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Abstract. We consider the core algorithmic problems related to verifi-
cation of systems with respect to three classical quantitative properties,
namely, the mean-payoff property, the ratio property, and the minimum
initial credit for energy property. The algorithmic problem given a graph
and a quantitative property asks to compute the optimal value (the infi-
mum value over all traces) from every node of the graph. We consider
graphs with constant treewidth, and it is well-known that the control-flow
graphs of most programs have constant treewidth. Let n denote the num-
ber of nodes of a graph, m the number of edges (for constant treewidth
graphs m = O(n)) and W the largest absolute value of the weights.
Our main theoretical results are as follows. First, for constant treewidth
graphs we present an algorithm that approximates the mean-payoff value
within a multiplicative factor of ε in time O(n·log(n/ε)) and linear space,
as compared to the classical algorithms that require quadratic time. Sec-
ond, for the ratio property we present an algorithm that for constant
treewidth graphs works in time O(n · log(|a · b|)) = O(n · log(n · W )),
when the output is a

b
, as compared to the previously best known algo-

rithm with running time O(n2 ·log(n·W )). Third, for the minimum initial
credit problem we show that (i) for general graphs the problem can be
solved in O(n2·m) time and the associated decision problem can be solved
in O(n ·m) time, improving the previous known O(n3 ·m · log(n ·W )) and
O(n2 · m) bounds, respectively; and (ii) for constant treewidth graphs
we present an algorithm that requires O(n · log n) time, improving the
previous known O(n4 · log(n · W )) bound. We have implemented some
of our algorithms and show that they present a significant speedup on
standard benchmarks.

1 Introduction

Boolean vs. Quantitative Verification. The traditional view of verification
has been qualitative (Boolean) that classifies traces of a system as “correct” vs
“incorrect”. In the recent years, motivated by applications to analyze resource-
constrained systems (such as embedded systems), there has been a huge interest
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to study quantitative properties of systems. A quantitative property assigns to
each trace of a system a real-number that quantifies how good or bad the trace is,
instead of classifying it as correct vs incorrect. For example, a Boolean property
may require that every request is eventually granted, whereas a quantitative
property for each trace can measure the average waiting time between requests
and corresponding grants.

Variety of Results. Given the importance of quantitative verification, the tra-
ditional qualitative view of verification has been extended in several ways, such
as, quantitative languages and quantitative automata for specification languages
[15–17,21,27,28,44]; quantitative logics for specification languages [2,9,11];
quantitative synthesis for robust reactive systems [4,5,20]; a framework for quan-
titative abstraction refinement [13]; quantitative analysis of infinite-state sys-
tems [18,23]; and model measuring (that extends model checking) [33], to name a
few. The core algorithmic question for many of the above studies is a graph algo-
rithmic problem that requires to analyze a graph wrt a quantitative property.

Important Quantitative Properties. The three quantitative properties that
have been studied for their relevance in analysis of reactive systems are as follows.
First, the mean-payoff property consists of a weight function that assigns to
every transition an integer-valued weight and assigns to each trace the long-
run average of the weights of the transitions of the trace. Second, the ratio
property consists of two weight functions (one of which is a positive weight
function) and assigns to each trace the ratio of the two mean-payoff properties
(the denominator is wrt the positive function). The minimum initial credit for
energy property consists of a weight function (like in the mean-payoff property)
and assigns to each trace the minimum number to be added such that the partial
sum of the weights for every prefix of the trace is non-negative. For example,
the mean-payoff property is used for average waiting time, worst-case execution
time analysis [13,17,18]; the ratio property is used in robustness analysis of
systems [5]; and the minimum initial credit for energy for measuring resource
consumptions [10].

Algorithmic Problems. Given a graph and a quantitative property, the value
of a node is the infimum value of all traces that start at the respective node. The
algorithmic problem (namely, the value problem) for analysis of quantitative prop-
erties consists of a graph and a quantitative property, and asks to compute either
the exact value or an approximation of the value for every node in the graph. The
algorithmic problems are at the heart of many applications, such as automata
emptiness, model measuring, quantitative abstraction refinement, etc.

Treewidth of Graphs. A very well-known concept in graph theory is the
notion of treewidth of a graph, which is a measure of how similar a graph is
to a tree (a graph has treewidth 1 precisely if it is a tree) [40]. The treewidth of
a graph is defined based on a tree decomposition of the graph [31], see Sect. 2 for
a formal definition. Beyond the mathematical elegance of the treewidth prop-
erty for graphs, there are many classes of graphs which arise in practice and
have constant treewidth. The most important example is that the control flow
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graphs of goto-free programs for many programming languages are of constant
treewidth [42], and it was also shown in [30] that typically all Java programs
have constant treewidth. For many other applications see the surveys [6,7]. The
constant treewidth property of graphs has also played an important role in logic
and verification; for example, MSO (Monadic Second Order logic) queries can
be solved in polynomial time [24] (also in log-space [29]) for constant-treewidth
graphs; parity games on graphs with constant treewidth can be solved in poly-
nomial time [37]; and there exist faster algorithms for probabilistic models (like
Markov decision processes) [14]. Moreover, recently it has been shown that the
constant treewidth property is also useful for interprocedural analysis [18].

Previous Results and Our Contributions. In this work we consider general
graphs and graphs with constant treewidth, and the algorithmic problems to
compute the exact value or an approximation of the value for every node wrt
to quantitative properties given as the mean-payoff, the ratio, or the minimum
initial credit for energy. We first present the relevant previous results, and then
our contributions.

