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Abstract. Field of Expert (FoE) [1], which is one of the most popular
probabilistic models of natural image prior, has been successfully applied
to super resolution. Piecewise smoothness imposed on natural images is,
however, a relatively limited model for texture image. In the field of deep
learning, various approaches for texture modeling using the Restricted
Boltzmann Machine (RBM) achieves or surpasses the state-of-the-art
on many tasks such as texture synthesis and inpainting. In this paper,
we apply the convolutional RBM (cRBM) to learning a texture prior.
The maximum a posteriori (MAP) framework is proposed to utilize the
probabilistic texture model well. The experiment is done on the Brodatz
Dataset, and our experimental results are shown to be comparable to
those using FoE and other super resolution approaches.

Keywords: Texture image prior · Restricted boltzmann machine ·
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1 Introduction

Super Resolution is a very active research topic in the image processing commu-
nity. Formally speaking, super resolution(SR) estimates a high resolution(HR)
image from one or multiple low resolution(LR) images. The problem is inher-
ently under-determined because there are many possible high resolution images
given a low resolution image.

There are several means of addressing the SR problem, such as interpolation-
based super resolution, reconstruction-based super resolution and learning-based
super resolution. Interpolation-based super resolution attempts to interpolate
the HR image from the LR input [11]. These approaches usually blur high fre-
quency details, however. Reconstruction-based approaches estimate an SR image
using multiple low resolution images or by means of patch redundancy [12,13].
Learning-based techniques estimate high frequency details from a large training
set of HR images that encode the relationship between HR and LR images [14].
These approaches have shown great promise and have been applied to SR in
various ways. Recently, methods which exploit natural image priors for SR have
been proposed in the literature [2]. The FoE framework, which imposes piecewise
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smoothness on images, outperforms other natural image priors such as sparse
coding or patch redundancy. However, the piecewise smoothness in this case is
not equal to that associated with texture images; hence, the FoE framework is
not suitable for modeling texture images [3]. In the field of deep learning, texture
image modeling has been an active topic [4]. Following the recent exploration of
the Restricted Boltzmann Machine(RBM) for texture image modeling, we choose
the convolutional Gaussian Restricted Boltzmann Machine (cGRBM) [5,6]. The
performance of this method is comparable to those of other modeling technique;
moreover, its energy function in this case is tractable [7]. This tractable energy
function is used to calculate the maximum a posteriori estimation. We explain
this in detail in the following sections.

Although the modeling performance of cGRBM is acceptable, it can model
only one texture image. A means of natural expansion in this case is to develop
the ability to model the variety of textures seen in natural scenes. One means of
addressing this problem is to train multiple texture image models individually
and then to select the proper model for the given image. To do this, the implicit
mixture RBM (imRBM) is used.

In this paper, exploring the implicit mixture of cGRBM, we suggest the max-
imum a posteriori (MAP) framework for super resolution into which a texture
image prior is embedded. We investigate the mechanism how the implicit mixture
of cGRBM automatically selects the correct texture among multiple cGRBMs.

The remainder of our paper is organized as follows: First, Section 2 describes
the process of learning the texture image prior using the RBM; Section 3 presents
details of our suggested framework. The results are presented in Section 4, and
Section 5 concludes our paper with a discussion.

2 Learning Texture Image Prior

Modeling texture image prior knowledge can be understood by considering a
combination of several repetitive features. Instead of hand-tuned feature selec-
tion, deep learning automatically selects the feature that captures the texture
image structures. Following recent research [5,6], the convolutional Gaussian
RBM matches or exceeds achieves the results of state-of-the-art method.

2.1 Modeling Individual Texture with the RBM

Boltzmann machines (Fig. 1 (a)) consider two sets of variables, the hidden unit
h, and the visible unit x. They model a joint distribution of random variables
with Boltzmann distribution (also called Gibbs distribution)

p(x,h) = exp(−E(x,h))
Z

(1)

where is the energy function according to the model, and Z is a normalization
constant which is also known as a partition function.
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(a) (b) (c)

Fig. 1. (a) The undirected graph of an RBM with J hidden and C visible variables. (b)
The convolutional RBM (identical color lines indeicate the same weights). (c) Schematic
diagram of the implicit mixture of the RBM.

To resolve the poor scalability of the RBM, the convolutional Gaussian RBM
(Fig. 1 (b)) is suggested. This model is spatially invariant and scalable to a
realistic image size [8].

The energy function of cGRBM is written as

EcGRBM (x,h) =
1

2σ2
xTx −

∑

j∈filter

∑

c∈visible

hjc(wT
j x + bj) (2)

where the σ is standard deviation of Gaussian noise. Here, wj determines the
interaction between pairs of visible units xc and hidden units hjc. Thus, wj

values are the filters, bj are the biases of hidden units, and c and j are indices
for all overlapping image cliques and filters.

Although cGRBM facilitates texture model learning, it also restricts the num-
ber of texture models to one. Not being able to model a variety of textures,
cGRBM is naturally extended to multiple Boltzmann machines.

