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Abstract. Multi-output learning has become in a strong field of research
in machine learning community during the last years. This setup consid-
ers the occurrence of multiple and related tasks in real-world problems.
Another approach called semi-supervised learning (SSL) is the middle
point between the case where all training samples are labeled (supervised
learning) and the case where all training samples are unlabeled (unsu-
pervised learning). In many applications it is difficult or impossible to
access to fully labeled data. At these scenarios, SSL becomes a very useful
methodology to achieve successful results, either for regression or for clas-
sification. In this paper, we propose the use of kernels for vector-valued
functions for Gaussian process multi-output regression in the context of
semi-supervised learning. We combine a Gaussian process with process
convolution (PC) type of covariance function with techniques commonly
used in semi-supervised learning like the Expectation-Maximization (EM)
algorithm, and Graph-based regularization. We test our proposed method
in two widely used databases for multi-output regression. Results obtained
by our method exhibit a better performance compared to supervised
methods based on Gaussian processes in scenarios where there are not
available a good amount of labeled data.

Keywords: Gaussian processes · Multi-output learning · Semi-
supervised learning

1 Introduction

Gaussian processes (GP) have become the natural choice for non-linear regres-
sion in machine learning. Thanks to their flexibility they have been used also
for classification, and in different areas of semi-supervised and unsupervised
learning [1]. Extending the Gaussian process framework to the setup of vector-
valued functions has been a theme of recent interest within the Gaussian pro-
cess machine learning community. This interest has been triggered due to the
development of a closely related area known as multi-task learning [2]. The aim
in multi-task learning is to develop models capable of capturing the similarity
between tasks (or outputs) and hence leverage any information transfer between
them [3], [4].
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Initial attempts to extend Gaussian processes to the multiple-output setting
assumed that the outputs were conditionally independent given a kernel matrix.
For including correlations between the outputs, a common prior over the kernel
parameters would need to be imposed [5,6]. More recently, the focus has been in
developing suitable covariance or kernel functions for multiple outputs. Among
these type of covariances, the linear model of corregionalization (LMC) and
the process convolutions (PC) are powerful alternatives [7], being the LMC a
particular case of the PC [7].

The LMC and the PC have been used successfully for multi-output regres-
sion [4,8], and multi-output classification [9,10], spanning a broad spectrum of
the supervised learning field. However, the framework of multi-output Gaus-
sian processes has been less studied in the context of semi-supervised learning.
In these situations, getting labels for each observation point may required an
skilled human expert or the cost of a complex experiment, so in a practical set-
ting, we only have access to some labeled data, and plenty of unlabeled data.
Also, an important issue is under what conditions unlabeled data can be used to
improve the performance. The authors of [11,12] showed that when the assumed
probabilistic model matches the data generating distribution, the reduction in
variance leads to an improved accuracy. Nevertheless, when the assumed prob-
abilistic model does not match the true data generating distribution, unlabeled
data can be detrimental to accuracy. To avoid this problem, [13,14] presented
approaches to perform semi-supervised versions of classical linear discriminant
analysis and nearest mean classifier, where no additional assumptions are made
to link information coming from labeled and unlabeled data together.

In this paper, we propose the use of kernels for vector-valued functions for
Gaussian process multi-output regression in the context of semi-supervised learn-
ing. We combine a Gaussian process with PC-type of covariance function with
techniques commonly used in semi-supervised learning like the Expectation-
Maximization (EM) algorithm, and Graph-based regularization [15,16].

Although different multi-task learning methods have been developed for the
semi-supervised setting [17,18], the idea of using Gaussian processes in this con-
text has received less attention. To our knowledge, the only papers dealing with
Gaussian processes for multi-outputs in semi-supervised learning are [19] and
[20]. Our proposed model is different to [19] because we truly use a kernel for
vectorial data, whereas [19] uses a common prior for the parameters of the kernel
matrix of conditionally independent GPs. We are different to [20] because our
interest is in doing multi-output regression, whereas [20] performs multi-output
classification. Also, in this paper we use the process convolutions to build the
multi-output Gaussian process, while [20] uses the intrinsic model of corregion-
alization, which is a particular version of process convolutions.