Previous Results. We consider graphs with n nodes, m edges, and let W denote
the largest absolute value of the weights. The running time of the algorithms is
characterized by the number of arithmetic operations (i.e., each operation takes
constant time); and the space is characterized by the maximum number of inte-
gers the algorithm stores. The classical algorithm for graphs with mean-payoff
properties is the minimum mean-cycle problem of Karp [34], and the algorithm
requires O(n · m) running time and O(n2) space. A different algorithm was
proposed in [36] that requires O(n · m) running time and O(n) space. Orlin and
Ahuja [38] gave an algorithm running in time O(

√
n·m·log(n·W )). For some spe-

cial cases there exist faster approximation algorithms [19]. There is a straightfor-
ward reduction of the ratio problem to the mean-payoff problem. For computing
the exact minimum ratio, the fastest known strongly polynomial time algorithm
is Burns’ algorithm [12] running in time O(n2 · m). Also, there is an algorithm
by Lawler [35] that uses O(n ·m · log(n ·W )) time. Many pseudopolynomial algo-
rithms are known for the problem, with polynomial dependency on the numbers
appearing in the weight function, see [26]. For the minimum initial credit for
energy problem, the decision problem (i.e., is the energy required for node v at
most c?) can be solved in O(n2 ·m) time, leading to an O(n3 ·m · log(n ·W )) time
algorithm for the minimum initial credit for energy problem [10]. All the above
algorithms are for general graphs (without the constant-treewidth restriction).

Our Contributions. Our main contributions are as follows.

1. Finding the Mean-Payoff and Ratio Values in Constant-Treewidth Graphs.
We present two results for constant treewidth graphs. First, for the exact
computation we present an algorithm that requires O(n · log(|a · b|)) time
and O(n) space, where a

b �= 0 is the (irreducible) ratio/mean-payoff of the
output. If a

b = 0, the algorithm uses O(n) time. Note that log(|a · b|) ≤
2 log(n · W ). We also present a space-efficient version of the algorithm that
requires only O(log n) space. Second, we present an algorithm for finding an
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ε-factor approximation of the mean-payoff value that requires O(n · log(n/ε))
time, as compared to the O(n1.5 · log(n · W )) time solution of Orlin & Ahuja,
and the O(n2) time solution of Karp (see Table 1).

2. Finding the Minimum Initial Credit in Graphs. We present two results. First,
we consider the exact computation for general graphs, and present (i) an
O(n · m) time algorithm for the decision problem (improving the previously
known O(n2 · m) bound), and (ii) an O(n2 · m) time algorithm to compute
value of all nodes (improving the previously known O(n3 · m · log(n · W ))
bound). Finally, we consider the computation of the exact value for graphs
with constant treewidth and present an algorithm that requires O(n · log n)
time (improving the previous known O(n4 · log(n · W )) bound) (see Table 2).

3. Experimental Results. We have implemented our algorithms for the minimum
mean cycle and minimum initial credit problems and ran them on standard
benchmarks (DaCapo suit [3] for the minimum mean cycle problem, and
DIMACS challenges [1] for the minimum initial credit problem). For the min-
imum mean cycle problem, our results show that our algorithm has lower
running time than all the classical polynomial-time algorithms. For the mini-
mum initial credit problem, our algorithm provides a significant speedup over
the existing method. Both improvements are demonstrated even on graphs of
small/medium size. Note that our theoretical improvements (better asymp-
totic bounds) imply improvements for large graphs, and our improvements on
medium sized graphs indicate that our algorithms have practical applicability
with small constants.

Table 1. Time complexity of existing and our solutions for the minimum mean-cycle
value and ratio-cycle value problem in constant treewidth weighted graphs with n nodes
and largest absolute weight W , when the output is the (irreducible) fraction a

b
�= 0.

Minimum mean-cycle value Minimum ratio-cycle value

Orlin & Ahuja [38] Karp [34] Our result [Thm 4] Burns [12] Lawler [35] Our result [Cor 2]

(ε-approximate)

O(n1.5 · log(n · W )) O(n2) O(n · log(n/ε)) O(n3) O(n2 · log(n · W )) O(n · log(|a · b|))

Table 2. Complexity of the existing and our solution for the minimum initial credit
problem on weighted graphs of n nodes, m edges, and largest absolute weight W .

Bouyer et al. [10] Our result [Thm 5, Cor 3] Our result [Thm 7]

(constant treewidth)

Time (decision) O(n2 · m) O(n · m) O(n · logn)

Time O(n3 · m · log(n · W )) O(n2 · m) O(n · logn)

Space O(n) O(n) O(n)

Technical Contributions. The key technical contributions of our work are as
follows:

1. Mean-Payoff and Ratio Values in Constant-Treewidth Graphs. Given a graph
with constant treewidth, let c∗ be the smallest weight of a simple cycle. First,
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we present a linear-time algorithm that computes c∗ exactly (if c∗ ≥ 0) or
approximates c∗ within a polynomial factor (if c∗ < 0). Then, we show that
if the minimum ratio value ν∗ is the irreducible fraction a

b , then ν∗ can be
computed by evaluating O(log(|a · b|)) inequalities of the form ν∗ ≥ ν. Each
such inequality is evaluated by computing the smallest weight of a simple
cycle in a modified graph. Finally, for ε-approximating the value ν∗, we show
that O(log(n/ε)) such inequalities suffice.

