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Abstract. The computation of a shortest isothetic path (SIP) between
two points in an object is important in various applications such as robot
navigation and VLSI design. However, a SIP between two grid points in
a digital object laid on a uniform 2D isothetic square lattice may not
be unique. We assume that each discrete path consists of a sequence of
consecutive grid edges that starts from the source point and ends at the
sink point. In this paper, we present a novel algorithm to calculate the
number of such distinct shortest isothetic paths between two given grid
points inside a digital object, with time complexity O(S/g2), where S is
the total number of pixels in the digital object, and g is the grid size. The
number of available SIPs also serves as a metric for shape registration.

1 Introduction

Shortest path problems have several variations depending on their applicabil-
ity in diverse fields such as graph theory, computational geometry, operations
research, image processing, and computer vision. These problems have wide
range of applications in various fields like networking, robotics, geographical
information systems (GIS), VLSI design, resource allocation and collection, and
traveling salesman problem (TSP) with neighborhoods [1,6,11,19]. Many varia-
tions of shortest path problems related to the applications can be found [2,3,7,
16–18] in the literature.

In the isothetic domain, a shortest isothetic path (SIP) inside a digital object
A (without any hole) laid on a grid G has already been studied [12,13]. The
family of shortest isothetic paths (FSIP) is the set of regions where all possible
shortest isothetic paths lie [14]. In this paper, we enumerate the total number of
SIPs that pass through FSIP. A smaller number of paths is indicative of more
obstacles and congestion in the object. In Fig. 1(a) the family of shortest isothetic
paths between two grid points is shown. All possible SIPs between two points
are shown in Fig. 1(b) (two extreme SIPs are in red and intermediate SIPs in
yellow colors).
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Fig. 1. (a) The family of shortest isothetic paths between two grid points for g =
8 inside A (Dancer); (b) All possible intermediate SIPs are shown in yellow lines;
(c) Family of shortest isothetic paths between p and q (Color figure online).

A shortest path between two points in a simple polygon in the Euclidean
plane is unique, whereas, a SIP is not. In [10], the recursive formulation for
the number of cityblock, chessboard, and octagonal shortest paths between two
points in 2D digital plane was proposed. The number of minimal paths in a
digital image between every pair of points with respect to a particular neigh-
borhood relation is presented in [9], where the image is considered as matrix
and hence the algorithm contains matrix operations. Our algorithm determines
the number of SIPs between the two grid points inside a digital image using a
simple combinatorial method. If a few salient or control points are chosen at
certain prominent positions of the object, the number of SIPs between these
points serves as a good indicator of the shape of the object. In an object which
is devoid of any hole, the number of SIPs is related to the Catalan number [8].

2 Definitions and Preliminaries

A (digital) object is a finite subset of Z2 consisting of one or more k(= 4 or 8)-
connected components [15]. In our work, we consider the object as a single 8-
connected component. The background grid is given by G = (H,V), where H and
V represent the respective sets of (equi-spaced) horizontal grid lines and vertical
grid lines. The grid size, g, is defined as the distance between two consecutive
horizontal/vertical grid lines. A grid point is the point between intersection of a
horizontal and a vertical grid line. An unit grid block (UGB) is the smallest square
having its four vertices as four grid points. The length between two consecutive
grid points in an UGB is equal to the grid size. An isothetic polygon has its
vertices as grid points and its edges lying on grid lines. An isothetic polygon
or object without any hole is said to be ortho-convex or simply convex, if its
intersection with any axis-parallel line produces either zero or one segment. The
inner isothetic cover of A is the maximum-area isothetic polygon P that tightly
inscribes A [4,5]. Since P is an isothetic polygon, it has 900 and 2700 vertices,
which are referred to as vertices of type 1 and type 3, respectively. All other grid
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points lying on the border of P are called edge points. The sequence of vertices
of P is such that A always lies left of each edge during its traversal. An edge of
P defined by two consecutive vertices of type 1 is termed as a convex edge as it
gives rise to a convexity. Similarly, a concave edge is defined by two consecutive
type 3 vertices, which gives rise to a concavity.