We perform experiments over two commonly used multi-task regression
datasets, namely, the school score prediction dataset, and the SARCOS dataset.
Our model performs better than a supervised single output regressor (SOR) and
a supervised multi-output regressor (SMOR), both based on Gaussian processes.
Finally, we compare favorably when looking at the results reported in [19].
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2 Multi-output Gaussian Processes

A general method for multiple output Gaussian processes describes D outputs
or tasks {fd(x)}D

d=1, by convolution integrals of latent functions {ui
q(x)}Q,Rq

q=1,i=1,

with smoothing kernels {Gi
d,q(x − z)}D,Q,Rq

d=1,q=1,i=1,

fd(x) =
Q∑

q=1

Rq∑

i=1

∫
Gi

d,q(x − z)ui
q(z)dz.

Assuming that the latent functions ui
q(x) are independent Gaussian processes

with covariance functions kq(x,x′),1 the outputs fd(x) form a joint Gaussian
process with covariance function kfd,f ′

d
(x,x′) with d, d′ = 1, . . . , D, given by

kfd,f ′
d
(x,x′) =

Q∑

q=1

Rq∑

i=1

∫ ∫
Gi

d,q(x − z)Gi
d′,q(x

′ − z′)kq(z, z′)dzdz′.

The kernel construction above is sometimes refer to as a process convolution [21].
We call this covariance function the Convolved Multiple Output Covariance or
CMOC.

For constructing the CMOC, we use Gaussian kernels for Gi
d,q(x − z), and

kq(x,x′), leading to a closed form solution for kfd,f ′
d
(x,x′), that we will refer to

as the gg kernel. The details for this construction can be found in [8]. We can
also use a Gaussian kernel for each Gi

d,q(x − z), and a Dirac delta function for
kq(x,x′),2 which also leads to a closed form solution for kfd,f ′

d
(x,x′). We refer to

this alternative as the gw kernel. The details for this construction can be found
in [22].

In a regression setting, we assume that the actual data that we observe
{yd(x)}D

d=1 is contaminated with noise,

yd(x) = fd(x) + wd(x),

where the processes {wd(x)}D
d=1 are white Gaussian noise processes, with covari-

ance functions σ2
dδ(x,x′).

We use θ to refer to the parameters of the kernel function kfd,fd′ (x,x′), ∀ d,
and d′, and to the values of σ2

d, ∀ d.

3 Semi-Supervised Learning for Multi-output GPs

In a supervised learning setting, a dataset {Xd,yd}D
d=1 for each output is avail-

able. We assume that each Xd = {xd
nd

}N
nd=1, and yd = {yd(xd

nd
)}N

nd=1. We also

1 The latent functions ui
q(x) share the same covariance kq(x,x′), irrespectively of the

value of i
2 This is the same to say that each latent process uq(x) corresponds to a white noise

process.
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use X = {Xd}D
d=1, and y = [y�

1 , . . . ,y�
D]�. The marginal likelihood for y is

given by [8]

p(y|X,θ) = N (0,K),

where the elements of K are computed using kfd,fd′ (x,x′), including the covari-
ance term for the noise processes.

In semi-supervised learning, the elements in X are split between those for
which there are labels available, Xl, and those for which there are not labels
available, Xu. We refer to the known labels as yl. Our unknown variables will
be the labels for Xu, that we will call yu, and the hyperparameters of the multi-
task Gaussian process, θ. We use fl, and fu for the versions without noise of
yl, and yu. We also use ỹ as the vector that concatenates yl, and yu, this is,
ỹ = [y�

l y�
u ]�. It is important to highlight the difference between the vectors

y, and ỹ. While the elements in y are organized by stacking the vectors yd one
on top of the other, the elements in yl have no particular order and are indexed
according to the elements in Xl. The unknown elements yu will also be indexed
according to the elements in Xu.

3.1 Graph Regularization

We follow one of the ideas used in semi-supervised learning to exploit the geo-
metric structure between the labeled and the unlabeled data, this is, to add a
Graph regularizer or Laplacian matrix to the kernel matrix. The new marginal
likelihood y given the Laplacian matrix is similar to the one obtained by [19,20],
and is given by

p(y|X,θ, α, ) = N (0, (K−1 + αL)−1),

where L is the normalized Laplacian matrix, and α is a parameter that weights
the contribution of the Laplacian matrix. We define K̃ = (K−1 + αL)−1. Using
the matrix inversion lemma, we can also write K̃ = K − K(α−1I + LK)−1LK.

