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Abstract. In Japan, old RC bridge-deck slabs were economically designed by
small thickness without considering the fatigue resistance. These slabs are
subjected to a huge repetition of moving loads. Therefore, they are suffering
from fatigue damage. This damage is more signiﬁcantly observed than that of
slabs reinforced with deformed bars. To extend their fatigue life, a suitable
strengthening technique is required such as externally bonded FRP sheets. Using
numerical method for predicting the improvement in their fatigue life is strongly
beneﬁcial to take full advantage of this strengthening technique. This study
presents a proposed numerical method based on bridging stress degradation
concept to analyze two full scale RC slabs reinforced with plain bars under
moving load. One of them is strengthened with externally bonded FRP sheets in
longitudinal and transverse directions on the slab bottom surface. The interfacial
bond behavior between FRP sheet and concrete surface with its degradation due
to fatigue loading is implemented. This study provides the propagation of
cracked elements, center displacement evolution, cracking pattern and FRP
strain. For the strengthened RC slab, the major crack opening is restricted by the
contribution of FRP sheets in longitudinal and transverse directions. Therefore,
the strengthened RC slab shows longer fatigue life and smaller deformation. By
comparing these numerical results with the experimental results, the current
numerical method provides a good agreement.

1 Introduction
Reinforced concrete (RC) bridge is one of the most common structural members, which
is subjected to a large number of load repetitions due to heavy trafﬁc resulting a fatigue
damage. This damage is signiﬁcantly observed in the RC slab than other member.
Therefore, it is important to consider the fatigue resistance in the design. According to
previous studies of Matsui (1987); and Perdikaris and Beim (Perdikaris and Beim
1988), the most common mode of fatigue failure was by punching shear mode, which is
signiﬁcant in RC slab with small thickness.
Old slabs in Japan are suffering from two main problems as the follows. First problem
is that these slabs were economically designed with small thickness. Second problem is
that the plain bars were used as reinforcement for some of these slabs. Therefore,
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a signiﬁcant fatigue damage was observed in theses slabs than those reinforced with
deformed bars (Shakushiro et al. 2011). Therefore, a suitable strengthening technique is
required to extend their fatigue life such as externally bonded ﬁber reinforced polymer
(FRP), which have been extensively used for external strengthening of RC structure
members. Mitamura et al. (2011) provided an experimental study to evaluate the effect of
FRP strengthening on the fatigue durability improvement of RC slabs reinforced with
plain bars under moving load fatigue. But, non-perfect-strengthening design causes a
loss in the functions of the structures over time. Therefore, the main target of this study is
developing numerical method to evaluate this strengthening and predict the extended
fatigue life for RC slabs reinforced with plain bars.
For RC slabs reinforced with plain bars, the proposed numerical method by Drar
et al. (2015); and Drar and Matsumoto (2016) was employed to predict their fatigue life
and behaviors. Therefore, this study can be extended to examine the effect of FRP
strengthening on these slabs. The experimental study by Mitamura et al. (2011) can be
used to verify the numerical results.

2 Method
In this section, the developed numerical method will be described. This method was
developed based on the ﬁnite element method (FEM) considering the different materials behaviors under the fatigue loading. Therefore, the following explanation shows
the numerical model for all components of the FRP composite structure.

2.1

Concrete

Concrete is different than other homogenous materials because it contains a mixture of
different components with different stiffness. Therefore, it exhibits a large number of
micro cracks at the interface between the aggregates and mortar resulting a nonlinear
behaviour. Eight-node three-dimensional (3D) smeared crack elements with multiple
ﬁxed crack concept by Rots and Blaauwendraad (1989) is employed to model concrete
elements. Table 1 shows the constitutive laws of concrete (Maekawa et al. 2003).
Table 1. Constitutive laws for concrete (Maekawa et al. 2003)
Compression
em  e  0 r ¼ f
eu  e\em

Tension


0  e  et r ¼ E c e
e
e
c em 2  em
 0:4
eu e
r ¼ fc eu em
et \e
r ¼ ft eet

Ec = the modulus of elasticity of concrete, fc = concrete
compressive strength, em = fc =2Ec = concrete strain
corresponding to fc , ft = tensile strength,
et = ft =Ec = strain at tensile strength, and eu = 2
em = crushing strain.
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Fig. 1. Crack propagation due to bridging stress degradation at ﬁrst cycle and after N cycles
(Drar and Matsumoto 2016)

To simulate the cracking behavior of concrete, the bridging stress is employed. The
bridging stress is the transferred stress between crack surfaces through aggregates.
When fatigue loading is applied, the crack is subjected to a process of opening and
closing. This leads to reduce the bridging stress in cracked concrete. This reduction can
be deﬁned as bridging stress degradation concept. This degradation leads to a localized
increase of stress at crack tip resulting an increase of crack length and its width as
shown in Fig. 1. The bridging stress degradation for cracked concrete can be expressed
by the following equation (Jun and Stang 1998; Li and Matsumoto 1998).
rN
¼ 1  ð0:08 þ 4  etmax lÞ logðNÞ;
r1

ð1Þ

where l is cracked element size, etmax maximum tensile strain, N is number of cycles,
rN and r1 are bridging stress at the Nth and the ﬁrst cycle, respectively.

