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Abstract. Edge detection in image processing is a difficult but meaning-
ful problem. For noisy images, developing fast algorithms with good accu-
racy and stability is in need. In this work, we propose a variational model
which links to the well-known Mumford-Shah functional and design a fast
proximity algorithm to solve this new model through a binary labeling
processing. Comparing with the famous Ambrosio-Tortorelli model, the
efficiency and accuracy of the new model and the proposed minimization
algorithm are demonstrated.
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1 Introduction

Edge detection is important in many scientific fields such as digital image
processing, computer vision, material science and physics [2,24], etc. Accord-
ing to the contexts of image processing, edge detection means extracting the
boundaries of some objects from a given image. A lot of methods have been
proposed for this purpose, such as gradient operator (Roberts operator, Sobel
operator, prewitt operator), second-order differential operator (LOG operator,
Canny operator) [6] and some new methods (using wavelets, fuzzy algorithms,
adaptive splitting (EDAS-1) algorithm [10] etc.). The capability of using gradi-
ent operator is limited, as the accuracy of edge identification is usually deteri-
orated by the presence of noise. Though the second-order differential operator
has advantages in denoising and smoothing the edge, it can blur the images
which do not have noise. We also notice that the recent researches have favor
in using a variety of filter banks to improve the accuracy of edge detection, and
the interested readers are referred to [3,10,11,16,22] and the references therein.

Compared with region-based image segmentation, edge detection also focuses
on locating open curves belonging to constituent element of edges, yet do not
have interior and exterior regional separation. In a recent conference report [25],
Wang et al. proposed to embed an open (or a closed) curve into a narrow region
(or band), formed by the curve and its parallel curve (also known as the offset
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curve [23]). The authors then integrated the Mumford-Shah (MS) model [14]
with the binary level-set method, leading to the model dubbed as the modified
Mumford-Shah (MMS) model:

min
u,ψ

{
μ

∫
Ω

(1 − ψ)2|∇u|2dx +
ν

2

∫
Ω

(u − I)2dx + TV (ψ)
}

. (1)

where I is a given image on an open bounded domain Ω ⊂ R
2, the minimizer u is

expected to be a “good” piecewise smooth approximation of I, μ, ν are positive
tuning parameters, and the binary level-set function: ψ = 1, if x ∈ Rd (about
the concrete definition of Rd, please refer to [20]), while ψ = 0 otherwise.

Because of the ill-posedness property [5,9] of the above model (1), Shi et al.
[20] modified the above model by adding a L1 regularization term since that the
constant function ψ = 1 and u = I are the solutions of the above model, that is,

min
u,ψ

{
μ

∫
Ω

(1 − ψ)2|∇u|2dx +
ν

2

∫
Ω

(u − I)2dx + TV (ψ) +
∫

Ω

|ψ| dx

}
. (2)

In another paper, Shi et al. [18] borrowed the idea of [25] and discussed the
modified MS model with L1-norm for impulse noise:

min
ψ,u

{
μ

∫
Ω

(1 − ψ)2|∇u|2dx +
ν

2

∫
Ω

|u − I|dx + TV (ψ)
}

. (3)

The L1-norm has shown advantages in handling impulse noise such as salt-pepper
noise (see, e.g., [7,20]).

Motivated by all the above-mentioned models, here we will show how to solve
the following problem for controlling impulse noise:

min
u,ψ

{
μ

∫
Ω

(1 − ψ)2|∇u|2dx +
ν

2

∫
Ω

|u − I|dx + TV (ψ) + τ

∫
Ω

|ψ| dx

}
. (4)

In fact, the last L1 norm regularization term
∫

Ω
|ψ| dx tends to favor sparse

solution of the edge function ψ [20]. The weight τ is to balance the other terms.
By solving the proposed model (4), we can get the restored image u and detected
edges simultaneously. Here we will focus on the effect of detected edges.

An auxiliary q = ψ can be used to handle the last term and face the constraint
q = ψ by a penalty method. And we let g = u − I as a penalty term, too. So (4)
can be approximated by the following unconstrained problem:

min
u,ψ,g,q

{
μ

∫
Ω

(1 − ψ)2|∇u|2dx +
ν

2

∫
Ω

|g|dx +
ξ

2

∫
Ω

|u − I − g|2dx

+ TV (ψ) + τ

∫
Ω

|q| dx +
r

2

∫
Ω

(q − ψ)2dx

}
. (5)

The rest of the paper is organized as follows. In Sect. 2, for solving the minimiza-
tion problem, we apply the Proximity algorithm to solve (4). To demonstrate
the strengths of the proposed model and the algorithm, we make a comparison
with the Ambrosio-Tortorelli model [1] with L1-norm according to presenting
ample numerical results in Sect. 3.
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2 The Minimization Algorithm

