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Abstract. We introduce an evolutionary two-country model to charac-
terize long run location patterns of the manufacturing activities of com-
peting multinational enterprises. Firms located in country 1 can decide
to offshore their manufacturing activities to country 2. The profitabil-
ity of production in a country depends on several factors: unitary costs
of production, the number of firms that are located in each country,
within-country spillovers, and cross-border spillovers. Furthermore, prof-
its in country 2 are influenced by congestion costs. Country 1 is assumed
to be technologically advanced and has an advantage in terms of inter-
nal spillovers. In contrast, country 2 offers lower production unit cost
which, however, may be offset by congestion costs. The firms’ (re)location
choices are based on a simple comparison of current production costs
obtained in the two countries and the dynamics of switching is mod-
eled by a simple replicator dynamics. The global analysis of the result-
ing one-dimensional dynamical system reveals that a large advantage in
terms of unitary production costs encourages the firms to off-shore man-
ufacturing activities to country 2. This off-shoring process stops when
congestion costs offset this advantage of country 2, even though conges-
tion costs do not cause all manufacturing activities to be re-shored to
country 1. The re-shoring process can be accelerated by an increase of
within-country spillovers in country 1, while cross-border spillovers tend
to favor a geographic dispersion of manufacturing activities and make
location patterns that lead to suboptimal long run outcomes less likely.
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1 Introduction

The off-shoring of manufacturing activities to emerging economies has offered
an opportunity to reduce manufacturing costs and has therefore been a com-
mon practice for many Multinational Enterprises (MNEs). This phenomenon
has provoked massive changes in the organization of industrial activity and in
the labor market of developed economies. As a consequence, it has attracted
political attention. Governments of the OECD economies have focused on devel-
oping incentive-schemes designed to reduce job losses by providing incentives for
MNEs to re-shore their manufacturing activities. An increase in re-shoring activ-
ity has been observed in recent years, with many MNEs increasingly bringing
manufacturing activity back home. Empirical evidence documents the increase
in re-shoring activity, but also indicates that in comparison to firms’ off-shoring
activities the process is still limited, see Backer et al. (2016).

The identification of drivers that cause firms to choose particular locations
for their activities still attracts increasing attention from scholars. The literature
on International Business has identified a variety of drivers that guide the loca-
tion decision of MNEs and has provided empirical tests. Following the literature
(Alcácer et al. (2013)), location drivers can be gathered in two broad categories:
endowment drivers and agglomeration drivers. The stream of literature based
on endowment drivers tries to explain the location patterns of manufacturing
activity in terms of location traits such as physical infrastructure, quality of the
labor force, and cultural distance, see, e.g., Coughlin et al. (1991) and Flores
and Aguilera (2007). In more recent studies, focus has been put on institu-
tional features such as contractual hazards and appropriation concerns (Henisz
(2000)) and on the enforcement of property rights (Lee and Mansfield (1996)).
Differently, the stream of literature based on agglomeration drivers takes into
account positive externalities that derive from the geographical clustering of
manufacturing activities, for example, due to technological spillovers, access to
specialized labor, and access to specialized intermediate inputs, see Marshall
(1982). Then, according to this approach, the presence of knowledge spillovers is
country-specific, but also depends on the location choice of firms. In other words,
it has an endogenous component that depends on firms observing the economic
environment and choosing the location strategically. More recent literature puts
increased attention to strategic interaction between MNEs in oligopolistic mar-
kets and the impact on agglomeration phenomena; see, e.g., Alcácer and Chung
(2007). These agglomeration economies have been further studied with formal
models, e.g., in David and Rosenbloom (1990), Krugman (1991), Bischi et al.
(2003a) and Bischi et al. (2003b), and have been empirically documented in
global and international settings, see, e.g., Carlton (1983) and Mariotti et al.
(2010).

In the current work, we develop a dynamic model that considers a combi-
nation of endowment drivers and agglomeration drivers. The model describes
the repeated manufacturing location decisions of firms that choose between off-
shoring and re-shoring their activities to benefit from a reduction in manufactur-
ing costs taking into account knowledge spillovers between firms. Firms are based
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in a developed country, called country 1, and have the option to off-shore manu-
facturing activity to an emerging country, called country 2. The unit costs of pro-
duction in country 1 are higher but are decreased by cost-reducing externalities,
to which we refer as within-country spillovers. These within-country spillovers
depend on the share of manufacturing activity in country 1. More specifically,
the higher the level of manufacturing activity, the higher are the spillovers and
the cost-reducing externalities. In this case, the level of spillovers co-evolves
over time with the share of manufacturing activity and crucially influences the
strategic location choices of firms. Manufacturing costs can also be reduced by
cross-border spillovers that capture the benefit of knowledge developed in coun-
try i that spills over to the other country j and reduces the costs of production
there. In line with empirical evidence which reveals that knowledge spillovers
are geographically localized and that knowledge transfer decreases with distance
even within the same firm (see, e.g., Adams and Jaffe (1996, Rosenthal and
Strange 2003 and Jaffe et al. 1993)), we assume that cross-border spillovers per
unit of production are smaller than (or equal to) within-country spillovers. In our
framework, knowledge spillovers can also be developed within country 2, but the
related cost-reducing externalities might differ from country 1. This assumption
is motivated by empirical evidence which highlights that technological spillovers
and innovation activity vary across locations due to differences in initial endow-
ments, the actions of actors engaged in R&D (governments, universities and
firms), the links among those actors, and the differences in educational systems
and regulation, see, e.g., Nelson (1993) and Furman et al. (2002). The effect of
endowment drivers are simply captured by an additional linear cost component
– representing congestion costs – that depends on the level of activity in country
2. Congestion costs measure the level, the quality, and the (in)efficiencies of the
infrastructure and facilities that a country can offer. It is an essential feature of
a manufacturing site that has a crucial impact on the location choice of MNEs.
Moreover, this feature is country-specific as it cannot be easily transferred from
country to country and it cannot be modified in the short run. It depends on
the level of education, the structural investments undertaken in the past, the
resources invested in research in the last decades and the quality of the institu-
tions. For the sake of simplicity, and without loss of generality, the congestion
costs are assumed to be zero for country 1.