An (simple) isothetic path π(p,q) from a grid point p ∈ P to a grid point
q ∈ P is a sequence of 4-connected grid points such that all the constituent
points of π(p,q) are distinct and lie on or inside P . For two given points in P ,
a/the shortest isothetic path (SIP) has the minimum length over all isothetic
paths between them. A SIP is said to be monotone if it consists of moves only
in one or two (orthogonal) directions. The union of all possible SIPs between
two given points p ∈ P and q ∈ P defines the family of SIPs (FSIP), denoted
by F(p,q). The set F(p,q) is equivalent to a (isothetic) region bordered by two
SIPs between p and q, which are said to be its extremum SIPs. If we traverse
the border of F(p,q) from p to q such that each other SIP in F(p,q) lies to the
left during the traversal, then that path of traversal is one of the two extremum
SIPs, which is termed as the infimum SIP and denoted by πinf

(p,q). Similarly, on
traversing the border of F(p,q) from q to p with each other SIP lying to the left
during the traversal, we get the other extremum SIP, termed as the supremum
SIP and denoted by πsup

(p,q). A sub-path common to πinf
(p,q) and πsup

(p,q) in F(p,q) is
called a bridge. FSIP between two points can be perceived as a set of convex
isothetic polygons connected by bridges as shown in Fig. 1(c). A region can be
assumed to be a set of UGBs. If we consider a bounding rectangle for the region
then there will be some UGBs in the bounding rectangle, which do not belong
to the region. Those are termed as non-region UGBs. The UGBs belonging to a
region is termed as region UGBs.

The algorithm to compute a SIP between two grid points, p and q inside a
inner isothetic cover [4,5] of a digital object has been proposed in [12,13]. The
family of shortest isothetic paths can be obtained using the algorithm stated
in [14]. The two extremum SIPs are obtained to determine the FSIP between
two grid points (shown in Fig. 1(c)).

3 Characterization of the Total Number of SIPs

The number of shortest isothetic paths between two points, p and q, can be deter-
mined from the FSIP which consists of sets of regions and bridges in sequence.
Let an FSIP consist of i convex isothetic polygons namely R1, R2, . . . , Ri.

Lemma 1. All shortest isothetic paths between two given grid points in a convex
isothetic polygon without any hole are monotone.

Corollary 1. All possible shortest isothetic paths in a region of the family of
shortest isothetic paths between two points are monotone.

In Fig. 1(c), there are three regions and two bridges. Let the number of shortest
isothetic paths in the regions R1, R2, and R3 (in other words, between p and p1;
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p2 to p3; and p4 to q) be k1, k2, and k3. From k1, k2, and k3, the total number
of shortest isothetic paths in a FSIP can be calculated. There are two bridges
(i.e., only one possible path) from p1 to p2, and from p3 to p4.

Theorem 1. If the number shortest isothetic paths in the regions R1, R2, . . . , Ri

is k1, k2, . . . ki respectively, then the total number of shortest isothetic paths
between two points is λ = k1 × k2 × . . . × ki.

The weight of a region UGB is defined as the number of additional paths con-
tributed by the UGB in order to reach the other end point of Ri. The total num-
ber of shortest isothetic paths between two end points of a region is obtained by
summing the weights of all region UGBs in the bounding rectangle.

Lemma 2. The number of possible shortest isothetic paths between two diagonal
points in an UGB is ‘2’.

Proof. An UGB is the bounding rectangle for the two points which are diag-
onally opposite in the corresponding UGB. Except the two monotone semi-
borders of the UGB there are no more monotone paths between the two diagonal
points. Thus, it can be concluded that the number of possible shortest isothetic
paths between two diagonal points in an UGB is two (see Fig. 2(left)). ��
Here, to calculate the number of SIPs, we proceed from q. First, the number of
possible paths for the UGB containing q as a grid point (called start UGB), is
computed as two (the weight of the start UGB), according to Lemma 2. The
total number of SIPs in a region is the sum of the weights of all UGBs in that
region. Let the weight of all non-region UGBs be ‘0’ (as it cannot be part of
any SIP). The region UGBs sharing an edge with either of the two sides of the
bounding rectangle intersecting at q (c1q and qc2) are termed as border UGBs
in the corresponding region.

Lemma 3. The weight of border UGBs in a region is ‘1’.
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Fig. 2. Left: In any UGB, there are two possible SIPs. