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Abstract. Shape-based image recognition is a key technology in computer
vision, and Fourier descriptor (FD) is one important way to describe such
images. FD uses the Fourier Transform of the contour coordinate as eigenvector
to describe the image contour property. However, it can only show the contour
property, but may fail to distinguish images with the same contour but different
content. And the length of FD varies with the size of the image. In this paper,
a modified Fourier descriptor (MFD) is proposed, which is invariant with
translation, rotation, and scaling of the image. It takes both the contour property
and the content into consideration. A 2D shape-based image can be represented
by a one-dimensional discrete array with constant length, which makes it con-
venient to recognize different images. To prove the efficiency of the proposed
algorithm, we have applied it to shape recognition experiments and got rea-
sonable results.

Keywords: Image recognition � Fourier descriptor � Shape-based image �
Contours and content � Cyclic shifting array

1 Introduction

Description of shape-based image plays a key role in visual recognition application,
such as optical character recognition and landmark recognition. Researchers have been
working on developing 2D invariant descriptors for a long time. Hu moment descriptor
[1] and Zernike moment descriptor [2] are based on content description, however, both
of them have some limitations. In fact, the contours provide more information for
shape-based image recognition. So, some researchers work on developing contour-
based descriptors that show the global property of shape-based image [3]. In 1993,
Niblack et al. proposed eccentricity and circularity descriptor [4]. Fourier Descriptor
(FD) was proposed based on Fourier transform of the coordinate of the contours [5, 6],
but FD varies with the raw image. In order to solve this problem many promotion
descriptors based on FD was proposed, but there are some problems remain unsolved
[7, 8]. Firstly, most descriptors only fit for the binary images but not the gray images.
Secondly, most descriptors don’t keep invariant with respect to the translation, rotation,
and scaling of original image. Besides, there is another problem we can’t neglect: there
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are so many shape-based images have the same contour but different content, such as
traffic signs. So, it is necessary to consider both the contour and the content of the raw
images.

In this paper, a modified Fourier Descriptor (MFD) is proposed. Different from the
FD, the MFD combines the contour and content together. And the length of the MFD
vector is constant, which hints that MFDs of different images is easily compared. Since
the 2D image is inconvenient to deal with, a new method that converts 2D image to 1D
discrete array is proposed, some information may lost in this progress but it doesn’t
affect the recognition [9]. The proposed MFD can both applied in binary image rec-
ognition and gray image recognition [10].

In visual recognition, a robust descriptor should keep invariant with respect to the
translation, rotation, and scaling, of original image. The proposedMFD is such a robust
descriptor. We use it as eigenvector of the shape-based images, and the main process to
extract the descriptor from image is shown as follows:

Firstly, we have to do some pre-processing with the original image, the true color
image has to be converted to gray image. Secondly, we set a coordinate on the
shape-based image, and the origin of coordinates is determined by the image. Then an
assumed radial from the origin of coordinates, scans the image from angle 0 degree to
360 degrees, thus we get two arrays: C360 and V360. Each element in C360 stands for the
distance from the origin to the contour in a specific direction, and the element in V360 is
the average pixel value in the same direction. After being normalized to region [0,1],
we use the C360 as the real part and the V360 as the imaginary part, then a composite
number array M360 is yielded, and the MFD is the magnitude of the Fourier Transform
of array M360.

The following of the paper is organized as follows: The details of computing MFD
from original image are shown in Sect. 2. Invariant property with respect to the
translation, rotation, and scaling are proved in Sect. 3. Our experiments are in Sect. 4,
followed with the discussion. Conclusion is shown in Sect. 5.

2 MFD Construction from the Original Image

Main feature of shape-based image is on two aspects, namely the contour and the
content. The MFD contains both of them. For convenience, before constructing the
MFD, the original image has to be converted to gray-image if it is a true color image.

2.1 Construction of Coordinate System

In preparation for the later work, we construct a coordinate system based on raw image,
and the original point Oðx0; y0Þ is defined as follows:
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Where f ðx; yÞ is the pixel value of the original image at point ðx; yÞ. Since the back-
ground color is usually white, to eliminate its interference, we do inversion on the raw
image, i.e. we use 255-f ðx; yÞ for every pixel. The direction of the X axis is rightwards
and the direction of the Y axis is downwards. This process is similar with finding the
centroid in Hu moment. An example is shown as Fig. 1.

2.2 Construction of Arrays C360 and V360 to Describe the Contour
and Content of the Shape-Based Image

Assume a radial starts from the origin, with initial angel θ = 0, in the direction of this
radial, we find out the distance between the origin and the contour, the distance is saved
in array C360, meanwhile, we compute the average value of pixels on this radial, and
the value is saved in array V360. The process is shown as Fig. 2.

X

Y

O

Fig. 1. Coordinate system based on the gray image

(a) (b)

Fig. 2. The process to get arrays C360 and V360 is shown in (a), and the result is shown in (b).
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2.3 Compute MFD According to Array C360 and V360

As we can see, the array C360 and V360 will change if the original image has changed in
scale, and rotation. We have to construct an invariant descriptor by using C360 and
V360.

