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Abstract. We prove that the angle between any two Minkowski-reduced
basis vectors is more than π/3; if the orthogonal defect of 3-dimension
lattice is less than 2/

√
3, the Minkowski-reduced basis of the lattice is

π/3-orthogonal; if a weakly θ-orthogonal basis for a lattice with θ � π/3
has been ordered by the Euclidean norm of the vectors, and the minimum
length ratio maximum length is more than 2 cos θ, the basis is Minkowski
reduced. We improve an algorithm used in JPEG CHEst by changing it
from heuristic one to deterministic one, furthermore we add a constraint
to reduce the number of unimodular matrix that need to determine.
abstract environment.
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1 Introduction

The theory of reduction of positive definite quadratic forms was introduced by
Hermann Minkowski in 1905 [1]. This theory is one of the essential foundations
of the geometry of numbers, while another is the lattice theory. The structure
of lattice is widely studied. In [2], the authors study the lattices of A and E
styles. In [3], the authors study the covering dimension for the class of the finite
lattices. A lattice is a discrete additive subgroup of Rn. Any lattice has a lattice
basis, i.e., a set {b1, · · · , bm} of linearly independent vectors such that the lattice
is the set of all integer linear combinations of the bi’s:

L(b1, · · · , bm) = {
m∑

i=1

xibi|xi ∈ Z, 1 ≤ i ≤ m}.
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In lattice theory, an important thing is lattice basis reduction. Roughly speaking,
a reduced basis is a basis made of almost orthogonal vectors which are reason-
ably short. This problem is known as lattice reduction and can intuitively be
viewed as a vectorial generalization of gcd computation [4]. There exist many
different notions of reduction, such as those of Hermite, Minkowski, Hermite-
Korkine-Zolotarev, Lenstra-Lenstra-Lovsz. Among these, the most intuitive one
is perhaps Minkowskis, and up to dimension four it is arguably optimal compared
to all other known reductions, because it reaches all the so-called successive min-
ima of a lattice [4]. Finding good reduced bases has been proved to be important
in many fields of computer science and mathematics.

In [5], Neelamani, Dash and Baraniuk define a lattice basis to be θ-orthogonal
if the angle between any basis vector and the linear subspace spanned by the
remaining basis vectors is at least θ, and if θ is at least π

3 -radians, they call
the θ-orthogonal basis “nearly orthogonal” [6]. Because they have proved that
a shortest non-zero lattice vector is always contained in a π

3 -orthogonal basis,
then SVP for a given π/3-orthogonal basis is trivial. In [6], Dash, Neelamani,
and Sorkin prove additional properties of π

3 -orthogonal bases. They show that
the basis is Minkowski reduced for some ordering of the vectors, if all vectors of
a θ-orthogonal

(
θ > π

3

)
basis have lengths no more than 2

cos θ times the length of
the shortest basis vector. In this point, we find that if the weakly θ-orthogonal
basis vectors rather than θ-orthogonal basis for a lattice L with θ � π

3 are
ordered by their lengths, the shortest vector length ratios the maximum vector
length is more than 2 cos θ, then the basis is Minkowski reduced. We also find
that the angle between any two Minkowski-reduced basis vectors is more than π

3 .
In 3-dimension lattice, we find that if the orthogonal defect is less than 2√

3
, the

Minkowski-reduced basis is π
3 -orthogonal. We also find some intuitive relations

between Minkowski-reduced basis and orthogonal defect of lattice.
The settings used during the previous JPEG compression and decompres-

sion, such as the color transformation matrix, and the quantization table will
be stored in the JPEG compressed file format and be discarded after decom-
pression. We refer to such previous JPEG compression settings as the images
JPEG compression history [5]. The compression history is lost during opera-
tions such as conversion from JPEG format to BMP or TIFF format, while it
can be used for JPEG recompression, for covert message passing, or to uncover
the compression settings used inside digital cameras [7]. In [5], Neelamani, Dash,
and Baraniuk give a heuristic algorithm which solved the JPEG CHEst. We find
that all the color-transform matrices orthogonal defect which were tested in [5]
are less than 2√

3
, and the Minkowski-reduced bases of the lattices spanned by

them are π
3 -orthogonal. We use the greedy algorithm [4] to find the Minkowski-

reduced bases, and add a constraint when enumerating the unimodular matrix.
The improved algorithm is deterministic algorithm.