The cost-reducing effect due to internal (within-country) and external (cross-
border) spillovers are modeled as in Bischi et al. (2003a) and Bischi et al. (2003b)
and we adopt their functional form for the unit costs of manufacturing. The novel
element in our model is that we introduce congestion costs. The firms’ location
decisions are based on the relative performance of producing at home in coun-
try 1 and producing in the foreign country 2. The switching between decisions
is described by a replicator dynamics, see, e.g., Hofbauer and Sigmund (2003).
The evolutionary framework proposed in this chapter links firm’s location choices
with internal and external knowledge spillovers and congestion costs. We illus-
trate how such a highly stylized dynamical model can be used to derive policy
implications. We further shed light on aspects such as the combined impact of
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knowledge spillovers and congestion costs on the long run location patterns of
manufacturing activity. In particular, we try to improve our understanding of
which combinations of within-country spillovers and congestion costs lead to re-
shoring of manufacturing activity, the effects of cross-border spillovers on the
relocation choice, the existence of suboptimal location patterns and the para-
meter settings that lead to optimal (minimum production costs) outcomes. We
also try to identify parameters that have the biggest impact on location patterns
and, hence, might be suitable for economic policy.

As the literature reports that over time off-shoring of manufacturing has
lead to a substantial increase in production costs in the foreign countries, we
focus our analysis on the effect of congestion costs on the global dynamics of
location patters that result from our evolutionary model. The investigation starts
with the global analysis in absence of cross-border spillovers and considers three
different configurations of unit costs of production. For each configuration, three
cases of different within-country spillovers are considered. Hence, our analysis
considers nine different scenarios ranging from the benchmark case in which the
two countries differ only in congestion costs to an extreme situation in which
country 2 offers a rather large cost advantage while country 1 offers large cost-
reducing within-country spillovers. Then, the analysis is completed considering
cross-border spillovers and asymmetric cases in which the firms benefit from
cross-border spillovers only operating in one of the two countries.

The investigation reveals that the particular combination of within-country
and cross-border spillovers crucially shape the spatial distribution of the indus-
trial activities between the two countries. In particular, if there is no difference
in unit production cost, the manufacturing activity tends to be polarized in one
of the two countries. In this case, congestion costs reduce off-shoring of manufac-
turing activity to country 2. In contrast, the possibility to benefit from a large
advantage in unit production costs if manufacturing is located in country 2 accel-
erates off-shoring activities and, for sufficiently high congestion costs, leads to a
location pattern in which the manufacturing activity is spread between the two
countries. It is worth observing that large congestion costs increase re-shoring
activities, but do not completely eliminate manufacturing activity in country 2.
In fact, depending on the strategic location choices of firms, congestion costs
are negligible if the level of manufacturing activity in country 2 is low. In this
context, the presence of cross-border spillovers reduces the polarization of the
manufacturing activity in a single country. The optimality of the geographic
allocation of the manufacturing activity in terms of resulting costs of manufac-
turing is another important aspect. Our investigation reveals that congestion
costs and asymmetric within-country spillovers can lead to equilibrium location
patterns that are suboptimal. This occurs if firms concentrate their manufac-
turing activities in a location that does not ensure the lowest production costs.
The presence of cross-border spillovers reduces the likelihood of long run loca-
tion patterns that lead to such suboptimal situations, while a counter-intuitive
effect is observed in presence of asymmetric cross-border spillovers. In particu-
lar, when firms can absorb the knowledge spillovers coming from country 2 only,
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a reduction of within-country spillovers in country 2 contributes to an increase
in off-shoring. This finding highlights that the conventional wisdom put forward
by the International Business literature that firms will be attracted to locations
with larger knowledge activity, see, e.g., Alcácer and Chung (2007), does not
hold in general and, specifically, does not hold in case of asymmetric outflows of
spillovers.

The structure of the chapter is as follows. Section 2 introduces the two-
country model. Section 3 identifies the equilibria of the model, their local stability
and their optimality. Section 4 investigates the global dynamics of the location
patterns for different configurations of the parameters and studies the effect of
the congestion costs. Section 5 concludes. All proofs are given in the Appendix.

2 The Model

Let us consider a population of firms that manufacture a homogenous product.
There are two countries indexed by i = 1, 2. Total production is sold at a pos-
itive price in a global market characterized by a given demand function. Total
production quantity is normalized to one and we are interested in the share of
total production that is manufactured in country i. The firms choose whether to
produce in country 1 or to locate production in country 2. At each discrete time
t ∈ N, the firms’ choices determine the fraction x (t) of production in country
1 and the complementary fraction 1 − x (t) in country 2. The current alloca-
tion determines production costs in each country. In particular, we assume that
producing in country 1 and country 2 implies the following costs,

C1 (x (t)) =
c1

1 + β1x (t) + γ12 (1 − x (t))
and

C2 (x (t)) =
c2

1 + β2 (1 − x (t)) + γ21x (t)
+ k (1 − x (t)) . (1)

The unit production costs in country i = 1, 2 are denoted by ci and βi is the
coefficient of within-country spillovers in country i. We assume that country 1
is more efficient. In particular, we consider country 1 to be a technology leader
(a developed economy) and country 2 to be a technology laggard (a develop-
ing economy). Since production costs in a technologically advanced country are
typically higher (e.g. due to higher wages) than the costs of production in coun-
try 2 that is a technology laggard, we consider c1 ≥ c2 ≥ 0. The cost-reducing
externalities related to internal spillovers are higher in country 1 than in country
2, β1 ≥ β2. Cross-border spillovers are represented by γji which capture cost-
reducing externalities in country j related to knowledge spillovers coming from
country i �= j, see similarly Bischi and Lamantia (2002), Bischi et al. (2003a)
and Bischi et al. (2003b). Knowledge spillovers are geographically constrained,
see, e.g., Rosenthal and Strange (2003) and Jaffe et al. (1993), and the bene-
fits of knowledge transfer decreases with distance even within the same firm,
see Adams and Jaffe (1996) and Alcácer and Chung (2007). It follows that the
benefits from cost-reducing spillovers are assumed to be higher in the country in
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which (manufacturing) know-how is developed. In other words, βi ≥ γji. Finally,
k is a coefficient that measures the effect of congestion, a cost-increasing exter-
nality related to overcrowding which increasingly becomes important if the level
of manufacturing activity in country 2 increases. A firm operating in country 1
does not suffer from congestion costs due to, e.g., better infrastructure. These
arguments yield the following parameter constraints.

Assumption 1. We assume that c1 ≥ c2 > 0, β1 ≥ β2 ≥ 0, β2 ≥ γ12 ≥ 0,
β1 ≥ γ21 ≥ 0, k ≥ 0.