For computing the normalized Laplacian matrix, we follow the method pro-
posed in [23]. We first define a parameter K, representing the K-th nearest
neighbor to each data point xi in X. For each data point xi, ρi,K represents
the Euclidean distance from xi to its K-th nearest neighbor, call it xi,K . An
important difference with [19] is that in our method, the nearest neighbor can
be a data point from the same or from a different output. In [19], the nearest
neighbor is strictly from the same output. We then compute a similar matrix S,
with elements given by

Sij = exp
(

−‖xi − xj‖2
ρi,Kρj,K

)
.

The elements Sii in S are always zero. We then compute the diagonal matrix
D, with elements Dii =

∑
∀ j Sij . The normalized Laplacian matrix is then

computed as L = D−1/2SD−1/2. Notice that we compute the matrix L taking
into account the complete matrix X, which contains the inputs Xd for all the
different outputs.
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3.2 The EM Algorithm

We need now an inference procedure to estimate yu, and the parameters θ, and α.
For accomplishing both tasks, we use an Expectation-Maximization algorithm.

We assume that both yl, and yu follow a joint Gaussian process. This is
[
yl

yu

]
∼ N

([
0
0

]
,

[
K̃l,l K̃l,u

K̃u,l K̃u,u

])
,

where K̃l,l is the part of K̃ that includes the covariance between yl, and yl; K̃l,u

is the part of K̃ that includes the covariance between yl, and yu; and K̃u,u is
the portion of K̃ that includes the covariance between yu, and yu.

In our EM algorithm, the hidden variables are the values of yu. In the E step
of the algorithm we compute the posterior for yu given yl and some parameters
θ̃.3 Since yl, and yu are jointly Gaussian, the posterior for yu is given as

p(yu|yl, θ̃) = N (yu|K̃u,lK̃−1
l,l yl, K̃u,u − K̃u,lK̃−1

l,l K̃l,u).

In the M step, we use the posterior above to compute

Q(θ̃new, θ̃) = Ep(yu|yl,θ̃)

[
log p(yl,yu|θ̃new)

]
.

It can be shown that Q(θ̃new, θ̃) is given as

− (Nl + Nu)
2

log 2π−1
2

log |Σ| − 1
2
y�

l Myl +
1
2

trace
(
E[yu]y�

l MK̃l,uK̃−1
u,u

)

+
1
2
y�

l MK̃l,uK̃−1
u,uE[yu] − 1

2
trace

(
E[yuy�

u ]B
)
,

where M =
(
K̃l,l − K̃l,uK̃−1

u,uK̃u,l

)−1

, B = K̃−1
u,u + K̃−1

u,uK̃u,lMK̃l,uK̃−1
u,u, and

Σ is the covariance for ỹ = [y�
l y�

u ]�.
Also, for the M step, we estimate the parameter vector θ̃new, by maximizing

the function Q(θ̃new, θ̃) through a gradient-like optimization procedure. We find
the partial derivatives of Q(θ̃new, θ̃) with respect to θ̃new. For this, we first find
the partial derivatives of Q(θ̃new, θ̃) with respect to M, B, K̃l,l, K̃l,u, K̃u,u, and
the partial derivatives of M and B, with respect to K̃l,l, K̃l,u, K̃u,u. We then

combine those derivatives with the respective partial derivatives ∂K̃l,l

∂θ̃i
,

∂K̃l,u

∂θ̃i
and

∂K̃u,u

∂θ̃i
, where θ̃i is an element of the parameter vector θ̃new. All these derivative

can be computed analytically following a similar procedure to [8].

4 Experimental Setup

In this section we describe the databases used in experiments. Also, we specify
the experimental procedure, the partitions of databases, relevant parameters in
the model and the metric employed to test the methods.
3 We use θ̃ to refer to both θ and α.
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4.1 Databases

– Learning Inverse Dynamics: The data set relates to an inverse dynamics
problem for a seven degrees-of-freedom SARCOS anthropomorphic robot
arm [24]. The task is to map from a 21-dimensional input space (7 joint
positions, 7 joint velocities, 7 joint accelerations) to the corresponding 7
joint torques. We present results for just one of the seven mappings, from
the 21 input variables to the first of the seven torques.

– Predicting Student Performance: This data set contains examinations
scores belonging to several schools in London during the years 1985, 1986 and
1987. The full database have 15362 scores from students of 139 secondary
schools. Each school corresponds to a separate task. Therefore, there are 139
learning tasks in total. The input data consists of the year of the examination,
four school-specific and three student specific attributes.

