of hard optimization problems. In turn, we used this idea to
study two reoptimization variants of β-metric TSP and TSPPfor which no
results were known in the literature. We obtained a PTAS for the reoptimization
of the strengthened metric TSP subject to a single node modification, and a
constant approximation algorithm for the reoptimization of the relaxed metric
TSPPsubject to a single edge weight increase.

Although there are already many applications of stability of approximation,
we think that this concept can still bring many interesting results. For exam-
ple, we envision possible new results on TSPP, by combining such a powerful
idea with recent developments in the study of this problem on metric input
instances [29,30]. Furthermore, another interesting direction is that of analyzing
under the stability perspective the asymmetric metric TSP, for which a recent
breakthrough showed the existence of a constant-factor approximation algorithm
[31].
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