Note that cost function C1 is monotonically decreasing with respect to x, the
fraction of manufacturing activity located in country 1, while the cost function C2

is U-shaped. We assume that the evolution of the share of manufacturing activity
located in country 1, i.e. x (t) ∈ [0, 1], is given by the following exponential
replicator equation (see Cabrales and Sobel (1992)):

xi (t + 1) = T (x(t)) = (1−α)x (t)+αx (t)
1

x (t) + (1 − x (t)) eβ(C1(x(t))−C2(x(t)))
.

(2)
This model proposes that the share of manufacturing activity in country 1
increases (decreases) from period t to period t+1 if country 1’s production costs
in period t are lower (higher) than country 2’s production costs. The parameter
β > 0 measures the intensity of switching between the locate-production-at-
home strategy and the off-shore-production strategy. It determines the fraction
of firms that move production from one country to the other in their search for
lower costs of production. The firms are affected by inertia which is related to
difficulties in changing the location choice. This inertia is captured by parameter
α ∈ [0, 1]. The replicator Equation (2) captures an evolutionary selection mech-
anism by which better strategies spread in a population of firms. Differently
from the classical replicator dynamics, see, e.g., Hofbauer and Sigmund (2003)
and references therein, it has the convenient property that the state space [0, 1]
is invariant under the dynamics of (2). Thus, long run location patterns of the
firms are obtained as the steady states of this evolutionary model.

The goal of our work is to analyze the possible long run location patterns
of the manufacturing activity and to identify the possible measures that a pol-
icymaker can take to influence these location patterns. In this regard, we are
interested to understand the role that is played by spillovers and congestion
costs if firms choose to produce in country 2 to take advantage of lower produc-
tion costs and under which circumstances country 1 becomes attractive.

3 Equilibrium Location Patterns: Local Stability
and Efficiency

The off-shoring of the entire manufacturing activity to country 2 represents an
equilibrium of the model (2) as well as concentrating manufacturing in country
1. These are only two of several possible long-run location patterns and the
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possibility to converge to one of these equilibria depends on the initial share of
firms that manufacture in country 1 and on the particular parameter values. In
the next section, we analyze this aspect by so-called bifurcation diagrams which
show the changes of such equilibria and their basins of attraction as congestion
costs vary. Our analysis is performed for various configurations of the parameters
of the cost functions. The numerical analysis is supported by and combined
with analytical results which shed some light on the possible long-run location
patterns. In particular, it is possible to prove the following stability properties
for the long-run location patterns.

Theorem 1. The model (2), given assumption 1 holds, has the two border equi-
libria, i.e. x = 1 and x = 0, and at most two more equilibria in (0, 1). Let us
define

kT1 =
c1

1 + γ12
− c2

1 + β2
and kT2 =

c1
1 + β1

(
β1 − γ12
1 + β1

− γ21 − β2

1 + γ21

)
(3)

Then,

• if C1 (1) < C2 (1), i.e. c1
c2

< 1+β1
1+γ21

, equilibria x = 1 and x = 0 are both locally
asymptotically stable and a repellor exists in (0, 1) for k < kT1 ; at k = kT1

equilibrium x = 0 loses stability through either a transcritical or a pitchfork
bifurcation and, for k > kT1 , equilibrium x = 1 is stable while x = 0 is
unstable.

• if C1 (1) > C2 (1), i.e. c1
c2

> 1+β1
1+γ21

, x = 1 is unstable and x = 0 is locally
asymptotically stable for k < kT1 , x = 0 loses stability at k = kT1 and for
k > kT1 equilibria x = 1 and x = 0 are both unstable and at least one internal
fixed point exists.

• if C1 (1) = C2 (1), i.e. c1
c2

= 1+β1
1+γ21

, x = 0 is local asymptotically stable with
basin of attraction given by B (0) = [0, 1) and x = 1 is unstable, at k = kT2

equilibrium x = 1 becomes stable through a transcritical bifurcation, for kT2 <
k < kT1 both x = 1 and x = 0 are asymptotically stable, at k = kT1 a
transcritical bifurcation occurs and for k > kT1 equilibrium x = 0 is unstable
and equilibrium x = 1 is locally asymptotically stable with B (1) = [0, 1).

The Theorem reveals that it is feasible to produce in the technologically
advanced country 1 if the higher unit costs of production are offset by higher
technological spillovers, while the congestion costs do not affect the stability of
this long-run location pattern. After all, these costs are related to the concentra-
tion of manufacturing activity in the less technologically advanced country and
the cost effect is marginal when production activity is mostly located in coun-
try 1. On the contrary, large congestion costs make off-shoring of manufacturing
activity infeasible.

Although some insights on the long-run location patterns can be gained from
analytical derivations, the complicated form of the cost functions makes it diffi-
cult to identify all equilibria of the model and the type of bifurcations that are
responsible for their existence or stability. Nevertheless, it is possible to consider
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some benchmark cases that allow us to develop insights on the changes in the
more complicated scenarios. We start by abstracting from congestion costs. In
this case, it is possible to prove the following result.

Theorem 2 (No congestion costs). Let k = 0. Then,

• when C1 (0) > C2 (0), i.e. i.e. c1
c2

> 1+γ12
1+β2

, and either β1 > γ12 or β2 �= γ21,
the long-run location pattern x = 0 is always at least locally stable. Specifically,
for C1 (1) > C2 (1), we have B (0) = [0, 1), for C1 (1) = C2 (1) a transcritical
bifurcation occurs through which the equilibrium x∗, given by

x∗ =
c1 (1 + β2) − c2 (1 + γ12)

c1 (β2 − γ21) + c2 (β1 − γ12)
(4)

merges with the equilibrium x = 1 and becomes feasible, i.e. x∗ ∈ [0, 1]. For
C1 (1) < C2 (1), the equilibria x = 1 and x = 0 are both locally asymptotically
stable with basin of attraction given by B (1) = (x∗, 1] and B (0) = [0, x∗),
respectively. The fixed point x∗ is a repellor. For the special case c1 = c2,
β1 = β2 and γ12 = γ21 = 0, x∗ = 1

2 , we have that equilibria x = 0 and x = 1
are both asymptotically stable with B (0) =

[
0, 1

2

)
and B (1) =

(
1
2 , 1

]
.

• when C1 (0) = C2 (0) (which implies β2 = γ12 and c1 = c2 under assumption
1) and either β1 > γ12 or β2 �= γ21, it follows that B (1) = (0, 1] for C1 (1) <
C2 (1), the fixed points of model (2) fill the region [0, 1] when C1 (1) = C2 (1)
and B (0) = [0, 1) when C1 (1) > C2 (1).