4.2 Procedure

We compare several methods based in Gaussian processes, namely: a Single-
Output Regressor (SOR), a Supervised Multi-Output Regressor (SMOR), the
method proposed here for Semi-Supervised Multi-Output Regression using an
EM algorithm (SSMOR-EM) and SSMOR-EM including the normalized Lapla-
cian matrix (SSMOR-L-EM). For constructing the Convolved Multiple Output
Covariance (CMOC) we use two different kernels: a Gaussian kernel (gg) and a
gaussian white noise kernel (gw). Inside the EM algorithm, we repeat 10 times
and 20 times the E-step and M-step respectively.

We employ two data sets, first a data base of inverse dynamics problem for
a seven degrees-of-freedom SARCOS anthropomorphic robot arm, and second
the student performance in terms of examination scores (see subsection 4.1).
We treat each output as a different learning task. For the SARCOS dataset we
randomly select 5000 data points independently for each task. Then, we partition
the whole data set into three subsets, with 1% as labeled data, 10% as unlabeled
data and the rest as validation set. For student performance data we select 2%
of the data as labeled data, 20% as unlabeled data, and the rest as validation
data. For evaluating the performance of each method, we use the normalized
mean squared error (nMSE), which is defined as the mean squared error divided
by the variance of the test labels.

We report two kinds of errors. First, the error in the semi-supervised learning
stage. Here, we obtain surrogate labels for the unlabeled data belonging to train-
ing set. We call this error the transition error. Second, the error in a validation
stage. Here, we test the generalization capability of all methods using the surro-
gate labels as the true labels for a supervised learning stage for all the models.
We call this error: Generalization error. Finally we apply a Kruskal-Wallis test to
model selection. This test finds if two or more models have statistical differences
in their performance [25].
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5 Results and Discussion

We repeat each experiment ten times selecting random data for training and
validation. Results of normalized mean squared error (nMSE) for the methods
applied in both data sets are shown in tables 1 and 2.

Table 1. nMSE results on predicting student performance. All methods are based in
Gaussian processes. SOR: Single-Output Regression, SMOR: Supervised Multi-Output
Regression, SSMOR-EM: Semi-Supervised Multi-Output Regression with Expectation-
Maximization (SSMOR-L-EM: including normalized Laplacian matrix).

Method Kernel Transition Error Generalization Error

SOR gg 1.334 ± 0.123 1.392 ± 0.155
SMOR gg 1.190 ± 0.143 1.212 ± 0.139

SSMOR-EM gg 0.902 ± 0.043 1.045 ± 0.015
SSMOR-EM gw 0.996 ± 0.050 1.167 ± 0.021

SSMOR-L-EM gg 0.885 ± 0.045 1.040 ± 0.012
SSMOR-L-EM gw 0.995 ± 0.051 1.167 ± 0.021

Table 2. nMSE results on learning inverse dynamics (SARCOS dataset).

Method Kernel Transition Error Generalization Error

SOR gg 1.114 ± 0.220 1.134 ± 0.213
SMOR gw 0.621 ± 0.151 0.688 ± 0.146

SSMOR-EM gg 0.111 ± 0.063 0.445 ± 0.043
SSMOR-EM gw 0.110 ± 0.029 0.308 ± 0.013

SSMOR-L-EM gg 0.110 ± 0.055 0.440 ± 0.043
SSMOR-L-EM gw 0.099 ± 0.027 0.302 ± 0.013

We synthesize the discussion in the following paragraphs:

– From the results of tables 1 and 2, is clear that Semi-Supervised Multi-
Output Regression obtains much better performance than the other method-
ologies. The nMSE in SSMOR-L-EM and SSMOR-EM is considerably lower
in comparison to the supervised scheme, either Multi-Output or Single-
Output. This performance is explained because the method proposed here
mixes unlabeled data together with a small number of labeled samples to
train the model more robustly.

– The transition error is related to the prediction of unlabeled data within
the training set. This is a measure of local learning in the algorithm. In the
case of semi-supervised algorithm, the transference of information is better
compared to the classical supervised approach. This is a key advantage, due
to Semi-Supervised algorithms extract an additional information hidden in
the unlabeled data. In contrast, the supervised methods only can learn from
labeled data.
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– The standard deviation of the method proposed in this paper is much smaller
than the other supervised methods. This means that the SSMTL-L-EM algo-
rithm is more stable respect to modifications in the training data. Further-
more, when we performed a statistical analysis of Kruskal-Wallis test, we
find that differences SSMTL-L-EM and supervised methods are statistically
significant.