In this section, we introduce the minimization algorithm for solving (5) and use
an iterative method for computing u, and the proximity algorithm for resolving
the binary level-set function ψ. We utilize the alternating optimization technique
to split (5) into four subproblems:

– u-subproblem: for fixed ψ,g, we solve

min
u

{
�(u) := μ

∫
Ω

(1 − ψ)2|∇u|2dx +
ξ

2

∫
Ω

|u − I − g|2dx

}
. (6)

– ψ-subproblem: for fixed u and q, we solve

min
ψ

{
�(ψ) := μ

∫
Ω

(1 − ψ)2|∇u|2dx + TV (ψ) +
r

2

∫
Ω

(q − ψ)2dx

}
. (7)

– g-subproblem: for fixed u, we solve

min
g

{
ν

2

∫
Ω

|g|dx +
ξ

2

∫
Ω

(u − I − g)2dx

}
. (8)

– q-subproblem: for fixed ψ, we solve

min
q

{
τ

∫
Ω

|q|dx +
r

2

∫
Ω

(q − ψ)2dx

}
. (9)

We can easily know the solution of (8) can be expressed as

g = (u − I) max
{

0, 1 − ν

2ξ|u − I|
}

.

Similarly, q can be given

q = ψ max
{

0, 1 − τ

r|ψ|
}

.

The detailed process can be referred to [19–21]. Next, we present the algorithms
for (6) and (7).

2.1 Fixed-Point Iterative Method for Solving u

We first consider (6). Notice that the functional in (6) is convex for fixed ψ, so it
admits a unique minimizer. The corresponding Euler-Lagrangian equation takes
the form: ⎧⎨

⎩
− 2μdiv

(
(1 − ψ)2∇u

)
+ ξ(u − I − g) = 0, in Ω,

∂u

∂n

∣∣∣
∂Ω

= 0,
(10)
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where n is the unit outer normal vector to ∂Ω. We expect ψ takes value 0
at the homogeneous region, i.e., 1 − ψ ≈ 1. So, we propose to use a fixed-
point iterative scheme based on relaxation method to solve this elliptic problem
with variable coefficients (see, e.g., [4,15] for similar ideas). We start with the
difference equation

ξui,j = 2μ[(1 − ψ)2i,j+1(ui,j+1 − ui,j) + (1 − ψ)2i,j−1(ui,j−1 − ui,j)

+ (1 − ψ)2i−1,j(ui−1,j − ui,j) + (1 − ψ)2i+1,j(ui+1,j − ui,j)]
+ ξIi,j + ξgi,j , (11)

where ui,j ≡ u(i, j) is the approximate solution of (10) at grid point (i, j) with
grid size h′ = 1 as usual. Then applying the Gauss-Seidel iteration to (11)
leads to(

2μ(CE + CW + CN + CS) + ξ
)
uk+1

i,j =

2μ
[
CEuk

i,j+1 + CW uk+1
i,j−1 + CNuk+1

i−1,j + CSuk
i+1,j

]
+ ξIi,j + ξgi,j , (12)

where

CE = (1−ψk)2i,j+1, CW = (1−ψk)2i,j−1, CN = (1−ψk)2i−1,j , CS = (1−ψk)2i+1,j .

And we implement the relaxation method to speed up the iteration (12). Let

uk+1
i,j = uk

i,j − ω1r
k+1
i,j , (13)

where ω1 > 0 is the relaxation factor, and rk+1
i,j denotes the residue obtained by

subtracting the right-hand side of (12) from the left-hand side of (12). Collecting
(13), we have the new scheme:

uk+1
i,j =

uk
i,j + ω1

(
ξIi,j + ξgi,j + 2μ[CEuk

i,j+1 + CWuk+1
i,j−1 + CNuk+1

i−1,j + CSuk
i+1,j ]

)

1 + ω1

(
2μ(CE + CW + CN + CS) + ξ

) .

(14)

2.2 Proximity Algorithm for Solving ψ

Now, let us turn to the subproblem (7). Here, we will introduce the proximity
method which has been discussed in many papers, and the interested readers are
referred to [12,13,20] and the references therein. We begin with a description of
notation used in this paper. Let H be a real Hilbert space, and h be a convex
functional on H, not identically equal to ∞. The sub-differential of h at x ∈ H
is the set defined by

∂h(x) :=
{
y ∈ H : h(z) ≥ h(x) + 〈y, z − x〉, ∀z ∈ H

}
,

where 〈·, ·〉 is the inner product of H. Then the proximity operator of h at x ∈ H
is defined by

proxh(x) : = arg min
u∈H

{1
2
‖u − x‖22 + h(u)

}
,
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where ‖v‖2 =
√〈v, v〉. The sub-differential and the proximity operator of the

function h and y ∈ H are intimately related. Specifically, for any x ∈ H, we have

y ∈ ∂h(x) if and only if x = proxh(x + y).