• in case of total absorption of cross-border spillovers, i.e. β1 = γ12 and
β2 = γ21, when the production costs are symmetric, i.e. c1 = c2, the fixed
points of model (2) fill the region [0, 1], otherwise the long-run outsourcing
location pattern 0 is the only locally stable equilibrium such that B (0) = [0, 1).

The Theorem underlines that in the absence of congestion costs, off-shoring
of manufacturing represents a stable long-run location pattern which may or
may not coexist with the equilibrium where manufacturing occurs only in the
home country 1. Moreover, if knowledge is transferable between countries with-
out losses (i.e. internal and cross-border spillovers are identical), then it is attrac-
tive to off-shore manufacturing to country 2. In this case, the absence of con-
gestion cost and the presence of even a small production cost advantage offered
by country 2, makes off-shoring of manufacturing the unique long-run location
pattern. The scenario changes when production in country 2 implies congestion
costs. Assuming that cost-reducing know-how is perfectly transferable between
countries, it is possible to prove the following results.

Theorem 3. Let β1 = γ21, β2 = γ12 and k > 0. If c1 = c2, then equilibrium
x = 1 is asymptotically stable with basin of attraction given by B (1) = (0, 1],
otherwise equilibrium x = 1 is never asymptotically stable and,

• when β1 > 1 + 2β2 and β1 �= β2, for k < kF , where

kF =
4 (β1 − β2) (c1 − c2)
(β1 + 1)2 + 2β1β2

(5)
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the equilibrium x = 0 is locally stable with basin of attraction given by
B (0) = [0, 1). At k = kF , two fixed points appear through a fold bifurca-
tion:

x∗
1,2 =

(1 − β1 + 2β2) k ±
√

k
[
(β1 + 1)2 k + 2β1β2k + 4 (β2 − β1) (c1 − c2)

]

2k (β2 − β1)

for kF < k < kT1 , where

kT1 =
c1 − c2
1 + β2

, (6)

the fixed point x = 0 is asymptotically stable with basin of attraction given by
B (0) = [0, x∗

2), while the fixed point x∗
1 is either stable with basin of attrac-

tion B (x∗
1) = (x∗

2, 1) or it loses stability through a period doubling bifurcation.
Moreover, at k = kT1 the equilibrium x∗

2 merges with equilibrium x = 0 which
looses its stability through a transcritical bifurcation. For k > kT1 , both equi-
libria x = 0 and x = 1 are unstable and the internal fixed point is either
stable with basin of attraction B (x∗

1) = (0, 1), or it loses stability through a
flip bifurcation.

• when β1 < 1 + 2β2 and β1 �= β2, for k < kT1 the fixed point x = 0 is
asymptotically stable with basin of attraction given by B (0) = [0, 1), while at
k = kT1 the fixed point x = 0 loses stability through a transcritical bifurcation
and the internal fixed point, i.e.

x∗ =
(1 − β1 + 2β2) k +

√
(1 − β1 + 2β2)

2 k2 + 4k (β1 − β2) (c2 − c1 + (1 + β2) k)

2k (β2 − β1)
(7)

appears which, for k > kT1 , is either locally asymptotically stable, with basin
of attraction B (x∗) = (0, 1), or it looses stability through a flip bifurcation.

• when β1 = β2, for k < c1−c2
1+β1

the fixed point 0 is locally asymptotically stable
with basin of attraction given by B (0) = [0, 1), while at k = c1−c2

1+β1
the equilib-

rium looses stability through a transcritical bifurcation and the internal fixed
point

x∗ = 1 − c1 − c2
k (1 + β1)

(8)

appears and for k > c1−c2
1+β1

it is locally asymptotically stable with basin of
attraction B (x∗) = (0, 1).

This analytical result underlines that if cross-border spillovers equal within-
country spillovers, the firm will choose not to locate the entire manufacturing
activity in the country that has a production cost disadvantage. Intuitively, the
possibility to benefit from spillovers independently of where know-how is gen-
erated eliminates the unique strength of the technologically advanced country,
i.e. the additional cost reduction due to higher within-country spillovers. Thus,
country 2 benefits from outgoing spillovers and manufacturing in this country



Knowledge Spillovers, Congestion Effects, and Long-Run Location Patterns 201

becomes the unique long-run location pattern. However, Theorem3 also points
out that high congestion costs tend to offset the production cost advantage of
country 2 and makes a mixed-location strategy the unique long-run location
pattern. A deeper investigation for more general scenarios requires a numerical
analysis which is developed in the next section. Before doing that, it is worth
addressing the optimality of the long run location patterns. Indeed, our evo-
lutionary model allows for long-run location patters which are suboptimal (in
terms of manufacturing costs) as specified in the following Theorem.

Theorem 4. Off-shoring the entire production volume to country 2 ensures
lower equilibrium production cost whenever k < k̂, while locating production
in country 1 does so whenever k > k̂, where

k̂ =
c1 − c2 + c1β2 − c2β1

(1 + β1) (1 + β2)
(9)

Theorem 4 underlines that spreading the production over the two countries
is always a suboptimal choice in terms of production costs. Moreover, it implies
the following result.

Corollary 1. Off-shoring the entire production volume to country 2 is a subop-
timal equilibrium choice whenever k > k̂, while locating production in country 1
is so whenever k < k̂.

4 Location Patterns: The Role of Knowledge Spillovers
and Congestion Costs

The aim of this section is to study the effects that congestion costs and internal
and external knowledge spillovers have on the long run location patters. In order
to do so, we investigate the global dynamics of model (2) by numerical analysis.
In particular, we employ bifurcation diagrams that show the dependence of long
run location patterns, i.e. the long run share of firms x that locate production
in country 1, if congestion costs, k, vary from a situation of no congestion costs,
k = 0, to k = 2. Bifurcation diagrams are helpful as they illustrate the equilibrium
location patterns and their basins of attraction for each value of the congestion
costs. The investigation is conducted by normalizing unit costs in country, i.e. c1 =
1, and considering three values of unit costs in country 2, c2. The first case is c1 =
c2, i.e. no cost advantage from producing in country 2. The second case is c1 = 3

2c2,
i.e. there is a small cost advantage if firms produce in country 2. The third case
is c1 = 10c2, i.e. there is a large cost advantage if firms produce in country 2. For
each of these three cases, three different levels of internal spillovers are considered:
symmetric within-country spillovers, i.e. β1 = β2; a small advantage of country
1 regarding internal spillovers, specifically β1 = 3

2β2; and a large advantage of
country 1 regarding internal spillovers, i.e. β1 = 2β2.