The paper is organized as follows. Section 2 provides some basic defini-
tions and well-known results about nearly orthogonal basis, formally states our
result on Minkowski-reduced basis and orthogonal defect. Section 3 describe the
improvement of algorithm. Section 4 is the conclusion.
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2 The Relations Between Minkowski-Reduced Basis and
Nearly Orthogonal Basis

2.1 Some Definitions

Consider an m-dimensional lattice in R
n, m � n. By an ordered basis of L, we

mean a basis with a certain ordering of the basis vector, we use the brace (.,.) for
ordered sets and {., .} otherwise, just like Neelamani, Dash and Baraniuk have
done in [5]. For vectors u, v ∈ R

n, we use 〈u, v〉 to denote the inner product and
‖v‖ to denote the Euclidean norm of a vector v. Let B1 and B2 (when treated as
n×m matrices) be any two bases of L, there exists a unimodular matrix U (i.e.,
a m × m matrix with integer entries and determinant ±1) such that B1 = B2U .

The shortest vector problem (SVP) and the closest vector problem (CVP) [8]
are most important computational problems of lattice problems. An appealing
class of problems involves finding closest and shortest vectors in lattices. The
shortest vector problem (SVP) is to find a shortest nonzero vector in L and the
closet vector problem(CVP) is that given a vector t ∈ R

n not in L, find a vector
in L that is closest to t. The general CVP is known to be NP-hard and the SVP
is NP-hard under a randomized reduction hypothesis.

Neelamani et al. define a lattice basis to be weakly θ-orthogonal, θ-orthogonal
and nearly orthogonal [5]. Minkowski gave the notion of Minkowski reduction in
1896. Minkowski reduction is the most intuitive one among all known reduction,
and up to dimension four it is arguably optimal, because it reaches all the so-
called successive minima of a lattice [4]. We revisit the definitions and give the
relations between them.

Definition 1. (Weak θ-orthogonality) [5]. An ordered set of vectors
(b1, b2, · · · , bm) is weakly θ-orthogonal if for i = 2, 3, · · · ,m, the angle between
bi and the subspace spanned by {b1, b2, · · · , bi−1} lies in the range

[
θ, π

2

]
. That is,

cos−1

(
|〈bi,

∑i−1
j=1 αibi〉|

‖bi‖ · ‖∑i−1
j=1 αibi‖

)
≥ θ,

for all αj ∈ R with
∑

j |αj | > 0.

If a basis is a weakly θ-orthogonal basis, at first, it is ordered, secondly, the angle
between any two basis vectors is more than θ.

Definition 2. (θ-orthogonality) [5]. A set of vectors {b1, b2, · · · , bm} is θ-
orthogonal if every ordering of the vectors yields a weakly θ-orthogonal set.

Definition 3. (Nearly orthogonal) [5]. A θ-orthogonal basis is deemed to be
nearly orthogonal if θ is at least π

3 radians.

We do not expect all rational lattices to have such bases because this would
imply that NP=co-NP [5]. For example, the basis:

B =

⎡

⎣
1 0 1

2
0 1 1

2
0 0 1√

2

⎤

⎦
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span the lattice L, but L does not have any weakly π
3 -orthogonal basis.

Definition 4. (Successive minimum) [9]. Let L be a lattice of rank m. For i ∈
{1, · · · ,m}, we define the ith successive minimum as:

λi(L) = inf
{
r
∣∣dim(span(L ∩ B(0, r))) ≥ i

}
,

where
B(0, r) =

{
x ∈ R

n
∣∣‖x‖ � r

}

is the closed ball of radius r around 0.