To solve the subproblem (7), we define

ρ(ψ) = μ

∫
Ω

(1 − ψ)2|∇u|2dx +
r

2

∫
Ω

(q − ψ)2dx. (15)

Then (7) is equivalent to

min
ψ

{
(g ◦ B)(ψ) + ρ(ψ)

}
, (16)

where (g ◦ B)(ψ) = TV (ψ) and g(·) = ‖ · ‖L1(Ω), B = ∇.
Thus if ψ ∈ H(= L2(Ω)) is a solution of (16), then for any α, β > 0, there

exists s ∈ H × H such that

ψ = prox 1
α ρ

(
ψ − β

α
B∗s

)
, (17)

and
s = (I − prox 1

β g)(Bψ + s), (18)

where B∗ is the adjoint operator of B, and I is the identity operator.
Conversely, if there exist α, β > 0, s ∈ H × H, and ψ ∈ H satisfying (17)

and (18), then ψ is a solution of model (16). So, we have

ψ = prox 1
α ρ

(
ψ − β

α
B∗s

)
= arg min

�

{
1
α

ρ(�) +
1
2

∥∥∥� − (
ψ − β

α
B∗s

)∥∥∥2

L2(Ω)

}
.

(19)
The corresponding Euler-Lagrangian equation of (19) is:

� − M1 +
1
α

{ − 2μ(1 − �)|∇u|2 + r(� − q)
}

= 0,

where
M1 = ψ − β

α
B∗s.

Equivalently, we get

� =
rq + 2μ|∇u|2 + αM1

α + r + 2μ|∇u|2
(19)
= ψ. (20)

Now we will find s in (20) (i.e., in M1). Equipped with [12], we obtain:

s = (Bψ + s) − max
{|Bψ + s| − 1/β, 0

} · sign(Bψ + s). (21)

That means we solve ψ by the following iteration scheme:

ψn+1 =
rqn + 2μ|∇un+1|2 + α

(
ψn − β

αB∗sn
)

α + r + 2μ|∇un+1|2 . (22)
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After summarizing, we get the Proximity Algorithm for (5).

Proximity Algorithm

1. Initialization: set s0 = 0, and input ψ0, u0, g0, μ, ν, ξ, α, β, ω1, r, τ.
2. For n = 0, 1, · · · ,

(i) Update un+1 using the iteration scheme (14) with initial value un and
ψn (in place of ψ);

(ii) Update qn by
qn = ψn max

{
0, 1 − τ

r|ψn|
}

.

(iii) Update gn by

gn = (u − I)n max
{

0, 1 − ν

2ξ|(u − I)n|
}

.

(iv) Update ψn+1 using the iteration scheme (22).
(v) Update sn+1 by

sn+1 = (Bψn+1+sn)−max
{|Bψn+1+sn|−1/β, 0

} · sign(Bψn+1+sn).

3. Endfor till some stopping rule meets.

As with the previous algorithm, the iteration in Step 2 (i) can be ran for
several times. Huang et al. [8] showed that the alternating direction method
(ADM) with exactly solving inner subproblems enjoys a linear convergence in
the context of variational image restoration. As with [20], such a convergence
theorem can be observed for our new model (5). The only difference is the
substitution of Ii,j + gi,j for Ii,j in the progress of proof.

Theorem 1. The sequence {uk}k�0 (resp. {ψk}k�0) generated by the inner
iterative scheme (14)(resp. (22)) converges to the solution of the problem (6)
(resp. (7)).

Theorem 2. Let (u∗, ψ∗) be the pair of minimizers of the subproblems (6)-(7).
Given ω1 in the Proximity algorithm, we have

lim
n→+∞ �(ψn) = �(ψ∗), lim

n→+∞ �(un) = �(u∗).

Moreover, if the pair of minimizers is unique, we get

lim
n→+∞ ‖ψn − ψ∗‖ = 0, lim

n→+∞ ‖un − u∗‖ = 0.

3 Numerical Experiments

In this section, we present the new AT model equipped with L1-norm and provide
ample numerical results to compare the relevant two algorithms.
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3.1 Algorithm for Ambrosio and Tortorelli Model

We first give the AT model with L1-norm as the fidelity term:

EAT (u, v) = μ

∫
Ω

(v2+oε)|∇u|2dx+
ν

2

∫
Ω

|u−I|dx+
∫

Ω

(
ε|∇v|2+ 1

4ε
(v−1)2

)
dx,

(23)
where ε is a sufficient small parameter, and oε is any non-negative infinitesimal
quantity approaching 0 faster than ε. Shah [17] considered replacing the first
term of the above model (23) with L1-functions.