Our first numerical results we report describe the location patterns without
cross-border spillovers (γ12 = γ21 = 0), see Figs. 1 and 2. The bifurcation dia-
grams in Fig. 1 reveal that the congestion costs in country 2 have a significant
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impact on the location decisions of firms. In particular, when the costs of pro-
duction in the two countries are identical, i.e. c1 = c2, and internal spillovers are
identical as well, i.e. β1 = β2, the congestion costs reduce the chances that firms
locate production in country 2. The yellow region in this figure represents the
basin of attraction of the fixed point x = 0 (i.e. all production occurs in coun-
try 2), that first shrinks and eventually disappears when congestion costs keep
increasing. This highlights that the set of initial allocation of manufacturing
activity which eventually lead to location patterns where the entire manufac-
turing occurs in country 2 shrinks and then disappears. On the contrary, the
dark-green region represents the basin of attraction of the fixed point x = 1 (i.e.
all production occurs in country 1). This region grows and the fixed point 1 even-
tually becomes the only asymptotically stable attractor with basin of attraction
given by B (1) = (0, 1] when congestion costs increase. This effect is further pro-
nounced when firms that locate production in country 1 also benefit from higher
within-country spillovers, i.e. β1 > β2. This can be seen in the first row of Fig. 1
which shows the change in the basins of x = 0 (yellow region) and in the basin
of x = 1 (dark-green region) for increasing internal spillovers. The numerical
findings confirm the analytical results in Theorem 1 and, in addition, illustrate
that manufacturing activity tends to be polarized in one of the two countries. It
is worth pointing out that the coexistence of the yellow and dark-green regions
indicates that for a range of congestions costs k the long run location pattern is
path dependent, i.e. the long-run outcome of the evolutionary switching process
depends on the initial share x0 of firms that manufacture in country 1. The
model also admits an internal mixed equilibrium x∗ ∈ (0, 1) which represents
a pattern where parts of the manufacturing activity occurs in country 1 while
the remaining share of firms manufacture in country 2. Such an equilibrium is a
repellor and lies on the border of the basins of attraction of the two asymptot-
ically stable fixed points x = 0 and x = 1. More formally, B (1) = [0, x∗) and
B (1) = (x∗, 1]. Increasing congestion costs causes the interior fixed point to
merge with the fixed point x = 0 and then to disappear through a transcritical
bifurcation. Due to this bifurcation, the fixed point x = 0 becomes unstable.
Hence, production will not be located in country 2 any longer for sufficiently
large congestion costs.

Identical unit costs, c1 = c2, do not lead to a long run location pattern with
a positive share of manufacturing occurring in both countries. The only possible
long-run location patterns are that either all manufacturing is done in country
1 or all production is carried out in country 2. A similar result is obtained if
c2 is only slightly lower than c1; see the bifurcation diagrams in the second row
of Fig. 1. Even in this case, as congestion costs increase, production in country
2 becomes less appealing and it shrinks the set of initial conditions which lead
to manufacturing activity solely occurring in country 2 in the long run. For
sufficiently high congestion costs, all production activity is located in country 1.

The situation is different when country 2 offers a large cost advantage. This
situation is arguably akin to the situation MNEs faced when they started off-
shoring their activities in the 1990s. The last row of Fig. 1 shows a scenario where
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Fig. 1. One-dimensional bifurcation diagrams where congestion costs in country 2,
i.e. k, is the bifurcation parameter and varies between 0 and 2. The bifurcation diagrams
are reported in three different rows. In the first row, the c1

c2
ratio is equal to 1, which

means that there is no cost advantage in country 2. In the second row, the ration
is 3

2
, which means a relative cost advantage of country 2. In the last row, unit cost of

production (excluding congestion costs and spillovers) in country 1 is ten times the unit
cost in country 2. For each row there are three bifurcation diagrams. The first column
represents the situation of no internal spillover advantage, β1 = β2. The second column
represents the situation of small internal spillover advantage, β1

β2
= 3

2
. The last column

represents the situation of a large internal spillover advantage, β1
β2

= 2. The bifurcation
diagram includes the basins of attraction as well. In particular, the basin of attraction
of equilibrium x = 0 is depicted in yellow, the basin of equilibrium x = 1 is depicted
in dark green, and the basin of the stable internal fixed point is in cyan. The values of
the remaining parameters are as follows: c1 = 1, β = 1, β1 = 1, α = 1, γ12 = γ21 = 0.

the cost of production (excluding congestion costs and spillovers) in country 1 is
ten times the cost of production in country 2. Here, a slight change in congestion
costs might trigger a completely different location pattern. More specifically, if
the congestion costs increase and cross the bifurcation value kT1 ≈ 1, the long
run location patterns changes from a situation in which the firm chooses to pro-
duce solely in country 2 to a scenario in which production only partially occurs in
country 2. Formally, for k = kT1 , see (5), an internal fixed point appears through
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a transcritical bifurcation. This equilibrium is an attractor and is marked in red.
In this scenario, if congestion costs are sufficiently large, the firms’ total man-
ufacturing activity is spread geographically between the two countries. In this
case, the internal equilibrium is the only asymptotically stable fixed point and
its basin of attraction is represented by the cyan region. Increasing the inten-
sity of choice, which measures the firms’ intensity of switching between the two
location strategies, has the only effect of destabilizing the internal equilibrium
for increasing congestion costs. In particular, the internal equilibrium under-
goes a sequence of period-doubling bifurcations which lead to a chaotic long-run
location pattern. See the last row of Fig. 2.

Fig. 2. Same parameter setting as in Fig. 1, except β = 10 (higher intensity of
switching).

The evolutionary process of switching between locations in the search for
cost reductions can lead to suboptimal equilibrium allocations of production
activities in the long run. This is the case represented by the left-top bifurcation
diagram in Fig. 1. Here, being k̂ = 0, locating the entire production in country
2 is a suboptimal equilibrium whenever congestion costs are positive, as we
have specified in Corollary 1. In fact, due to congestion, firms have to bear
higher costs in country 2 than in country 1. Despite the fact that the fixed
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point x = 0 is a suboptimal equilibrium, it is asymptotically stable and its
basin of attraction (the yellow region) represents a so-called trapping region. The
existence of suboptimal and stable equilibria is typical of evolutionary games
where agents choose the strategy based on best-relative performance as this
might lead to lower absolute profits in the long run; see, e.g., Schaffer (1989).