Definition 5. (Orthogonal Defect) [10]. The orthogonal defect of a latticxe basis
{b1, b2, · · · , bm} is ∏m

i=1 ‖bi‖
|det([b1, b2, · · · , bm])| ,

with det denoting determinant.

Definition 6. (OD-r-orthogonality). Let r ∈ R, a set of vectors {b1, b2, · · · , bm}
is OD-r-orthogonal if the orthogonal defect is at most r.

Definition 7. (Minkowski reduced) [6]. An ordered basis (b1, b2, · · · , bm) is
Minkowski reduced if b1 is a shortest lattice vector, and for i ∈ {2, 3, · · · ,m}, bi

is a shortest vector among all the lattice vectors b̃i s.t. {b1, b2, · · · , bi−1, b̃i} can
be extended to a complete lattice basis.

A basis of a m-dimensional lattice that reaches the m minima must be Minkowski
reduced, but a Minkowski-reduced basis may not reach all the minima, except
the first four ones: if (b1, b2, · · · , bm) is a Minkowski-reduced basis, then we have

‖bi‖ = λi(L), 1 � i � min(d, 4),

but the best theoretical upper bound known for ‖bd‖/λd(L) grows exponentially
in d. Therefore, a Minkowski-reduced basis is optimal in a natural sense up to
dimension four. There is a classical result states that the orthogonal defect of a
Minkowski-reduced basis can be upper-bounded by a constant that only depends
on the lattice dimension.

2.2 Some Results

Theorem 1. [5] Let B = (b1, b2, · · · , bm) be an ordered basis of a lattice L. If
B is weakly

(
π
3 + ε

)
-orthogonal, for 0 � ε � π

6 , then a shortest vector in B is a
shortest non-zero vector in L. More generally,

minj∈{1,2,··· ,m}‖bj‖ � ‖
m∑

i=1

uibi‖,

for all ui ∈ Z with
∑m

i=1 |ui| � 1, with equality possible only if ε = 0 or∑m
i=1 |ui| = 1.
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From Theorem 1, we conclude that if θ � π
3 , the weakly θ-orthogonal lattice basis

contain a shortest lattice vector, so, it is not easier to find a weakly θ-orthogonal
lattice basis

(
θ � π

3

)
than to find the shortest vector.

Corollary 1. [5] If 0 < ε � π
6 , then a weakly

(
π
3 + ε

)
-orthogonal basis contains

every shortest non-zero lattice vector(up to multiplication by ±1).

Theorem 2. [5] Let B = (b1, b2, · · · , bm) be a weakly θ-orthogonal basis for a
lattice L with θ > π

3 . For all i ∈ {1, 2, · · · ,m}, if
‖bi‖ < η(θ)minj∈{1,2,··· ,m}‖bj‖,

with

η(θ) =
√

3
sin θ +

√
3 cos θ

,

then any π
3 -orthogonal basis comprises the vectors in B multiplied by ±1.

This means that when the lengths of its basis vectors are almost equal, a nearly
orthogonal basis is essentially unique.

Theorem 3. [5] Let B = (b1, b2, · · · , bm) and B̃ be two weakly θ-orthogonal
bases for a lattice L, where θ > π

3 . Let U = (uij) be a unimodular matrix such
that B = B̃U .

κ (B) =
(

2√
3

)m−1

× maxi∈{1,...,m} ‖bi‖
mini∈{1,...,m} ‖bi‖ ,

then |uij | � κ (B) , for all i and j.

From Theorem 3, we know that if a weakly π
3 -orthogonal basis vectors transform

into another weakly orthogonal basis by a unimodular matrix, the coefficient of
unimodular matrix will be small.