Similar with FD descriptor, a composite number array M360 is constructed from
C360 and V360. Assume C360 = [c1, c2… c360], V360 = [v1, v2… v360], M360 = [m1, m2…
m360]. Each element in M360 is computed as follows:

c0i ¼ ci=maxðC360Þ
v0i ¼i =maxðV360Þ i ¼ 1; 2 � � � 360
mi ¼ c0i þ v0i � j

ð2Þ

According to Eq. (2), both the real part and the imaginary part values are within 0 to
1. The MFD is the magnitude of Discrete Fourier Transform (DFT) of the composite
number array M360, that is:

xðkÞ ¼ DFT ½M360�N ¼
XN�1

n¼0

mie
�j2pN kn

MFD ¼ ½ xð1Þj j; xð2Þj j � � � xðNÞj j�
ð3Þ

N is the length of the array. In order to promote the visualization, mi is updated as
Eq. (4) before computing the DFT of M360. The principal component would be moved
to the center. Taking the data in Fig. 2 for example, the MFD is shown in Fig. 3.

mi ¼ mi � ð�1Þi ð4Þ

Fig. 3. MFD of the image in Fig. 2(a). The chart below is part of the chart above after being
zoomed up.
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3 Proof for Invariant Property with Respect
to the Translation, Scaling, and Rotation

The proposed MFD is invariant with respect to the translation, scaling, and rotation of
the original image. It will be demonstrated in this section.

3.1 Invariant with Respect to Translation

The MFD remains unchanged when the original image has translation. It can be
explained from construction of the coordinate. Suppose the image has a translation
ds ¼ ½dx; dy�, according to the Eq. (1), the origin will be updated as follows:

xi0 ¼

P
x

P
y
ððxþ dxÞ � f ðx; yÞÞP
x

P
y
f ðx; yÞ ¼ x0 þ dx
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x

P
y
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x

P
y
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ð5Þ

We can see that the coordinate moves as well, it hints that the relative coordinate
relationship between the origin point and the image is unchanged. If we still compute
the MFD according to method mentioned in Sect. 2, the discrete array C360 and V360

keep unchanged, so the proposed MFD is invariant with respect to the translation.

3.2 Invariant with Respect to Scaling

The distance from the origin to the contours will change when the image has scaling. In
order to keep the MFD stable, we have normalized the array C360 to interval [0,1], as
shown in Eq. (2), by this means, the real part of array M360 will not be influenced by
the scale of original image.

As for the array V360, the elements in it are the average value of pixels on a specific
radial, when the image is zoomed up or zoomed down, the total number of the pixels
will change, however, the value change of these pixels could be regarded as linear
interpolation, which hints that the average value will hardly change when the original
image changes in scaling.

According to the analysis above, the array M360 will not change even if the original
image has been zoomed up or zoomed down, which meansMFDwill not change as well.

3.3 Invariant with Respect to Rotation

The array C360 and V360 will change when the original image have rotation, suppose
the image has a rotation of φ degree, then the array C360 and V360 will have a corre-
sponding cyclic shifting. Thus, the C360 and V360 can be regarded as cyclic shifting
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array, so is array M360, and the MFD is the magnitude of discrete Fourier Transform of
the cyclic shifting array. What should be done is to prove the magnitude of discrete
Fourier transform of the cyclic shifting array is constant.

Definition of DFT. Supposed the length of discrete array x(n) is N, the N points DFT
of x(n) is defined as follows:

XðkÞ ¼ DFT ½xðnÞ�N ¼
XN�1

n¼0

xðnÞe�j2pN kn ð6Þ

Where k = 1, 2…N. For simplicity, assume WN ¼ e�j2pN , and Eq. (6) can be rewritten as:

XðkÞ ¼ DFT ½xðnÞ�N ¼
XN�1

n¼0

xðnÞWkn
N ð7Þ

DFT of Cyclic Shifting Array. Suppose the length of finite array x(n) is N, and y(n) is
N-m bits cyclic displacement array of x(n), i.e.

yðnÞ ¼xnðmþ nÞRnðnÞ

RNðnÞ ¼
1 0� n�N n ¼ 0; 1. . .N � 1

0 others

(
ð8Þ

Where m � N. Then the N points DFT of y(n) is:

YðkÞ ¼
XN�1

n¼0

yðnÞWnk
N ¼

XN�1

n¼0

~xNðmþ nÞWnk
N ð9Þ

Where k = 1, 2…N . Assume l = m+n, then we can get:

YðkÞ ¼
XN�1þm

l¼m

~xNðlÞWkðl�mÞ
N ¼ W�km

N

XN�1þm

l¼m

~xNðlÞWkl
N ð10Þ

For every certain k, we can get the equation:

~xNðlÞWkl
N ¼ ~xNðlþ NÞWkðlþNÞ

N ð11Þ

That means ~xNðlÞWkl
N has a cycle of N. For a cyclic array, the sum of arbitrary cycle

is equal, no matter where the cycle starts. Then we can get Eq. (12) as follows:

XN�1þm

l¼m

~xNðlÞWkl
N ¼

XN�1

l¼0

~xNðlÞWkl
N ¼ XðkÞ ð12Þ
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Combining the Eq. (10), we can get:

YðkÞ ¼ DFT ½yðnÞ�N ¼ W�km
N XðkÞ ð13Þ

At last, we can get the result as follows:

YðkÞj j ¼ XðkÞj j ð14Þ

As demonstrated above, the magnitude of discrete Fourier Transform of the cyclic
shifting array is constant. That means that the MFD is invariant with respect to the
rotation of the original image.