Summarizing, the analysis reveals that in the absence of cross-border (exter-
nal) spillovers and if the two countries are characterized by similar costs of produc-
tion, i.e. c1 is either equal or slightly larger than c2, industrial production tends
to be located either in country 1 or in country 2. In particular, the probability to
locate production in country 2 decreases as congestion costs in country 2 increase.
On the contrary, a huge difference in production costs, for example if c1 is ten times
c2, may lead to a spread of industrial production between the two countries, see
last row of Fig. 1. This occurs if congestion costs are sufficiently high.

Cross-border spillovers also have a remarkable impact on the geographic allo-
cation of industrial activities. If we assume that cross-border transfer of know-
how is frictionless, i.e. β1 = γ12 and β2 = γ21, the numerical investigation reveals
that the attractiveness of country 2 decreases. This occurs if country 2 does not
offer a production cost advantage, i.e. c1 = c2. In fact, relocating production
from country 2 to country 1, firms avoid the costs of congestion and (due to
cross-border spillovers) firms benefit from cost reduction gained by manufactur-
ing activity in country 2. Hence, firms do not have an incentive to locate its
production in country 2. In terms of policy implications, it follows that it is
in the interest of the policy maker of country 1 that firms try to develop the
capability to exploit inter-country flows of know-how due to external spillovers.
On the contrary, the policy maker of country 2 where congestion costs matter,
does not find it equally beneficial that firms can transfer know-how between
countries. To increase the rate of industrial activity in its country 2, the policy
maker has to aim at reducing the costs of congestion. Moreover, comparing the
first row of Fig. 1, which shows the location patterns when there are no external
spillovers (γ12 = γ21 = 0), with the first row of Fig. 3, which shows the location
patterns when there are external spillovers, it also becomes apparent that exter-
nal spillovers eliminate the occurrence of inefficient off-shoring of manufacturing
activity that may occur when unit production costs are identical, i.e. c1 = c2.
Indeed, the comparison shows that the set of initial conditions that leads to loca-
tion patters with inefficient off-shoring of manufacturing to country 2 (see the
yellow region in Fig. 1) disappears if there are cross-border spillovers. In other
words, the presence of cross-border spillovers contributes to eliminate inefficient
location patterns and favor the location of manufacturing activity in country 1
if congestion costs arise only in country 2. Hence, the policy maker of country 2
which is a suboptimal manufacturing location has an incentive to limit external
spillovers. In contrast, the policy maker of country 1 which is the more efficient
manufacturing location has an incentive to boost external spillovers since in this
case firms move their manufacturing activity to the most efficient country with-
out losing the cost reduction due to know-how developed in the less efficient
country.
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The situation changes significantly when country 2 has an advantage in terms
of unit costs, i.e. c2 < c1; see the second and third row of Fig. 3. In this case,
firms that manufacture in country 2 benefit from both smaller unit costs of pro-
duction and cross-border spillovers coming from country 1. Nevertheless, when
congestion costs increase, the competitive advantage from producing in country
2 due to the smaller unit costs of production is diminished by an increasing
congestion effect and, consequently, country 1 becomes increasingly attractive.
Notwithstanding, keeping some production activity in country 2 is still benefi-
cial. In fact, in this case the effect of the congestion costs is reduced since the
concentration of production activity in country 2 is decreased. The evolutionary
process of location choice leads to a situation where part of the manufacturing
activity occurs in country 1 and the remaining part is carried out in the off-shore
country 2. Mathematically, this is reflected by the presence of the asymptotically
stable internal fixed point x∗ ∈ (0, 1), which is marked in red in the second row of
Fig. 3. The presence of asymmetric unit costs results in location patterns that are
represented by a suboptimal equilibrium. Specifically, the asymptotically stable
fixed point x∗ is never an optimal equilibrium as specified in Theorem 4. Then, in
case of a limited cost advantage for country 2, the economic policy implications
related to external spillovers change.

Comparing the second row of Fig. 1 and the second row of Fig. 3, we observe
that for country 2 it is advantageous if external spillovers exist, while it is not
beneficial for country 1. Indeed, as long as congestion costs are small, the pres-
ence of external spillovers drives firms to off-shore the entire production activity
to country 2. In fact, the fixed point x = 0 is the only locally asymptotically sta-
ble equilibrium as indicated by the yellow region in Fig. 3. Moreover, if congestion
costs increase, country 2 loses its attractiveness but the firms still benefit from
having some part of the production activity there. However, there is a trade-off
between external spillovers and local unit costs of production. In fact, if country
2 has much smaller unit costs of production (excluding internal and external
spillovers) than country 1, for example c1 is ten times c2, then the cost reduc-
tion due to internal and external spillovers is limited in country 2 since the base
unit costs are already relatively low compared to country 1. In this situation,
country 1 benefits more from external spillovers. This effect becomes obvious by
comparing the last row in Fig. 3 and the last row of Fig. 1. A similar scenario is
observable if the capability of firms to absorb external spillovers reduces.

In case of asymmetries between internal and external spillovers, the loca-
tion patterns and the economic implications are different. We start the analysis
by considering a situation where know-how developed in country 1 can be per-
fectly transferred to reduce costs in country 2. Conversely, know-how developed
in country 2 cannot (or can only be partially) transferred to country 1. Such
asymmetric external spillovers obviously favor off-shoring manufacturing activ-
ity to country 2. Figure 4 depicts a scenario where a firm producing in country
2 benefits from external spillovers while a firm producing in country 1 does not
(γ12 = 0 while γ21 = β1). Comparing it with Figs. 1 and 3, we observe that
the effect of such asymmetric external spillovers is to increase the yellow region,
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Fig. 3. Parameter setting as in Fig. 1, except γ21 = β1 and γ12 = β2.

i.e. the set of initial conditions that lead to long run off-shoring of production
to country 2. The expansion of the yellow region occurs even when k > k̂, i.e.
when off-shoring the production to country 2 is a suboptimal location strategy
as specified in Corollary 1.