Similarly, we set g = u − I by a penalty method. Then equation (23) can be
approximated as follows:

EAT (u, v, g) = μ

∫
Ω

(v2 + oε)|∇u|2dx +
ν

2

∫
Ω

|g|dx

+
ξ

2

∫
Ω

|u − I − g|2dx +
∫

Ω

(
ε|∇v|2 +

1
4ε

(v − 1)2
)
dx, (24)

As mentioned like foregoing, we need to solve the following subproblems of
the AT model (24) :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u =
2μ

ξ
div

[
(v2 + oε)∇u

]
+ I + g, in Ω,

v
( 1

4ε
+ μ|∇u|2

)
= εΔv +

1
4ε

, in Ω,

g = arg min
g

ν

2

∫
Ω

|g|dx +
ξ

2

∫
Ω

|u − I − g|2dx, in Ω,

∂u

∂n
=

∂v

∂n
= 0, on ∂Ω.

(25)

We solve u by the iterative scheme:

un+1
i,j =

un
i,j + ω3

(
ξIi,j + ξgi,j + 2μ[CEun

i,j+1 + CWun+1
i,j−1 + CNun+1

i−1,j + CSun
i+1,j ]

)

1 + ω3

(
2μ(CE + CW + CN + CS) + ξ

) ,

(26)

where ω3 > 0 is the relaxation factor and

CE = (vn)2i,j+1+oε, CW = (vn)2i,j−1+oε, CN = (vn)2i−1,j+oε, CS = (vn)2i+1,j+oε.

We solve v by the fixed-point iteration:

vn+1
i,j =

vn
i,j + ω4

(
1
4ε + ε(vn

i+1,j + vn+1
i−1,j + vn+1

i,j−1 + vn
i,j+1)

)
1 + ω4( 1

4ε + 2μ|∇un+1
i,j |2 + 4ε)

, (27)

where ω4 > 0 is the relaxation factor. And for fixed u, g can be given

g = (u − I) max
{

0, 1 − ν

2ξ|u − I|
}

. (28)
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Now, we present the full algorithm as follows.

AT Algorithm

1. Initialization: set oε = εp̂(p̂ > 1), and input u0, v0, g0, μ, ν, ξ, p̂, ε, ω3, ω4.
2. For n = 0, 1, · · · ,

(i) Update un+1 by (26);
(ii) Update vn+1 by (27).
(iii) Update gn+1 by (28).

3. Endfor till some stopping rule meets.

3.2 Comparisons

Next, we compare the following two algorithms: the AT algorithm stated above
and the Proximity algorithm. Here, we set the stopping rule by using the relative
error

E(un+1, un) := ‖un+1 − un‖2 ≤ η, (29)

where a prescribed tolerance η > 0. The choice of the parameters are specified
in the captions of the figures.

Fig. 1. Column 1: Original images; Column 2: edges detected by the Proximity algo-
rithm; Column 3: edges detected by the AT algorithm.
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Fig. 2. Column 1: Noisy images contaminated by salt and pepper noise with σ = 0.04;
Column 2: edges detected by the Poximity algorithm; Column 3: edges detected by the
AT algorithm.

In the first experiment, we test three real clean images (see Fig. 1), and
generally choose the same parameters in the Proximity algorithm and the AT
algorithm with

μ = 3 × 104, ν = 1, ω1 = 5 × 10−4, r = 3 × 104, η = 1 × 10−6, ξ = 5 × 103

and α = 0.01, β = 0.01, τ = 1 in the Proximity algorithm and ε = 0.01, p̂ = 2 in
the AT algorithm, respectively. Shi [20] showed the robustness of the parameters
for the model there. Here, we have tested many parameters for different images,
our model also keeps the robustness property. We present three original images
and the edges detected by the above two different algorithms in Fig. 1. From the
figures, we observe that our new model (5) outperforms the AT model. Because
the proposed Proximity algorithm can detect all the meaningful edges, and the
edges are more continuous and clear than the AT model.

In the second experiment, we turn to the comparison of the above two algo-
rithms for the noisy images in Fig. 2 (salt-pepper noise with σ = 0.04). In this
situation, solving u equation usually not only need one iteration in order to
smooth the noisy image. We choose ξ = 1.5 × 103, and other parameters are
the same as the previous examples. Figure 2 shows the noisy images and the
detected results obtained by the two different algorithms. Obviously, our new
model using the Proximity algorithm yields more meaningful edges, but the AT
model smoothes some details of the edges. Different types of noise will be dis-
cussed in the following paper.
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