2. Minimum Initial Credit Problem. We show that for general graphs, the deci-
sion problem can be solved with two applications of Bellman-Ford-type algo-
rithms, and the value problem reduces to finding non-positive cycles in the
graph, followed by one instance of the single-source shortest path problem.
We then show how the invariants of the algorithm for the value problem
on general graphs can be maintained by a particular graph traversal of the
tree-decomposition for constant-treewidth graphs.

2 Definitions

Weighted Graphs. We consider finite weighted directed graphs G =
(V,E,wt,wt′) where V is the set of n nodes, E ⊆ V × V is the edge relation of
m edges, wt : E → Z is a weight function that assigns an integer weight wt(e)
to each edge e ∈ E, and wt′ : E → N

+ is a weight function that assigns strictly
positive integer weights. For technical simplicity, we assume that there exists at
least one outgoing edge from every node. In certain cases where the function wt′

is irrelevant, we will consider weighted graphs G = (V,E,wt), i.e., without the
function wt′.

Finite and Infinite Paths. A finite path P = (u1, . . . , uj), is a sequence of
nodes ui ∈ V such that for all 1 ≤ i < j we have (ui, ui+1) ∈ E. The length of P
is |P | = j−1. A single-node path has length 0. The path P is simple if there is no
node repeated in P , and it is a cycle if j > 1 and u1 = uj . The path P is a simple
cycle if P is a cycle and the sequence (u2, . . . uj) is a simple path. The functions
wt and wt′ naturally extend to paths, so that the weight of a path P with
|P | > 0 wrt the weight functions wt and wt′ is wt(P ) =

∑
1≤i<j wt(ui, ui+1) and

wt′(P ) =
∑

1≤i<j wt
′(ui, ui+1). The value of P is defined to be wt(P ) = wt(P )

wt′(P ) .
For the case where |P | = 0, we define wt(P ) = 0, and wt(P ) is undefined. An
infinite path P = (u1, u2, . . . ) of G is an infinite sequence of nodes such that
every finite prefix P of P is a finite path of G. The functions wt and wt′ assign
to P a value in Z∪{−∞,∞}: we have wt(P) =

∑
i wt(ui, ui+1) and wt′(P) = ∞.

For a (possibly infinite) path P , we use the notation u ∈ P to denote that a
node u appears in P , and e ∈ P to denote that an edge e appears in P . Given a
set B ⊆ V , we denote by P ∩ B the set of nodes of B that appear in P . Given
a finite path P1 and a possibly infinite path P2, we denote by P1 ◦ P2 the path
resulting from the concatenation of P1 and P2.

Distances and Witness Paths. For nodes u, v ∈ V , we denote by d(u, v) =
infP :u�v wt(P ) the distance from u to v. A finite path P : u � v is a witness
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of the distance d(u, v) if wt(P ) = d(u, v). An infinite path P is a witness of the
distance d(u, v) if the following conditions hold:

1. d(u, v) = wt(P) = −∞, and
2. P starts from u, and v is reachable from every node of P.

Note that d(u, v) = ∞ is not witnessed by any path.

Tree Decompositions. A tree-decomposition Tree(G) = (VT , ET ) of G is a tree
such that the following conditions hold:

1. VT = {B0, . . . , Bn′−1 : ∀i Bi ⊆ V } and
⋃

Bi∈VT
Bi = V (every node is

covered).
2. For all (u, v) ∈ E there exists Bi ∈ VT such that u, v ∈ Bi (every edge is

covered).
3. For all i, j, k such that there is a bag Bk that appears in the simple path Bi �

Bj in Tree(G), we have Bi ∩ Bj ⊆ Bk (every node appears in a contiguous
subtree of Tree(G)).

The sets Bi which are nodes in VT are called bags. Conventionally, we call B0 the
root of Tree(G), and denote by Lv(Bi) the level of Bi in Tree(G), with Lv(B0) =
0. We say that Tree(G) is balanced if the maximum level is maxBi

Lv(Bi) =
O(log n′), and it is binary if every bag has at most two children bags. A bag B is
called the root bag of a node u if B is the smallest-level bag that contains u, and
we often use Bu to refer to the root bag of u. The width of a tree-decomposition
Tree(G) is the size of the largest bag minus 1. The treewidth of G is the smallest
width among the widths of all possible tree decompositions of G.

Theorem 1. For every graph G with n nodes and constant treewidth, a balanced
binary tree-decomposition Tree(G) of constant width and O(n) bags can be con-
structed in (1) O(n) time and space [8], (2) deterministic logspace (and hence
polynomial time) [29].

In the sequel we consider only balanced and binary tree-decompositions of con-
stant width and n′ = O(n) bags (and hence of height O(log n)). Additionally,
we assume that every bag is the root bag of at most one node. Obtaining this
last property is straightforward, simply by replacing each bag B which is the
root of k > 1 nodes x1, . . . xk with a chain of bags B1, . . . , Bk = B, where each
Bi is the parent of Bi+1, and Bi+1 = Bi ∪ {xi+1}. Note that this keeps the tree
binary and increases its height by at most a constant factor, hence the resulting
tree is also balanced.