Theorem 4. [6] Let B = b1, b2, · · · , bm be a θ-orthogonal basis for a lattice L
with θ � π

3 . Further, suppose that

mini‖bi‖
maxi‖bi‖ � 2 cos θ.

Then some ordering of the basis is Minkowski reduced.

The proof of Theorem4 is omitted, the detail can be found in [6]. From Theo-
rem 4, we can quickly get the Theorem 5 whose conditions are not harder than
Theorem 4.

Theorem 5. Let B = (b1, b2, · · · , bm) be a weakly θ-orthogonal basis for a lattice
L with θ � π

3 , and it has been ordered by the Euclidean norm of the vectors, if

mini‖bi‖
maxi‖bi‖ � 2 cos θ,

then B = (b1, b2, · · · , bm) is Minkowski reduced.
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Theorem 6. Let B = (b1, b2, · · · , bm) be a Minkowski-reduced basis for a lattice
L, the angle between bi and bj is θij, for all i, j ∈ {1, 2, · · · ,m}, i 
= j, then
|cosθij | � 1

2 .

Proof. By the definition of Minkowski-reduced basis, we have

‖b1‖ � ‖b2‖ � · · · � ‖bm‖.

For any i < j, we have
‖bj‖ � ‖bi + bj‖,

‖bj‖2 � ‖bi + bj‖2 = ‖bi‖2 + ‖bj‖2 + 2〈bi, bj〉.
Delete the ‖bj‖2 from two sides of inequality, we have

‖bi‖2 + 2〈bi, bj〉 � 0,

then ∣∣ 〈bi, bj〉
‖bi‖ · ‖bj‖

∣∣ �
∣∣ 〈bi, bj〉

‖bi‖2
∣∣ � 1

2
.

Theorem 7. If the orthogonal defect of 3-dimension lattice L is less than 2√
3
,

then there exits ε > 0 such that the Minkowski-reduced basis of the lattice is(
π
3 + ε

)
-orthogonal.

Proof. Let B = {b1, b2, b3} be the basis whose orthogonal defect is smaller than
2√
3
. Let us define the angle between b1 and b2 is θ12, the angle between b3 and

the subspace spanned by {b1, b2} is θ3−12. Because

det(L) = ‖b1‖ · ‖b2‖ · ‖b3‖ · sin θ12 · sin θ3−12,

we can get that

‖b1‖ · ‖b2‖ · ‖b3‖
det(L)

=
1

sin θ12 · sin θ3−12
<

2√
3
,

i.e.

sin θ12 · sin θ3−12 >

√
3

2
.

Let {m1,m2,m3} be the Minkowski-reduced basis of the lattice L, from the
definition of Minkwoski-reduced basis, we have that

‖m1‖ = λ1(L), ‖m2‖ = λ2(L), ‖m3‖ = λ3(L).

Let the angle between m1 and m2 be ϕ12, and the angle between m3 and the
subspace spanned by {m1,m2} be ϕ3−12. The same as above,

‖m1‖ · ‖m2‖ · ‖m3‖ · sin ϕ12 · sin ϕ3−12 = det(L).

Because
‖m1‖ · ‖m2‖ · ‖m3‖ � ‖b1‖ · ‖b2‖ · ‖b3‖,
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then

sin ϕ12 · sin ϕ3−12 � sin θ12 · sin θ3−12 >

√
3

2
.

Obviously,

sin ϕ12 
=
√

3
2

,

otherwise,
sin ϕ3−12 > 1,

thus

sin ϕ12 >

√
3

2
.

At the same time, sin ϕ12 � 1, we have

sin ϕ3−12 >

√
3

2
,

i.e.
ϕ3−12 >

π

3
.

Thus the Minkowski-reduced basis is weakly
(

π
3 + ε

)
-orthogonal. Because during

the period of comparing the size of ‖m1‖ · ‖m2‖ · ‖m3‖ and ‖b1‖ · ‖b2‖ · ‖b3‖,
we need not consider the order of the basis, thus we can conclude that the
Minkowski-reduced basis is

(
π
3 + ε

)
-orthogonal.