2.2

Reinforcing Bar

To model the reinforcement of RC slab elements, the smeared rebar concept is used
according to its reinforcement ratio in any direction. Bilinear stress-strain relationship
is employed for reinforcing bar model with explicit yield stress, fy . For all slabs, the
plain reinforcing bars were used in the upper and lower reinforcement. Therefore, it is
important to accurately model the bond-slip effect between the plain reinforcing bar and
its surrounding concrete. This effect is considered by adding equivalent bond strain to
plain bar strain. This leads to decrease the reinforcing bar stiffness as shown in Fig. 2.
The modiﬁed reinforcing bar stiffness can be deﬁned as effective stiffness, Es , which
can be calculated from the following equations
Es ¼

fy
;
ey

ey ¼ ey þ

Sy
;
ld

ð2Þ
ð3Þ
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Fig. 2. Modiﬁed plain reinforcing bar model (Drar and Matsumoto 2016)

where fy is the effective yield stress (Belarbi and Hsu 1994), Sy is the slip displacement
of a steel bar at yield point (Zhao and Sritharan 2007), ld is the transmission length of
bond stress, ey and ey are the explicit and effective yield strain, respectively.

3 FRP
A linear elastic stress-strain relation is employed to model FRP elements. This
assumption is good enough to simulate FRP behavior because reaching to its maximum
tensile strength is assumed to be very difﬁcult. The reason is that the maximum tensile
strength of the FRP is much larger than other materials. Moreover, the authors assumed
that there is no strength degradation due to fatigue loading (Loo et al. 2012).

3.1

Interfacial Bond Element

Adhesive material is used to bond FRP sheets with the facing concrete surface, which is
considered as the weakest part of FRP composite. Therefore, the interfacial bond
behavior between FRP sheet and concrete surface and its degradation due to fatigue
loading are carefully integrated to obtain accurate numerical results. Their numerical
model can be explained as follows.
The mechanical behavior of the interfacial bond element can be simulated as a
relationship between the local bond stress, s, and the relative slip displacement, S. The
interfacial fracture energy, Gf , can be represented by the area under the s − S curve,
which corresponds to the energy per unit bond area required for complete debonding.
A bilinear bond-slip relation (Lu et al. 2005, 2004) is used in the present study as
shown in Fig. 3. This relationship can be divided to three parts; (1) before debonding,
(2) debonding initiation, and (3) complete debonding. The maximum bond strength,
smax , the corresponding slip, S0 , and the total fracture energy, Gf , are governed by the
tensile strength of the concrete, ft , and a width ratio parameter, B, as follows;
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Fig. 3. Interfacial bond-slip model

smax ¼ 1:5  B  ft ;

ð4Þ

S0 ¼ 0:0195  B  ft ;

ð5Þ

pﬃﬃﬃ
Gf ¼ 0:308  B2  ft ;

ð6Þ

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2:25  bf =bc
B¼
;
1:25 þ bf =bc

ð7Þ

where bf =bc is the ratio of total FRP laminate width, bf , to the total slab width, bc .
This bond-slip model will be degraded in the case of fatigue loading. The bond
stress, s, versus slip displacement, S, relationship by Dai et al. (2005) shows a decrease
of interfacial bond stiffness and an increase of the slip displacement. In this study, the
model by Loo et al. (2010) is employed by reducing the interfacial bond stiffness
according to the following equation.
Eb ¼ Eb0 1 þ aðlog NÞb 



Ds
sf

c

;

ð8Þ

where Eb is the interfacial bond stiffness at the number of cycles N, Eb0 is the interfacial
bond stiffness at the ﬁrst cycle, Ds is the bond stress range, sf is the bond stress at
failure, and the constants a, b and c are parameters to ﬁt the experimental data of Dai
et al. and Yun et al. (Dai et al. 2005; Yun et al. 2008). a, b and c equal to −190.3, 0.990
and 8,797, respectively.
For simplicity, uniform interfacial bond stiffness, Eb , is used for all bond elements
according to the biggest bond stress range, Ds. This simpliﬁcation can be considered as
the worst case to simulate the fatigue life. Figure 4 shows the degradation of interfacial
bond stiffness due to fatigue loading.
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Fig. 4. The degradation of interfacial bond stiffness due to fatigue loading