Throughout the paper, we follow the convention that the maximum and
minimum of the empty set is −∞ and ∞ respectively, i.e., max(∅) = −∞ and
min(∅) = ∞. Time complexity is measured in number of arithmetic and logi-
cal operations, and space complexity is measured in number of machine words.
Given a graph G, we denote by T (G) and S(G) the time and space required for
constructing a balanced, binary tree-decomposition Tree(G). We are interested
in the following problems.
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The Minimum Mean Cycle Problem [34]. Given a weighted directed graph
G = (V,E,wt), the minimum mean cycle problem asks to determine for each
node u the mean value μ∗(u) = minC∈Cu

wt(C)
|C| , where Cu is the set of simple

cycles reachable from u in G. A cycle C with wt(C)
|C| = μ∗(u) is called a minimum

mean cycle of u. For 0 < ε < 1, we say that a value μ is an ε-approximation of
the mean value μ∗(u) if |μ − μ∗(u)| ≤ ε · |μ∗(u)|.
The Minimum Ratio Cycle Problem [32]. Given a weighted directed graph
G = (V,E,wt,wt′), the minimum ratio cycle problem asks to determine for each
node u the ratio value ν∗(u) = minC∈Cu

wt(C), where wt(C) = wt(C)
wt′(C) and Cu is

the set of simple cycles reachable from u in G. A cycle C with wt(C) = ν∗
u is called

a minimum ratio cycle of u. The minimum mean cycle problem follows as a special
case of the minimum ratio cycle problem for wt′(e) = 1 for each edge e ∈ E.

The Minimum Initial Credit Problem [10]. Given a weighted directed graph
G = (V,E,wt), the minimum initial credit value problem asks to determine
for each node u the smallest energy value E(u) ∈ N ∪ {∞} with the following
property: there exists an infinite path P = (u1, u2 . . . ) with u = u1, such that
for every finite prefix P of P we have E(u) + wt(P ) ≥ 0. Conventionally, we let
E(u) = ∞ if no finite value exists. The associated decision problem asks given a
node u and an initial credit c ∈ N whether E(u) ≤ c.

3 Minimum Cycle

In this section we deal with a related graph problem, namely the detection of a
minimum-weight simple cycle of a graph. In Sect. 4 we use our solution to this
problem to obtain solutions for the minimum ratio and minimum mean cycle
problems.

The Minimum Cycle Problem. Given a weighted graph G = (V,E,wt), the
minimum cycle problem asks to determine the weight c∗ of a minimum-weight sim-
ple cycle in G, i.e., c∗ = minC∈C wt(C), where C is the set of simple cycles in G.

We describe the algorithm MinCycle that operates on a tree-decomposition
Tree(G) of an input graph G, and has the following properties.

1. If G has no negative cycles, then MinCycle returns the weight c∗ of a minimum-
weight cycle in G.

2. If G has negative cycles, then MinCycle returns a value that is at most a
polynomial (in n) factor smaller than c∗.

U-Shaped Paths. Following the recent work of [18], we define the important
notion of U-shaped paths in a tree-decomposition Tree(G). Given a bag B and
nodes u, v ∈ B, we say that a path P : u � v is U-shaped in B, if one of the
following conditions hold:

1. Either |P | > 1 and B is an ancestor of Bw for all intermediate nodes w ∈ P ,
2. or |P | ≤ 1 and B is Bu or Bv (i.e., B is the root bag of either u or v).



Faster Algorithms for Quantitative Verification 147

u

x

v

P1
P2

LDB(u, x) LDB(x, v)

Fig. 1. Path shortening in MinCycle. When Bx is examined, LDBx(u, v) is updated
with the weight of the U-shaped path P = P1 ◦ P2. The paths P1 and P2 are U-shaped
paths in the children bags B1 and B2 of Bx, and we have LDBi(u, x) = wt(Pi).

Informally, given a bag B, a U-shaped path in B is a path that traverses interme-
diate nodes that exist only in the subtree of Tree(G) rooted in B. The following
remark follows from the definition of tree-decompositions, and states that every
simple cycle C can be seen as a U-shaped path P from the smallest-level node
of C to itself. Consequently, we can determine the value c∗ by only considering
U-shaped paths in Tree(G).

Remark 1. Let C = (u1, . . . , uk) be a simple cycle in G, and uj =
arg minui∈C Lv(ui). Then P = (uj , uj+1, . . . uk, u1, . . . , uj) is a U-shaped path
in Buj

, and wt(P ) = wt(C).

Informal Description of MinCycle. Based on U-shaped paths, the work
of [18] presented a method for computing algebraic path properties on tree-
decompositions with constant width, where the weights of the edges come from
a general semiring. Note that integer-valued weights are a special case of the
tropical semiring. Our algorithm MinCycle is similar to the algorithm Preprocess
from [18]. It consists of a depth-first traversal of Tree(G), and for each exam-
ined bag B computes a local distance map LDB : B × B → Z ∪ {∞} such that
for each u, v ∈ B, we have (i) LDB(u, v) = wt(P ) for some path P : u � v,
and (ii) LDB ≤ minP wt(P ), where P are taken to be simple u � v paths (or
simple cycles) that are U-shaped in B. This is achieved by traversing Tree(G)
in post-order, and for each root bag Bx of a node x, we update LDBx

(u, v) with
LDBx

(u, x) + LDBx
(x, v) (i.e., we do path-shortening from node u to node v, by

considering paths that go through x). See Fig. 1 for an illustration. At the end,
MinCycle returns the smallest LDBx

(x, x) it has found.
The following lemma follows easily from [18, Lemma 2], and states that

LDB(u, v) is upper bounded by the smallest weight of a U-shaped simple u � v
path in B.