We have known of some properties of the weakly θ-orthogonality, θ-orthogonality,
nearly orthogonality, orthogonal defect and the Minkowski-reduced basis. It is
easy to induce the relations between them:

(i) Let B = (b1, b2, · · · , bm) be a weakly θ-orthogonal basis for a lattice L, then
B is (sin θ)1−n-orthogonal basis.

(ii) Changing the ordering of the basis vectors will change the weakly θ-
orthogonality , but will not change the OD-r-orthogonality.

(iii) Let B = (b1, b2, · · · , bm) be a OD-r-orthogonal basis for a lattice L, then B
is arcsin 1

r -orthogonal basis.

3 JPEG Compression History Estimation (CHEst)

In this section, we briefly describe the JPEG CHEst problem firstly; secondly,
we describe the algorithm that Neelamani et al. gives in [5]; thirdly, we apply
the properties of orthogonal defect of color-transform matrix and give a Deter-
ministic algorithm.
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3.1 JPEG CHEst Problem Statement

In [5,11], the authors discussed the JPEG CHEst problem as follows:
Given a decompressed image

Pd = {CQ1Pc,1, CQ2Pc,2, · · · , CQkPc,k}, C ∈ R
3×3

which is a color-transform matrix, the columns of C form a different basis for the
color space spanned by the R, G and B vectors. P is the image and is mapped
to C−1P . Choose a diagonal, positive and integer quantization matrix Q, then
compute the quantized compressed image as

pc = �Q−1C−1P �
where �·� means rounding to the nearest integer. JPEG decompression constructs

Pd = CQPc = CQ�Q−1C−1P �.
In fact, during compression, the image matrix P is decomposed into different
frequency components P = {P1, P2, · · · , Pk}, k > 1. Then the same C and
different quantization matrix Qi are applied to the sub-matrices Pi, i = 1, · · · , k.
The compressed image is

Pc = {Pc,1, Pc,2, · · · , Pc,k} = {�Q−1
1 C−1P1� �Q−1

2 C−1P2�, · · · , �QkC−1Pk�},

and the decompressed image is

Pd = {CQ1Pc,1, CQ2Pc,2, · · · , CQkPc,k}.

The JPEG compressed file format stores the C and the matrices Qi with Pc.
When decompressing the JPEG image, we will use the stored matrices and dis-
carded them afterward. We call the set {C,Q1, Q2, · · · , Qk} the compression
history of the image.

3.2 Neelamani, Dash and Baraniuk’s Contributions [5] Revisited

Neelamani, Dash and Baraniuk’s contributions [5] are a heuristic algorithm to
solve the following question: given a decompressed image

Pd = {CQ1Pc,1, · · · , CQkPc,k}
and some information about the structure of C and the Qi’s, how can we find
the color transform C and the quantization matrices Qi’s.

We can see the columns of CQiPc,i lie on a 3-D lattice basis with basis CQi,
because Pc,i are integer matrices. The estimation of CQis comprise the main
step in JPEG CHEst. What Neelamani et al. have done is exploiting the near-
orthogonality of C to estimate the products CQi. Neelamani et al. use the LLL
algorithm to compute LLL-reduced bases Bi for each L spanned by CQi, but
such Bi are not guaranteed to be weakly

(
π
3 + ε

)
-orthogonal. Because Bi and
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CQi are the bases of the same lattice Li, there exist some unimodular matrix
Ui, such that

Bi = CQiUi,

then estimating CQi is equivalent to estimating the respective Ui. Using the
theorems above, Neelamani et al. list the constraints that the correct Uis must
satisfied at first, secondly, they enumerate a lot of Ui satisfying Theorems 1 and 3,
then test constraints that Neelamani et al. list in [5]. At last, by a four-step
heuristic algorithm, they can find the solution. Neelamani et al. believe that
the solution can be non-unique only if the Qis are chosen carefully, but JPEG
employ Qis that are not related in any special way. Therefore, they believe that
for most practical cases JPEG CHEst has a unique solution. For clarity, the
correct Uis should satisfy some constraints as follows [5]:

1. The Ui’s are such that BiU
−1
i is weakly

(
π
3 + ε

)
-orthogonal.