Hence, it is possible to conclude that asymmetric external spillovers that
favor off-shoring to country 2 cause long run suboptimal location patterns. It is
also worth highlighting that the effects of these asymmetric external spillovers
vanish when country 2 has a large cost advantage in comparison to country 1.
In this case, country 2’s cost advantage is further increased by cost-reducing
externalities coming from cross-border spillovers. In this case, the location pat-
terns are mainly affected by the congestion costs rather than by the production
costs. Comparing the bifurcation diagrams in Figs. 4 and 3, we observe that the
presence of an asymmetry between internal and external spillovers in country
2 gives rise to a qualitative change of the bifurcation structure of the location
patterns. Here, when congestion costs increase and the value of k crosses the
bifurcation value kF ≈ 1, we move from a situation in which the firm chooses
to off-shore production to country 2 to a scenario in which the production is
only partially off-shored to country 2. In particular, for k = kF , see (5), two
internal fixed points appear through a fold bifurcation. One of these two equi-
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Fig. 4. Parameter setting as in Fig. 1, except γ12 = 0 and γ21 = β1.

libria is a repellor and is marked in blue, while the other one is an attractor
and is marked in red. The repellor lies at the border of the basins of attrac-
tion of the fixed point x = 0 and of the other internal fixed point x∗. In this
case, production will be off-shored to country 2 only if the majority of firms have
already off-shored their production activity. Otherwise, total production activity
will be spread between the two countries in the long run. Although the dynamic
scenario just described is interesting as it is characterized by bi-stability and,
hence, path dependence, it is, however, not robust with regard to variations in
congestion costs. More precisely, immediately after the value for k (representing
congestion costs) crosses the threshold value where the fold bifurcation occurs, it
crosses another bifurcation value, namely the transcritical bifurcation value kT1 .
Through this bifurcation, the unstable internal fixed point merges with the fixed
point x = 0 and disappears while the fixed point x = 0 becomes unstable. For
further increasing congestion costs, total production activity is spread between
the two countries and the internal equilibrium is the only asymptotically stable
fixed point. Its basin of attraction is represented by the cyan region. Numerical
simulations, which are not reported here, reveal that the qualitative effect of
asymmetric external spillovers in favor of country 2 is the same as the one just
described whatever the magnitude of the asymmetry.



Knowledge Spillovers, Congestion Effects, and Long-Run Location Patterns 209

An interesting effect can be observed when know-how can be transferred
from country 2 to country 1, but cannot be transferred (or at least can only be
partially transferred) from country 1 to country 2 (γ12 = β2 and γ21 = 0). In the
presence of such asymmetric external spillovers that work in favor of country 1
and whenever country 2 has a cost advantage over country 1, the attractiveness
of country 2 increases when the internal spillovers β2 in country 2 decreases.
This argument can be understood by observing the changes in the yellow region
depicted in the second and third rows of Figs. 5 and 6. Moving from the left
column (where β2 = β1 = 1 to the right column (where β2 = β1/2 = 1/2)
shows that the yellow region increases when β2 decreases. As a consequence,
in terms of implications for economic policy, the policy maker of country 2 can
decrease internal spillovers in its territory to increase the likelihood of attracting
industrial production.

Fig. 5. Same parameter setting as in Fig. 1, except γ12 = β2 and γ21 = 0. (Asymmetric
spillovers in favor of country 1)

To conclude our analysis, we point out that our investigation revealed that
whenever country 2 has an advantage in terms of unit production cost over coun-
try 1, congestion costs make production in country 2 less profitable and reduce
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Fig. 6. Same parameter setting as in Fig. 1, except γ12 = β2 and γ21 = 1
2
β1. (Asym-

metric spillovers in favor of country 1)

the off-shoring activities of firms. Our analysis also shows, however, that the
presence of congestion costs does not eliminate off-shoring activity completely.

5 Conclusions

In this paper, an evolutionary mechanism for choosing the location of man-
ufacturing is proposed. The model is employed to study the question how the
long-run off-shoring and back-shoring patterns of a population of firms is affected
by differences in unit production costs, within-country spillovers, cross-border
spillovers, and congestion costs. The investigation reveals that a manufacturing
site that offers lower unit production costs becomes more attractive and causes
an off-shoring wave. This competitive advantage can be eroded by asymmetric
cross-border spillovers, by positive congestion costs, or by a combination of the
two. Although these factors influence off-shoring decisions, they rarely lead to
total re-shoring of production activities to the home country if it suffers a rather
large disadvantage in terms of unit production costs. This underlines that unit
production costs are indeed a key factor which drives location choices for MNEs.
A fundamental role is played by cross-border spillovers as well. These spillovers
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tend to reduce the occurrence of location patterns that lead to suboptimal equi-
libria and favor the geographic dispersion of manufacturing activity.

These findings are obtained by analyzing the endogenous location patterns
that emerge in the long run if a population of firms choose manufacturing loca-
tions based on relative production costs. The logic of the process that governs the
dynamic evolution of location choices of firms is intentionally simple: if a location
currently offers a production cost advantage, then the share of firms which move
production activities to this country will increase. We also took into account that
there might be some inertia in this process of switching between manufacturing
sites as moving production activities from one country to another is costly and
takes time. What we do not take into account in our model is that MNEs are
typically active in oligopolistic markets and, therefore, strategic interactions and
intertemporal objectives play a crucial role. Further, MNEs are interconnected
through the supply side as they share common suppliers which is a further source
for strategic linkages. In this respect, our contribution differs from Alcácer and
Chung (2007) and Alcacer et al. (2015), where the location choices of firms are
analyzed assuming an oligopolistic industry. Papers along this promising line
of research explore how rivalry and differential knowledge accumulation among
competitors is affected by the multinational enterprises’ geographic expansion
across countries. The location choice of the firms impacts the accessibility of cer-
tain markets and firms take location decisions also to enhance and protect their
relative competitive positions. The analysis focuses on how rivalry and compe-
tition influences the location decisions of multinational enterprises. In this way,
these contributions integrate rivalry and location choices in multi-stage, dynamic
settings. Another aspect we do not pursue in our contribution is the location of
research and development activities of firms. This aspect has been investigated in
the International Business literature, see, e.g., Belderbos et al. (2008). These ele-
ments, as well as the introduction of an outside option as in Bischi et al. (2003a),
are key elements that can have a strong impact on the off-shoring process. The
introduction of these further elements in our setup is left for future research.
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Appendix

Proof (Proof of Theorem 1). The fixed points of model (2) solve the equation

x∗ = (1 − α)x∗ + αx∗ 1
x∗ + (1 − x∗)eβ(C1(x∗)−C2(x∗)) ⇔

⎧⎨
⎩

x∗ = 0
x∗ = 1

C1 (x∗) = C2 (x∗)

Thus, the equilibria of the model are 0, 1 and the roots, in (0, 1), of the following
polynomial

p (x) = C1 (x) − C2 (x) (10)

where C1(x) − C2(x) are decreasing and convex functions in [0,1], hence they
have at most two intersections in [0,1]. The numerator of p(x) is a third degree
polynomial.