Lemma 1 ([18, Lemma 2]). For every examined bag B and nodes u, v ∈ B, we
have (1) LDB(u, v) = wt(P ) for some path P : u � v (and LDB(u, v) = ∞ if
no such P exists), and (2) LDB(u, v) ≤ minP :u�v wt(P ) where P ranges over
U-shaped simple paths and simple cycles in B.

Based on Lemma 1, we show that MinCycle returns minx LDBx
(x, x), i.e., the

weight of the smallest-weight U-shaped (not necessarily simple) cycle C : x � x
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it has discovered. The cycle C has polynomial (in n) length, thus |wt(C)| =
|c∗| · nO(1), and C is necessarily simple if there are no negative cycles in G,
in which case wt(C) = c∗. We refer to the full version for a detailed analysis [22].
This leads to the following theorem.

Theorem 2. Let G = (V,E,wt) be a weighted graph of n nodes with constant
treewidth, and a balanced, binary tree-decomposition Tree(G) of G be given. Let
c∗, be the smallest weight of a simple cycle in G. Algorithm MinCycle uses O(n)
time and O(log n) additional space, and returns a value c such that:

1. If G has no negative cycles, then c = c∗.
2. If G has a negative cycle, then c ≤ c∗, and |c| = |c∗| · nO(1).

4 The Minimum Ratio and Mean Cycle Problems

In the current section we present algorithms for solving the minimum ratio
and mean cycle problems for weighted graphs G = (V,E,wt,wt′) of constant
treewidth.

Remark 2. If G is not strongly connected, we can compute its maximal strongly
connected components (SCCs) in linear time [41], and use the algorithms of
this section to compute the minimum cycle ratio ν∗

i in every component Gi.
Afterwards, we assign the ratio values ν∗(u) for all nodes u as follows. First,
mark every SCC Gi with M(Gi) = ν∗

i . Then, for every bottom SCC Gi, (i) for
every u in Gi assign ν∗(u) = M(Gi), (ii) for every neighbor SCC Gj of Gi, mark
Gj with M(Gj) = min(M(Gj),M(Gi)), (iii) remove Gi and repeat. Since these
operations require linear time in total, they do not impact the time complexity.
Therefore, we consider graphs G that are strongly connected, and we will speak
about the minimum ratio ν∗ and mean μ∗ values of G.

Claim 1. Let ν∗ be the ratio value of G. Then ν∗ ≥ ν iff for every cycle C of
G we have wtν(C) ≥ 0, where wtν(e) = wt(e) − wt′(e) · ν for each edge e ∈ E.

Hence, given a tree-decomposition Tree(G), and a guess ν of the ratio value
ν∗, we can evaluate whether ν∗ ≥ ν by executing algorithm MinCycle on input
Gν = (V,E,wtν). By Item 2a of Theorem 2 and Claim 1 we have that the
returned value c of MinCycle is c ≥ 0 iff wtν(C) ≥ 0 for all cycles C, iff ν∗ ≥ ν
(and in fact c = 0 iff ν∗ = ν).

4.1 Exact Solution

We now describe the method for determining the value ν∗ of G exactly. This
is done by making various guesses ν such that ν∗ ≥ ν and testing for negative
cycles in the graph Gν = (V,E,wtν). We first determine whether ν∗ = 0, using
Claim 1. In the remaining of this section we assume that ν∗ �= 0.

Solution Overview. Consider that ν∗ > 0. First, we either find that ν∗ ∈ (0, 1)
(hence �ν∗� = 0), or perform an exponential search of O(log ν∗) iterations to
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determine j ∈ N
+ such that ν∗ ∈ [2j−1, 2j ]. In the latter case we perform

a binary search of O(log ν∗) iterations in the interval [2j−1, 2j ] to determine
�ν∗�. Then we can write ν∗ = �ν∗� + x, where x < 1 is an irreducible fraction
a
b . It has been shown [39] that such x can be determined by evaluating O(log b)
inequalities of the form x ≥ ν. The case for ν∗ < 0 is handled similarly. We refer
to the full version of the paper for a detailed description [22]. We thus obtain
the following theorem, and by Theorem 1 the corollaries follow.

Theorem 3. Let G = (V,E,wt,wt′) be a weighted graph of n nodes with con-
stant treewidth, and λ = maxu |au · bu| such that ν∗(u) is the irreducible fraction
au

bu
. Let T (G) and S(G) denote the required time and space for constructing a

balanced binary tree-decomposition Tree(G) of G with constant width. The min-
imum ratio cycle problem for G can be computed in (1) O(T (G)+n · log λ) time
and O(S(G) + n) space; and (2) O(S(G) + log n) space.

Corollary 1. Let G = (V,E,wt,wt′) be a weighted graph of n nodes with con-
stant treewidth, and λ = maxu |au · bu| such that ν∗(u) is the irreducible fraction
au

bu
. The minimum ratio value problem for G can be computed in (1) O(n · log λ)

time and O(n) space; and (2) O(log n) space.

Corollary 2. Let G = (V,E,wt) be a weighted graph of n nodes with constant
treewidth, and λ = maxu |μ∗(u)|. The minimum mean value problem for G can
be computed in (1) O(n · log λ) time and O(n) space; and (2) O(log n) space.

4.2 Approximating the Minimum Mean Cycle

We now focus on the minimum mean cycle problem, and present a method for
ε-approximating the mean value μ∗ of G for any 0 < ε < 1 in O(n · log(n/ε)) time.