2.2 Implicit Mixture Modeling for Multiple Textures

One way to address the problem of cGRBM modeling one texture per cGRBM is
to use an implicit mixture of RBMs (imRBM) [9]. The literal meaning of implicit
mixture is that it mixes one with another; however, in our work, the underlying
role of imRBM is the selection of the proper cGRBM among several learned
machines automatically. We explain this in detail in Section 3.

The energy function of the binary visible unit is

E(x,h, z) = −
∑

k∈{1,2,...,K}

∑

j∈filter

∑

c∈visible

zkhjcwT
jkxc (3)

where K is the number of RBMs (Fig. 1 (c)). Eq. (3) shows that imRBM is
extended by including a discrete variable z with K possible states. In addition,
wjk is the filter which determines the interaction between hjc and xc of the kth
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Fig. 2. A MAP framework for super resolution. In this proposed framework, we learn
the filter as a prior. This prior is used to obtain the MAP solution analytically. The
MAP solution is calculated using a gradient descent algorithm.

cGRBM. Eq. (3) can be adapted to a convolutional Gaussian visible unit [10].
Its energy function is given below.

E(x,h, z) =
1

2σ2
xTx −

∑

k∈{1,2,...,K}

∑

j∈filter

∑

c∈visible

zk
(
hjc

(
wT

jkxc + bj
))

=
1

2σ2
xTx −

∑

k∈{1,2,...,K}

∑

j∈filter

∑

c∈visible

hjc

(
zk

(
wT

jkxc + bj
)) (4)

3 A MAP Framework for Super Resolution

To utilize the deep learning MAP framework well, we formulate probabilistic
models for a priori.

3.1 Image Formation Modeling

The low resolution image, y, the image formation process is usually modeled as
the convolution of the high resolution image, x, followed by down sampling.

y = DHx + e (5)

Here, D is the downsampling operator, H is the blurring operator and e
denotes the noise added to the low resolution image. The noise is usually modeled
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(a) D6 (b) D21 (c) D53 (d) D77

Fig. 3. The learned filters

as independent and identically distributed Gaussian noise. The super resolution
problem, recovering x from y, is a well-known ill-posed problem. To solve the
under-determined problem, it is possible to restrict the solution space by a prior
knowledge.

The super resolution problem is then formulated via regularized least square
regression

x̂ = arg min
x

‖y − DHx‖2 + λ′R(x) (6)

where R(x) is the mathematical formula for a priori and λ′ is a regularization
parameter. The first term here serves as the log likelihood function which models
the Gaussian noise. Eq. (6) can be also recognized as MAP estimation problem.
To clarify this statement, we start with a reformulation of the MAP estimation
equation,

x̂ = arg max
x

p(y|x)p(x) (7)

where p(y|x) denotes the likelihood distribution and p(x) is the prior distribu-
tion. The likelihood distribution can be written as follows:

p(y|x) = exp
(

−‖y − DHx‖2
σ2

)
(8)

Here, σ denotes the standard deviation of the noise. The prior distribution
of x can be represented by energy in the context of graphical models

p(y|x) =
1

ZE
exp (−E(x)) (9)

In this equation, ZE is the partition function. Putting Eq. (8) and Eq. (9)
into Eq. (7), and taking the negative logarithm, we obtain the regularized least
square formula shown in Eq. (6). At this point, we are ready to derive the prior
distribution for the texture model.

3.2 Embedding Multiple Texture Prior in the MAP Framework

To obtain the probabilistic prior model, p (x), with which to capture the struc-
ture of the texture images, we integrate the energy function shown in Eq. (4)
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out of the latent variables over their domains [7]. The free energy is proportional
to marginal distribution [16]. The free energy is given below.

F (x) = − log

(
∑

z

∑

h

exp (−E (x,h, z))

)

= − log

⎛

⎝
∑

z

∑

h

exp

⎛

⎝− 1
2σ2

xTx +
∑

k

∑

j,c

zk
(
hjc

(
wT

jkxc + bj
))

⎞

⎠

⎞

⎠

= − log

⎛

⎝
∑

z

∑

h

exp

⎛

⎝− 1
2σ2

xTx +
∑

k

∑

j,c

hjc (zk (Wkjcx + bj))

⎞

⎠

⎞

⎠

=
1

2σ2
xTx − log

⎛

⎝
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z
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h

exp

⎛

⎝
∑

k

∑

j,c

hjc (zk (Wkjcx + bj))

⎞

⎠

⎞

⎠

=
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2σ2
xTx − log

⎛

⎝
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z

∏

j,c

(
1 + exp

(
∑

k

zk (Wkjcx + bj)

))⎞
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=
1

2σ2
xTx − log

⎛

⎝
K∑

k=1

∏

j,c

(1 + exp (Wkjcx + bj))

⎞

⎠

(10)

Here, Wkjcx = wT
jkxc, Wkjc is the tensor of the filters. In addition, x is the

vectorized image.
The super resolution MAP framework with probabilistic texture prior is

derived from combining Eq. (6) and Eq. (10).

x̂ = arg max
x

(
‖y − DHx‖2 + λ

(
1

2σ2
xTx − log

K∑
k=1

∏
j,c

(1 + exp(Wkjcx + bj))

))

(11)

where λ is a regularization parameter.
To get the MAP solution, the optimization is performed by gradient descent.