4 Fatigue Analysis
This numerical method is used to analyze two full-scale slabs. One of them is
strengthened with externally bonded FRP sheets in longitudinal and transverse directions on the slab bottom surface. These slabs are veriﬁed with the experimental results
by Mitamura et al. (2011). The details of analyzed RC slabs with the dimensions of
FRP sheets is shown in Table 2. MSC Marc-Mentat is used to analyze theses slabs with
integrated Fortran subroutine, which considers the bridging stress degradation of
concrete by increasing number of cycles. All slabs were supported by two steel I-beams
over their longitudinal direction to simulate an elastic reaction behavior. In their
transverse direction, these slabs were simply supported by hinged support. The moving
load was applied in the longitudinal direction by two wheels with the width of 190 mm
for each wheel. The moving load level is increased with increasing number of cycles
according to Table 3. Figure 5 shows slab geometry and arrangement of reinforcing
bars. The materials properties and loading pattern of these slabs are the same as those
used in the experimental study. Plain reinforcing bars are used for reinforcing these
slabs. Table 4 shows The material properties. Figure 6 shows the numerical model for
strengthened RC slab, S330, with FRP sheets arrangement.
Table 2. Details of analyzed RC slabs
Slab
id

Slab dimensions
(mm)

S0
S330

3300  2650  160

FRP sheets
Width
Thickness
(mm)
(mm)
Without strengthening
100
1.2

Longitudinal
spacing (mm)

Transverse
spacing (mm)

330

330

Table 3. Moving load levels for analyzed RC slabs
Number of cycles (105 cycles) >1 1–2 2–3 3–4 4–7.8 >7.8
Moving load (kN)
120 130 150 170 200 230

Fatigue Analysis of FRP Strengthened RC Slabs Reinforced with Plain Bars

425

Fig. 5. RC slab geometry and the arrangement of reinforcing bars (all dimensions in mm)
Table 4. Materials properties (Mitamura et al. 2011)
Material

Young’s modulus (GPa) Poisson’s ratio Strength (MPa)
Tension Compression
Concrete
26.133
0.2
3.3
45.26
Reinforcing bar 187
0.3
235 (Yield)
FRP
171
0.3
3320
–
Adhesive
2.66
0.3
35
56

Fig. 6. FRP sheets arrangement for strengthened RC slab S330
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Propagation of Cracked Elements

The propagation of cracked elements of the RC slabs at different numbers of cycles is
shown in Fig. 7. According to the geometrical symmetry in both directions, one fourth
of a slab model is shown in this ﬁgure to investigate the propagation of internal cracked
elements in longitudinal and transverse directions. White-colored indicates to
non-cracked elements. The cracked zone caused by the ﬁrst cycle is indicated by blue.
The cracked zones caused by further cycles are indicated by other colored elements.
The propagation of cracked elements in the transverse direction (T.D.) is extended from
the center of the loading area. For the longitudinal direction (L.D.), the cracked elements are distributed over the movement zone due to the movement effect of the
applied moving load along this direction.

S0

M.D.

S330

T.D.
L.D.

M.D.

T.D.
L.D.
Studied strip

Cycles

1

10

3

10

4

10

5

10

2x10

5

4x10

5

8x10

5

Fig. 7. Propagation of cracked elements for analyzed RC slabs

At ﬁrst cycle, strengthened RC slab, S330, shows a smaller cracked zone with
smaller thickness than the non-strengthened RC slab, S0. By increasing number of
cycles, the cracked elements propagated due to the bridging stress degradation concept.
Table 5 shows the percentages of cracked elements volume. Strengthened RC slab,
S330, shows a smaller volume percentage than the non-strengthened RC slab, S0, at
ﬁrst cycles. These percentages are increased with increasing number of cycles. At
fatigue failure, the percentages of cracked elements volume for all slabs are almost
same. The average degradation ratio can be deﬁned as the ratio of the difference
between the cracked elements volume at fatigue failure and ﬁrst cycle by mm3 to the
fatigue life by cycles. The average degradation ratios for all analyzed slabs are listed in
Table 5. Strengthened RC slab, S330, shows a slower degradation ratio than the
non-strengthened RC slab, S0. The reason is that the FRP strengthening plays an
important role to restrict the major crack opening. This leads to decrease the maximum
tensile strain of concrete than the non-strengthened RC slab resulting in slower
bridging stress degradation according to Eq. (1).
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Table 5. The percentages of cracked elements volumes
Slab id Cracked elements volume %
Average degradation ratio (mm3/Cycle)
N = 1 N = 400,000 N = 890,000
S0
22% 49.1%
9479.6
S330 10.7% 33.6%
50.5%
618.8

4.2

Center Displacement Evolutions

Center displacement evolution versus the number of cycles for all analyzed slabs
compared with the experimental results is shown in Fig. 8. Increasing number of cycles
results in an increase of center displacement. The reason is that the propagation of
cracked elements in Fig. 7 leads to decrease RC slab stiffness due to the concept of
bridging stress degradation. Moreover, increasing moving load level leads to a rapid
increase of center displacement due to the increase of RC elements strain.