Approximate Solution in the Absence of Negative Cycles. We first con-
sider graphs G that do not have negative cycles. Let C be a minimum weight sim-
ple cycle in G, and note that μ∗ ∈ [0,wt(C)]. Additionally, we have wt(C) ≤ n·μ∗.
Consider a binary search in the interval [0,wt(C)], which in step i approximates
μ∗ by the right endpoint μi of its current interval. The error is bounded by the
length of the interval, hence μi −μ∗ ≤ wt(C) · 2−i ≤ n ·μ∗ · 2−i. To approximate
within a factor ε it suffices to iterate for i steps, where i ≥ log(n/ε).

Approximate Solution in the Presence of Negative Cycles. We now
turn our attention to ε-approximating μ∗ in the presence of negative cycles in
G. Let c be the value returned by MinCycle on input G. Item 2a of Theorem 2
guarantees that for the weight function wt−|c|(e) = wt(e)+|c|, the graph G−|c| =
(V,E,wt−|c|) has no negative cycles (although it might still have negative edges).
We show that μ∗ can be ε-approximated by ε′-approximating the value μ′∗ of
G−|c|, for some ε′ polynomially (in n) smaller than ε (i.e., ε′ = ε/nO(1)). We refer
to the full version for a detailed description [22].

Theorem 4. Let G = (V,E,wt) be a weighted graph of n nodes with constant
treewidth. For any 0 < ε < 1, the minimum mean value problem can be ε-
approximated in O(n · log(n/ε)) time and O(n) space.
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5 The Minimum Initial Credit Problem

In the current section we present algorithms for solving the minimum initial
credit problem on weighted graphs G = (V,E,wt). We first deal with arbitrary
graphs, and provide an O(n · m) algorithm for the decision problem, and an
O(n2 · m) algorithm for the value problem, improving the previously best upper
bounds. Afterwards we adapt our approach to graphs of constant treewidth to
obtain an O(n · log n) algorithm.

Non-positive Minimum Initial Credit. For technical convenience we focus
on a variant of the minimum initial credit problem, where energies are non-
positive, and the goal is to keep partial sums of path prefixes non-positive. For-
mally, given a weighted graph G = (V,E,wt), the non-positive minimum initial
credit value problem asks to determine for each node u the largest energy value
E(u) ∈ Z≤0 ∪ {−∞} with the following property: there exists an infinite path
P = (u1, u2 . . . ) with u = u1, such that for every finite prefix P of P we have
E(u) + wt(P ) ≤ 0. We let E(u) = −∞ if no finite such value exists. Hence, min-
imality is wrt the absolute value of the energy. The associated decision problem
asks given a node u and an initial credit c ∈ Z≤0 whether E(u) ≥ c.

We start with some definitions and claims that will give the intuition for the
algorithms to follow. First, we define the minimum initial credit of a pair of nodes
u, v, which is the energy to reach v from u (i.e., the energy is wrt a finite path).

Finite Minimum Initial Credit. For nodes u, v ∈ V , we denote by Ev(u) ∈
Z≤0 ∪ {−∞} the largest value with the following property: there exists a path
P : u � v such that for every prefix P ′ of P we have Ev(u) + wt(P ′) ≤ 0. We
let Ev(u) = −∞ if there is no path u � v. Note that for every pair of nodes
u, v ∈ V , we have E(u) ≥ Ev(u) + E(v).

Highest-Energy Nodes. Given a (possibly infinite) path P with wt(P ) < ∞,
we say that a node x ∈ P is a highest-energy node of P if there exists a highest-
energy prefix P1 of P ending in x such that for any prefix P2 of P we have
wt(P1) ≥ wt(P2). Note that since the weights are integers, for every pair of paths
P ′
1, P ′

2, it is either |wt(P ′
1)−wt(P ′

2)| = 0 or |wt(P ′
1)−wt(P ′

2)| ≥ 1. Therefore the
set {wt(Pi)}i of weights of prefixes of P has a maximum, and thus a highest-
energy node always exists when wt(P ) < ∞. The following properties are easy
to verify:

1. If x is a highest-energy node in a path P : u � v, then Ev(x) = 0.
2. If x is a highest-energy node in an infinite path P, then E(x) = 0.

Using the above properties we establish Claim 2, which is central to our
algorithms.

Claim 2. For every u ∈ V , we have E(u) = maxv:E(v)=0 Ev(u).

5.1 The Decision Problem for General Graphs

Recall the decision problem: given a node u and an initial credit c ∈ Z≤0, decide
whether E(u) ≥ c. Our algorithm is based on Claim 3. The key idea is that
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E(u) ≥ c iff there exists a witness path that reaches a non-positive cycle in less
than n steps.

Claim 3. For every u ∈ V and c ∈ Z≤0, we have that E(u) ≥ c iff there exists
a simple cycle C such that (i) wt(C) ≤ 0 and (ii) for every v ∈ C we have that
Ev(u) ≥ c, which is witnessed by a path Pv : u � v with |Pv| < n.

Algorithm DecisionEnergy. Claim 3 suggests a way to decide whether E(u) ≥ c.
First, we start with energy c from u, and perform n−1 relaxation steps, similar to
the Bellman-Ford algorithm, to discover the set V c

u of nodes that can be reached
from u with initial credit c by a path of length at most n − 1. Afterwards, we
perform a Bellman-Ford computation on the subgraph G � V c

u induced by the
set V c

u . By Claim 3, we have that E(u) ≥ c iff G � V c
u contains a non-positive

cycle. We refer to the full version for a detailed description [22]. We thus obtain
the following theorem.