The gradient of F (x) w.r.t. x is shown in Eq. (12).

∇Fx =
x
σ2

− log

⎛

⎝
∑K

k=1

(
ARk ×

(
Wkjc×exp(Wkjcx+bj)

1+exp(Wkjcx+bj)

))

∑K
k=1 ARk

⎞

⎠ (12)

where ARk =
∏

j,c (1 + exp (Wkjcx + bj)).
ARk represents correlations between the filter of the kth RBM and the given

image. Due to the product in ARk, the correlation of each clique and filter is
amplified. As a result, ARk of the correct RBM is dominant such that the oth-
ers become meaningless. This indicates that only the correct RBM which best
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captures the structure of the given low resolution image affects the gradient
of F (x). This gives us a good insight into the 1-of-K activation mechanism of
implicit mixture model. Note that one cannot calculate ARk directly(Under our
experimental conditions, it is over exp (10000000) ). Because the maximum index
of the ARks is that of the logarithm of the ARks, it is sufficient to determine the
correct machine to sum the correlations of each clique and filter. After determin-
ing the correct machine by summing the correlations, Eq. (12) can be calcuated
approximately with the filters and biases of the correct machine.

4 Experiment

The dataset used in the experiments and for the learning of the model is
described in section 4.1. Section 4.2 shows the performance of the proposed
algorithm as compared to that of a state-of-the-art method.

4.1 Dataset and Learning cRBM

We use a range of four texture images from the Brodatz dataset : D6, D21,
D53, and D77(http://www.ux.uis.no/∼tranden/brodatz.html). We apply rescal-
ing similar to that used in earlier work in [3], in which the 640x640 textures were
rescaled to 480x480 (Downscale ratio is 0.75.). We divide each image into a top
half used for training and a bottom half for testing. The number of training
images is 40 with the size of 76x76, which is randomly cropped in the top half
image. The filter size is set to 9x9. The number of filters per cRBM is 25. The
number of RBMs in the imcGRBM is 4. We learn the parameters of the mod-
els by approximate maximum likelihood, using stochastic gradient ascent based
on the Persistent chains Contrastive Divergence method(PCD) [18]. The num-
ber of Markov chain transition was set to 1 (PCD-1), and the transition was
done by Hybrid Monte Carlo (HMC) sampling with 30 sample steps and 20
Leapfrog steps [19]. The learning rate of the weights is 0.000005. Following the
recent research [6], σ2 is set to 0.03. Figure 3 shows the learned filters for several
texture images.

To create a low resolution, we convolute the ground truth with a blur kernel
for which support is 7 and sigma is 1. Down sampling operator, with a scale of
2, follows the blurred image.

4.2 Multiple Texture Super Resolution

We conduct several experiments for super resolution with a size of 60x60 for the
low resolution images and a zoom factor of 2. Figure 4 shows the super resolution
result compared to those of other approaches. Our result shows more visually
pleasing images as compared to those of the other methods. The fifth row of Fig.
4 shows the comparison with super resolution using the natural image prior, FoE.
The result with the proposed method shows a sharper image compared to the
use of FoE. This may result from the piecewise smoothness of FoE, in contrast
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Fig. 4. Super resolution(X2) results of various approaches: Low resolution, Self-
similarity, Kernel Ridge Regression, Sparse Coding, Natural Image Prior (FoE), the
proposed algorithm and Ground truth (From the top row to the bottom row).
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to our algorithm, which learns the image structure directly by finding the filter
which is best correlated with the given low resolution image.

In addition to a qualitative comparison, we compare the result quantitatively.
The well-known measure for super resolution is PSNR, which is defined as

PSNR = 10 log10
(MaximumIntensityV alue)2

MeanSquareError
(13)

Another measure is the Structural Similarity Index (SSIM) [17]. As shown in
Table 1, the proposed method can achieve better results than any other method
such as the Self-similarity [13], Kernel Ridge Regression [15], Sparse Coding [14]
and FoE [2] methods.

Table 1. Super Resolution (X2) Quality

Method Self Similarity [13] KRR [15] Sparse Coding [14] FoE [2] Proposed

D6 PSNR 15.764 19.897 20.225 22.104 25.201
SSIM 0.232 0.645 0.692 0.800 0.913

D21 PSNR 13.992 15.365 15.845 16.745 22.074
SSIM 0.277 0.486 0.555 0.707 0.937

D53 PSNR 13.733 16.560 16.825 22.484 23.136
SSIM 0.468 0.706 0.723 0.940 0.955

D77 PSNR 14.930 17.218 17.244 21.163 21.452
SSIM 0.212 0.530 0.536 0.855 0.882

5 Conclusion

We formulate the probabilistic model for texture image prior by exploring the
cGRBM. We propose a MAP framework using the texture prior learned from
cGRBM for super resolution. We get the MAP solution by analytic formulation.
Experimental results show that the result of the proposed algorithm is compara-
ble with other approaches in terms of quantitative and qualitative comparison.
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