Center displacement (mm)

10
8

S0
S330

Exp.

Ana.

6
4
2
0

2.0x105

4.0x105
6.0x105
Number of cycles (cycles)

8.0x105

1.0x106

Fig. 8. Center displacement evolutions

Strengthened RC slab, S330, shows a smaller center displacement than the
non-strengthened RC slab, S0, at the same number of cycles. The reason is that FRP
strengthening works as an additional reinforcement for strengthened RC slab. This
leads to a decrease of concrete strain. Moreover, center displacement evolution of
non-strengthened RC slab, S0, shows a higher slope than that in strengthened RC slab,
S330. Therefore, the reduction ratio of slab stiffness for non-strengthened RC slab, S0,
is larger. The possible reason can be explained as that the FRP strengthening leads to a
signiﬁcant slower degradation ratio than the non-strengthened RC slab as shown in
Table 5. According to this explanation, strengthened RC slab, S330, shows a longer
fatigue life than the non-strengthened RC slab.
The comparison between numerical and experimental center displacement evolution provides similar values for fatigue life and center displacement, indicating an
acceptable agreement between them.
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4.3

Transverse FRP Sheet Strain

The numerical and experimental transverse strain distributions of FRP sheet at slab
center for strengthened RC slab, S330, at different moving load levels is shown in
Fig. 9. The location of longitudinal FRP sheets is indicated by dashed-green box to
observe their effect on the center transverse sheet. The location of studied FRP sheet in
transverse direction is indicated by red box in Fig. 6. The horizontal axis shows the
transverse length starting from slab center.
1400
1200
L.D. sheet

Transverse strain (µ)

1000
800
600

120kN
130kN
150kN
170kN
200kN

Ana. Exp.

400
200
0
0

250

500
750
Transverse Dir. (mm)

1000

Fig. 9. Transverse FRP sheet strain at slab center for strengthened RC slab S330

The maximum numerical and experimental strain values located at the loading
position. Moreover, increasing moving load level leads to increase numerical and
experimental FRP sheet strain. This increasing is signiﬁcant at the loading position than
other parts. The reason is that the bridging stress degradation of concrete is influenced
by the maximum tensile strain, which locates in this zone. This leads to crack opening
localization at slab center resulting in a higher strain of surrounding FRP sheets.
Therefore, the improvement of FRP strengthening is signiﬁcant at slab center, which
contains a wide crack opening for the major cracks.
Transverse FRP strain shows a signiﬁcant decreasing at the overlapping location
with the longitudinal sheets in the numerical results. The reason is that the tensile force
in perpendicular sheet leads to a strain shrinkage at overlapping location as shown in
Fig. 10. This leads to a difference between the numerical and experimental results at
overlapping location. This observation cannot be shown in the experimental results due
to the effect of separated layers with different strain for each layer. The overlapping
element between longitudinal and transverse sheets shares the same strain distribution
in the numerical analysis. In other parts, the good agreement between numerical and
experimental results is provided. Moreover, the extension lines between numerical
results pass the experimental results indicating an acceptable agreement between them
in the overlapping locations.
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Longitudinal sheet

Transverse sheet

Fig. 10. Longitudinal and transverse FRP sheets overlapping

5 Conclusions
A proposed numerical method based on bridging stress degradation concept was presented in this paper to study the effect of FRP strengthening on the fatigue behaviors of
RC slabs reinforced with plain bars. The interfacial bond behavior between FRP sheet
and facing concrete surface with its degradation due to fatigue loading was considered in
this method to obtain accurate numerical results. The comparison between numerical
and experimental results provided an acceptable agreement between them.
Strengthened RC slab provided a longer fatigue life and smaller deformations than
the non-strengthened RC slab. To investigate this improvement, the numerical analysis
was conducted in this study. FRP strengthening leads to restrict the major crack
opening, which is distributed due to moving load fatigue. This results in a slower
degradation ratio than the non-strengthened RC slab.
FRP sheet strain showed a localized higher strain at slab center, which contain a
wide crack opening due to signiﬁcant bridging stress degradation in this zone.
Therefore, an extensive FRP strengthening at slab center is recommended.
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