Theorem 5. Let G = (V,E,wt) be a weighted graph of n nodes and m edges.
Let u ∈ V be an initial node, and c ∈ Z≤0 be an initial credit. The decision
problem of whether E(u) ≥ c can be solved in O(n · m) time and O(n) space.

5.2 The Value Problem for General Graphs

We now turn our attention to the value problem, where the task is to determine
E(u) for every node u. The following claim reduces the finite minimum initial
credit problem to reach a node v to the shortest-path problem, when all energies
to reach v are negative.

Claim 4. If for all w ∈ V \ {v} we have Ev(w) < 0, then for each u ∈ V \ {v}
we have Ev(u) = −d(u, v).

The rest of the section provides a O(k ·n ·m) time solution, where k = |X|+1 is
the number of 0-energy nodes (plus one). This solution is faster in graphs where
k = o(n). This is achieved by algorithm ZeroEnergyNodes for obtaining the set
X fast.

Determining the 0-Energy Nodes. To determine the set of 0-energy nodes,
we construct the graph G2 = (V2, E2,wt2) with a fresh node z �∈ V as follows:

1. The node set is V2 = V ∪ {z},
2. The edge set is E2 = E ∪ ({z} × V ),

3. The weight function wt2 : E2 → Z is wt2(u, v) =
{

0 if u = z
wt(u, v) otherwise

Note that for every u ∈ V , the energy E(u) is the same in G and G2.

Algorithm ZeroEnergyNodes. Algorithm ZeroEnergyNodes is used for obtaining
the set X of all 0-energy nodes in G2. Informally, the algorithm performs a
sequence of modifications on a graph G , initially identical to G2. In each step,
the algorithm executes a Bellman-Ford computation on the current graph G with
z as the source node, as long as a non-positive cycle C is discovered. For every
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Fig. 2. Solving the value problem using operations on the graph G . Initially we examine
G0, and a non-positive cycle is found (boldface edges) with highest-energy node x. Thus
E(x) = 0, and we proceed with G1, to discover E(u) = 0. In G2 all cycles are positive,
and the energy of each remaining node is minus its distance to z.

such C, it determines a highest-energy node w of C, and modifies G by replacing
every incoming edge (x,w) with an edge (x, z) of the same weight, and then
removing w. See Fig. 2 for an illustration.

Determining the Negative-Energy Nodes. Given the set X of 0-energy
nodes, it remains to determine the energy of every other node u ∈ V \ X. Let
G |X| be the modified graph G of algorithm ZeroEnergyNodes after the set X has
been computed. To compute the energy E(u) of each node u ∈ V \ X, it suffices
to compute its distance to z in G |X|. This reduces to a single-source shortest
path instance from z on G |X| with all edges reversed. Figure 2 illustrates the
algorithms on an example. We refer to the full version of the paper for a detailed
description [22]. We obtain the following theorem.

Theorem 6. Let G = (V,E,wt) be a weighted graph of n nodes and m edges,
and k = |{v ∈ V : E(v) = 0}| + 1. The minimum initial credit value problem for
G can be solved in O(k · n · m) time and O(n) space.

Corollary 3. Let G = (V,E,wt) be a weighted graph of n nodes and m edges.
The minimum initial credit value problem for G can be solved in O(n2 · m) time
and O(n) space.

5.3 The Value Problem for Constant-Treewidth Graphs

We now turn our attention to the minimum initial credit value problem for
constant-treewidth graphs G = (V,E,wt). Note that in such graphs m = O(n),
thus Theorem 6 gives an O(n3) time solution as compared to the existing O(n4 ·
log(n ·W )) time solution. This section shows that we can do significantly better,
namely reduce the time complexity to O(n · log n). This is mainly achieved by
algorithm ZeroEnergyNodesTW for computing the set X of 0-energy nodes fast
in constant-treewidth graphs.
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Extended + andmin Operators. Recall the graph G2 = (V2, E2,wt2) from the
last section. Given Tree(G), a balanced and binary tree-decomposition Tree(G2)
of G2 with width increased by 1 can be easily constructed by (i) inserting z to
every bag of Tree(G), and (ii) adding a new root bag that contains only z. Let
I = Z × V × Z. For a map f : V2 × V2 → Z, define the map gf : V2 × V2 → I as

gf (u, v) =
{

(f(u, v), u, 0) if f(u, v) < 0 or v = z
(f(u, v), v, f(u, v)) otherwise

For triplets of elements α1 = (a1, b1, c1), α2 = (a2, b2, c2) ∈ I, define the opera-
tions

1. min(α1, α2) = αi with i = arg minj∈{1,2} aj

2. α1 + α2 = (a1 + a2, b, c), where c = max(c1, a1 + c2) and b = b1 if c = c1 else
b = b2.

In words, if f is a weight function, then gf (u, v) selects the weight of the edge
(u, v), its highest-energy node (i.e., u if f(u, v) < 0, and v otherwise, except
when v = z), and the weight to reach that node from u. Recall that algorithm
MinCycle from Sect. 3 traverses a tree-decomposition bottom-up, and for each
encountered bag B stores a map LDB such that LDB(u, v) is upper bounded
by the weight of the shortest U-shaped simple path u � v (or simple cycle, if
u = v). Our algorithm ZeroEnergyNodesTW for determining all 0-energy nodes is
similar, but now LDB stores triplets (a, b, c) where a is the weight of a U-shaped
path P , b is a highest-energy node of P , and c the weight of a highest-energy
prefix of P . For triplets α1 = (a1, b1, c1), α2 = (a2, b2, c2) ∈ I corresponding to
U-shaped paths P1, P2, min(α1, α2) selects the path with the smallest weight,
and α1 + α2 determines the weight, a highest-energy node, and the weight of a
highest-energy prefix of the path P1 ◦ P2 (see Fig. 3).