– Generalization error concerns the generalization capability of a method. That
is, the accuracy in predicting new data that are not taken into account in the
training stage. In both databases, we observe that Semi-Supervised Multi-
Output methods greatly improve the results of traditional approaches. In this
case, we can determine that the proposed method has a better generalization
capability than the supervised learning scheme.

– In relation to the selection of an appropriate kernel, we cannot establish
which one is the best. If we observe the results in both tables, in student
prediction database the gg kernel obtains better outcomes than gw. However,
in Sarcos database the gw kernel outperforms to gg. This means that kernel
choosing depends strongly of the data nature. Also, it is important a good
initialization of kernel hyperparameters.

– Best results in both databases were obtained with SSMOR-L-EM. The
inclusion of the normalized Laplacian matrix makes more robust the semi-
supervised learning stage of the proposed EM algorithm. This matrix reg-
ularizes the covariance function of the model. Although, the difference in
nMSE between SSMOR-L-EM and SSMOR-EM is not very large, we can
see that Laplacian matrix allows a better information transference during
the training process.

– We consider the proposed method has some advantages as less variance in
mean square error, stability to changes in the training data, excellent accu-
racy in predicting new data and it improves the performance of supervised
learning schemes in scenarios where there are not available a good amount
of labeled data.

6 Conclusions and Future Work

In this paper, we tested our proposed method to perform semi-supervised learn-
ing in multi-output Gaussian processes using an EM algorithm and Graph-based
regularization. We test our proposed method in two widely used databases for
multi-task regression. Results obtained by our method exhibit a better perfor-
mance compared to supervised multi-output methods based in Gaussian pro-
cesses. As a future work, we would like to develop alternative algorithms to
reduce computational complexity in the training stage. Also, we want to com-
pare different ways to construct LMC kernels against PC kernels.
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7. Álvarez, M.A., Rosasco, L., Lawrence, N.D.: Kernels for vector-valued functions:
a review. Foundations and Trends R© in Machine Learning 4(3), 195–266 (2012)

8. Alvarez, M., Lawrence, N.: Computationally efficient convolved multiple output
gaussian processes. Journal of Machine Learning Research 12, 1459–1500 (2011)

9. Skolidis, G., Sanguinetti, G.: Bayesian multitask classification with Gaussian
process priors. IEEE Transactions on Neural Networks 22(12), 2011–2021 (2011)

10. Chai, K.M.A.: Variational multinomial logit Gaussian processes. Journal of
Machine Learning Research 13, 1745–1808 (2012)

11. Cohen, I., Cozman, F., Sebe, N., Cirelo, M., Huang, T.: Semisupervised learning
of classifiers: Theory, algorithms, and their application to human-computer
interaction. IEEE Transactions on Pattern Analysis and Machine Intelligence 26,
1553–1566 (2004)

12. Cohen, I., Cozman, F.: Semi-Supervised learning: Chapter 4: Risks of semi-
supervised learning. MIT press (2006)

13. Loog, M.: Semi-supervised linear discriminant analysis through moment-constraint
parameter estimation. Pattern Recognition Letters 37, 24–31 (2014)

14. Loog, M., Jensen, A.: Semi-supervised nearest mean classification through a
constrained log-likelihood. IEEE Transactions on Neural Networks and Learning
Systems 29, 995–1006 (2015)

15. Chapelle, O., Schlkopf, B., Zien, A.: Semi-Supervised Learning. MIT press,
Massachusetts (2006)

16. Zhu, X., Goldberg, A.B.: Introduction to Semi-Supervised Learning. Synthesis
Lectures on Artificial Intelligence and Machine Learning. Morgan & Claypool
(2009)

17. Qi, Y., Tastan, O., Carbonell, J., Klein-Seetharaman, J., Weston, J.: Semi-
supervised multi-task learning for predicting interactions between hiv-1 and human
proteins. Bioinformatics, 1–7 (2010)



118 H.D.V. Cardona et al.

18. Dhillon, P., Sundararajan, S., Keerthi, S.: Semi-supervised multi-task learning of
structured prediction models for web information extraction. In: Proceedings of the
20th ACM International Conference on Information and Knowledge Management,
pp. 957–966 (2011)

19. Zhang, Y., Yeung, D.-Y.: Semi-Supervised multi-task regression. In: Buntine, W.,
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