which are at most three. The eigenvalue associated to model (2) is

λ (x) = 1 − α + α
1

x + (1 − x)eβp(x)
− αx

1 − eβp(x) + (1 − x)β ∂p(x)
∂x eβp(x)

(
x + (1 − x) eβp(x)

)2 (11)

It follows that the eigenvalue associated to equilibrium x = 0 and the one asso-
ciated to equilibrium x = 1 are, respectively

λ (0) = 1 − α + αeβ(k−kT1) and λ (1) = 1 − α + αe
β

c1−c2+c1γ21−c2β1
(1+β1)(1+γ21) (12)

where kT1 is given in (3). Then, since λ (0) , λ (1) > 0, imposing the classical
stability conditions, we have that the fixed point x∗ = 0 is locally asymptotically
stable when k < kT1 , it undergoes a bifurcation of eigenvalue 1 at k = kT1 , and it
is unstable for k > kT1 . Similarly, the fixed point x∗ = 1 is locally asymptotically
stable when c1

c2
< 1+β1

1+γ21
, it undergoes a bifurcation of eigenvalue 1 at c1

c2
= 1+β1

1+γ21
,

and it is unstable for c1
c2

> 1+β1
1+γ21

. Being [0, 1] an invariant region for model (2),
when fixed points 0 and 1 are both either stable or unstable at least an internal
fixed point has to exist.

For c1
c2

= 1+β1
1+γ21

, one root of p (x) is 1, i.e. p (x) = (x − 1) g (x), λ (1) = 1

and T
′′

(1) = αβ (k − kT2). By imposing T
′′

(1) > 0, we have that x = 1 is semi-
asymptotically stable from the left when k > kT2 . Analyzing the dynamics of the
model w.r.t. the invariant region [0, 1], the condition k > kT2 implies the local
stability of x = 1. The remainder of the Theorem follows by classical eigenvalue
analysis.

Proof (Proof of Theorem 2). For k = 0, C1 (0) > C2 (0), and either β1 > γ12
or β2 �= γ21, the numerator of p (x) becomes a polynomial of degree one since
A = B = 0. Its unique root is x∗ as given in (4), which is then the unique
possible equilibrium of the model in (0, 1). By straightforward algebra it follows
that 0 < x∗ < 1 if and only if C1 (1) < C2 (1). Since p (x) = C1 (x) − C2 (x)
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is a polynomial of degree one with its root x∗ in (0, 1) for C1 (1) < C2 (1), it
follows that C1 (x) < C2 (x) for x ∈ (x∗, 1] and C1 (x) > C2 (x) for x ∈ [0, x∗).
From which it follows that x∗ ∈ (0, 1) is always a repellor. Imposing the classical
stability condition to eigenvalues in (12), the first part of the Theorem follows.
For k = 0, C1 (0) = C2 (0), and either β1 > γ12 or β2 �= γ21, let us note that
∀x it holds p (x) > 0 when C1 (1) > C2 (1), the numerator of p (x) = 0 when
C1 (1) = C2 (1) and p (x) < 0 when C1 (1) < C2 (1). Then, the second part of
the Theorem follows. Let k = 0, β1 = γ12, β2 = γ21, β1 = β2. Then p (x) = 0 ∀x
when c1 = c2 and p (x) > 0 when c1 > c2. Thus the third part of the Theorem
follows.

Proof (Proof of Theorem 3). For β1 = γ21, β2 = γ12 and c1 = c2, we have
p (x) < 0 ∀x ∈ (0, 1), thus B (1) = (0, 1]. For β1 = γ21, β2 = γ12 and c1 > c2, it
becomes a polynomial of degree less than three. In particular, for β1 �= β2, p (x)
becomes a polynomial of degree two, the roots of which are given by:

x∗
1,2 =

(1 − β1 + 2β2) k ±
√

(1 − β1 + 2β2)
2 k2 + 4k (β1 − β2) (c2 − c1 + (1 + β2) k)

2k (β2 − β1)
(13)

Since 0 < (1−β1+2β2)
2(β2−β1)

< 1 if and only if β1 > 1 + 2β2 and Δ = 0 if and only if
k = kF , where kF is given in (5), it follows that, for β1 > 1+2β2, at k = kF two
internal fixed points, i.e. x∗

1,2 in (13), appear through a fold bifurcation. Since
p (1) = C1 (1) − C2 (1) > 0, by continuity of p it has to be p (x) = C1 (x) −
C2 (x) > 0 for x ∈ (x∗

1, 1), p (x) < 0 for x ∈ (x∗
2, x

∗
1) and p (x) > 0 for x ∈ (0, x∗

2).
Moreover, since the function that defines the dynamics of the model is increasing
when p (x) < 0 and vice versa, it follows that x∗

1 is either stable or loses stability
through a period-doubling bifurcation and x∗

2 is locally unstable. Moreover, we
have that x∗

1 increases as k increases but it never reaches the value 1, while x∗
2

decreases as k increases and it undergoes a transcritical bifurcation, it merges
with equilibrium 0, for k = kT1 > kF . For k > kT1 , the fixed point 0 is unstable
and x∗

2 becomes unfeasible (it exits the invariant region [0, 1]).
On the contrary, for β1 < 1 + 2β2, we have (1−β1+2β2)

2(β2−β1)
< 0 and the internal

fixed point can be at most one, i.e.

x∗ =
(1 − β1 + 2β2) k +

√
(1 − β1 + 2β2)

2 k2 + 4k (β1 − β2) (c2 − c1 + (1 + β2) k)

2k (β2 − β1)
(14)

For, β1 = β2, then there is at most one internal fixed point

x∗ = 1 − c1 − c2
k (1 + β1)

(15)

which is locally asymptotically stable. It appears through transcritical bifurca-
tion at k = c1−c2

1+β1
.
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Proof (Proof of Theorem 4). Since C1 (1) = c1
1+β1

and C2 (0) = c2
1+β2

+ k, it

follows that C1 (1) ≶ C2 (0) if and only if k ≷ k̂. Moreover, setting φ = γ12 −β1,
by assumption 1 φ < 0 from which C1 (x∗) = c1

1+β1+φ(1−x∗) = C2 (x∗) > C1 (1)
whenever x∗ ∈ (0, 1) is a general internal equilibrium. Then, being 0 and 1 two
equilibria always, the statement of the Theorem follows.
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