Algorithm ZeroEnergyNodesTW. The algorithm ZeroEnergyNodesTW for com-
puting the set of 0-energy nodes in constant-treewidth graphs follows the same
principle as ZeroEnergyNodes for general graphs. It stores a map of edge weights
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Fig. 3. Illustration of the α1 +α2 operation, corresponding to concatenating paths P1

and P2. The path P i
j denotes the i-th prefix of Pj . We have P = P1 ◦ P2, and the

corresponding tripplet α = (a, b, c) denotes the weight a of P , its highest-energy node
b, and the weight c of a highest-energy prefix.
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wt : E2 → Z ∪ {∞}, and initially wt(u, v) = wt2(u, v) for each (u, v) ∈ E2.
The algorithm performs a bottom-up pass, and computes in each bag the local
distance map LDB : B × B → I that captures U-shaped u � v paths, together
with their highest-energy nodes (similar to algorithm MinCycle from Sect. 3).
When a non-positive cycle C is found, the algorithm modifies the edges of a
highest-energy node w of C and its incoming neighbors (similar to algorithm
ZeroEnergyNodes). These updates affect the distances between the remaining
nodes, hence some local distance maps LDB need to be corrected. We prove
that each such edge modification only affects the local distance map of bags
that appear in a path from a bag B′ to some ancestor B′′ of B′. Instead of
restarting the computation as in ZeroEnergyNodes, the algorithm only updates
those maps along the path B′ � B′′. We refer to the full version for a detailed
description [22].

Theorem 7. Let G = (V,E,wt) be a weighted graph of n nodes with constant
treewidth. The minimum initial credit value problem for G can be solved in O(n ·
log n) time and O(n) space.

6 Experimental Results

Here we report on preliminary experimental evaluation of our algorithms, and
compare them to existing methods. Our algorithm for the minimum mean cycle
problem provides improvement for constant-treewidth graphs, and has thus been
evaluated on constant-treewidth graphs obtained from the control-flow graphs
of programs. For the minimum initial credit problem, we have implemented our
algorithm for arbitrary graphs, thus the benchmarks in this case are general
graphs (i.e., not constant-treewidth graphs).

Minimum Mean Cycle. We have implemented our approximation algorithm
for the minimum mean cycle problem, and we let the algorithm run for as many
iterations until a minimum mean cycle was discovered, instead of terminating
after O(log(n/ε)) iterations required by Theorem 4. We have tested its perfor-
mance in running time and space against six other minimum mean cycle algo-
rithms from Table 3 in control-flow graphs of programs. The algorithms of Burns
and Lawler solve the more general ratio cycle problem, and have been adapted
to the mean cycle problem as in [26].

The algorithms were executed on control-flow graphs of methods of programs
from the DaCapo benchmark suit [3], obtained using the Soot framework [43].
For each benchmark we focused on graphs of at least 500 nodes. This supplied
a set of medium sized graphs (between 500 and 1300 nodes), in which inte-
ger weights were assigned uniformly at random in the range {−103, . . . , 103}.

Table 3. Asymptotic complexity of compared minimum mean cycle algorithms.

Madani [36] Burns [12] Lawler [35] Dasdan-Gupta [25] Hartmann- Karp [34]

Orlin [32]

Time O(n2) O(n3) O(n2 · log(n · W )) O(n2) O(n2) O(n2)
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Fig. 4. Average performance of minimum mean cycle algorithms.

Fig. 5. Comparison of running times for the minimum initial credit value problem.

Figure 4 shows the average time performance of the examined algorithms (bars
that exceeded the maximum value in the y-axis have been truncated). Our algo-
rithm has much smaller running time than each other algorithm, in almost all
cases.

Minimum Initial Credit. We have implemented our algorithm for the min-
imum initial credit problem on general graphs and evaluated its performance
on a subset of benchmark weighted graphs from the DIMACS implementation
challenges [1]. Our algorithm was tested against the existing method of [10], and
an optimized version of that method. For each input graph we subtracted its
minimum mean value μ∗ from the weight of each edge to ensure that at least
one non-positive cycle exists (thus the energies are finite). Figure 5 depicts the
running time of the algorithm of [10] (with and without optimizations) vs our
algorithm. A timeout was forced at 1010μs. Our algorithm is orders of magnitude
faster, and scales better than the existing method.

References

1. DIMACS implementation challenges. http://dimacs.rutgers.edu/Challenges/
2. Almagor, S., Boker, U., Kupferman, O.: Formalizing and reasoning about quality.

In: Fomin, F.V., Freivalds, R., Kwiatkowska, M., Peleg, D. (eds.) ICALP 2013,
Part II. LNCS, vol. 7966, pp. 15–27. Springer, Heidelberg (2013)

http://dimacs.rutgers.edu/Challenges/


156 K. Chatterjee et al.

3. Blackburn, S.M., Garner, R., Hoffmann, C., Khang, A.M., McKinley, K.S.,
Bentzur, R., Diwan, A., Feinberg, D., Frampton, D., Guyer, S.Z., Hirzel, M.,
Hosking, A., Jump, M., Lee, H., Moss, J.E.B., Phansalkar, A., Stefanović, D.,
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