2. The product UiB
−1
i BjU

−1
j is diagonal with positive entries for any i, j ∈

{1, 2, · · · , k}.
3. The columns of Ui corresponding to the shortest columns of Bi are the stan-

dard unit vectors times ±1.
4. All entries of Ui are � κ(Bi) in magnitude.

Neelamani, Dash and Baraniuks heuristic algorithm [5] is as follows:

(i) Obtain bases Bi for the lattices Li, i = 1, 2, · · · , k. Construct a weakly(
π
3 + ε

)
-orthogonal basis Bi for at least one lattice Li, i ∈ {1, 2, · · · , k}.

(ii) Compute κ(Bi).
(iii) For every unimodular matrix Ui satisfying constraints 1,3 and 4, go to step

(iv).
(iv) For chosen in step (iii), test if there exit unimodular matrices Uj for each

j = 1, 2, · · · , k, j 
= l that satisfy constraint 2. If such collection of matrices
exists, then return this collection; otherwise go to step (iii).

3.3 Our Improvement

What we want to do is to improve the algorithm that Neelamani, Dash and
Baraniuk [5] solved the JPEG CHEst problem. The algorithm used in [5] is
heuristic, because in the step (i), constructing a weakly

(
π
3 + ε

)
-orthogonal basis

Bi for at least one lattice Li, i ∈ {1, 2, · · · , k} is uncertain. Using the property
of orthogonal defect of the color-transform matrix C, we can exactly construct
a

(
π
3 + ε

)
-orthogonal basis Bi for every lattice Li, i ∈ {1, 2, · · · , k}.

Neelamani, Dash and Baraniuk [5] have verified that all C’s used in practice
are weakly

(
π
3 + ε

)
-orthogonal, with 0 < ε � π

6 , while we have verified that all
C’s used in practice whose orthogonal defect is less than 2√

3
. By Theorem 6,

we find that the Minkowski-reduced basis of lattice spanned by all C’s used
in practice is

(
π
3 + ε

)
-orthogonal. We can use the greedy algorithm to find the

Minkowski-reduced basis of the lattice. From now on, the algorithm becomes
a deterministic algorithm. And because C’s used in practice whose orthogonal
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defect is less than 2√
3
, we can change constraint 1 as follows: the Ui’s are such

that BiU
−1
i ’s orthogonal defect is less than 2√

3
. In step (iii) of the algorithm in

[5], besides satisfy the constraint 3 and constraint 4 at first, every unimodular
matrix Uij should satisfy the following constraint: every unimodular matrix Uij

by Bi is some basis Mi of lattice Li, if Mis orthogonal defect is less than 2√
3
,

then go on to test the other constraints, otherwise discard the Uij . Add the
constraint, we will greatly reduce the number of the unimodular matrix tested.

4 Conclusion

In this paper, we derived some interesting relations among Minkowski-reduced
basis, orthogonal defect and nearly orthogonal lattice basis. We prove that the
angle between Minkowski-reduced basis vectors is in

[
π
3 , 2π

3

]
, and if the orthogo-

nal defect of 3-dimension lattice L is less than 2√
3
, the Minkowski-reduced basis

of the lattice is π
3 -orthogonal. We use the property of the Minkowski-reduced

basis to improve the algorithm in [5] by removing the heuristic hypothesis, thus
our algorithm is deterministic. We also use the orthogonal defect to constraint
the unimodular matrix to greatly reduce the number of the unimodular matrix
that should be tested next.
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