4 Experiment and Discussion

Experiments will be shown in this part. Firstly, the MFDs of same shape-based images
but with different translation, scaling, and rotation will be compared. Secondly, the
MFDs of different shape-based images are compared, followed by the discussion about
the experiments.

4.1 Test on Same Shape-Based Image

In order to demonstrate the robustness of the MFD, Tests on the same shape-based
image with different translation, scaling, and rotation were carried out.

Test for Translation. As is shown in Fig. 4, there are two images in (a), one of them
is the original image, and the other one has a translation of ds = [dx,dy] = [50,50]. The
two images are of the same size but not obvious because the background is white, and
the black edge occurs for reason that blank caused by translation is filled by black.
Meanwhile, the pixels out of the original image region are cropped. Their MFDs are
shown in Fig. 4(b) and Fig. 4(c).

Test for Scaling. As shown in Fig. 5, there are two images in (a), one is the original
image and the other has been zoom up to 1.3 times of the original size. Array C360 and
V360 are shown in Fig.5(b), and the MFDs is shown in Fig. 5(c) and Fig. 5(d).

Test for Rotation. As shown in Fig. 6(c), the 3 images have different rotation angles
from the left to right, 0 degree, 60 degrees, and 120 degree respectively. It can be seen
that the array C360 and V360 differ from each other. But the MFDs are still the same.
There are three lines in Fig. 6(b) but they overlap each other.

4.2 Test on Different Shape-Based Images

According to the experiments above, it can be concluded that the MFD is robust on the
same shape-based image with different translation, scaling or rotation. For different
images, the MFDs of them should have great difference. Such experiments have been
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Fig. 5. MFDs of 2 images in (a), the red line is corresponding to the original image, and the blue
line is corresponding to the image with translation. The array C360 and V360 are shown in (b), the
MFDs are shown in (c), and their principal components are shown in (d).
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Fig. 4. MFDs of 2 images in (a), the red line is corresponding to the original image, and the blue
line is corresponding to the image with translation. The MFDs are shown in (b), and their
principal components are shown in (c).
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carried out. Though the MFDs sometimes are very similar, the difference is still enough
to help us distinguish different shape-based images.
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Fig. 6. MFDs of 3 images in (c), the red line is corresponding to the original image, the blue line
is corresponding to the image with rotation 60 degrees, the purple line is corresponding to the
image with rotation 120 degrees. The array C360 and V360 are shown in (a), the MFDs and their
principal components are shown in (b).
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As shown in Fig. 7(a), some of the test images are listed, most of them are logos.
Take the first 5 images in Fig. 7(a) for example, their MFDs are shown in Fig. 7(b), as
we can see, though the data trend is similar, the difference is totally enough to help us
distinguish them. Their principal components are totally different.

4.3 Discussion About the Experiments

As a global descriptor, the proposed MFD takes both the contour and the content into
consideration. Experiments prove its robustness. The MFD hardly changes no matter
how the original image translates, zooms, or rotates. Meanwhile, the MFDs of different
images are greatly different [11].

There are some factors that can affect the efficiency of the MFD. On the one hand,
the interpolation methods may more or less have influence on the discrete array V360,
so the MFD of the image is also influenced. In our experiment, the interpolation
method is bilinear interpolation. What is worth mentioning is that, no matter which
interpolation method is applied, the alteration of array V360 is so little that MFD hardly
change. On the other hand, the rotation angle also has influence on the MFD. In the
construction of C360 and V360, the sampling interval is 1 degree, if the real rotation
angle is decimal, the new array C360 and V360 are not the cyclic shift array of the
original arrays strictly. But it doesn’t matter in most cases, the error caused by this
factor is so limited that it doesn’t affect the recognition.

There is also a limitation of the proposed MFD, if we want to get the MFD of an
image, the background has to be simple, that means the image segmentation has to be
done in advance [12]. So the MFD is more suitable for simple image recognition, such
as traffic sign recognition or logo recognition.

5 Conclusion

A novel MFD is proposed in this paper, based on the Fourier descriptor, the proposed
MFD takes both the contour and the content into consideration. Two discrete arrays
C360 and V360 are constructed according to the thought of circular sampling, and then
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Fig. 7. (a) is some of the test images. (b) is the MFDs of the first 5 images in (a).
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MFD can be generated by normalization of C360 and V360. The MFD is invariant with
respect to the translation, rotation, and scaling of original image, which has already
been proved in this paper. Experiments on a large amount of shape-based images are
carried out, and the results proved the robustness of the proposed MFD.
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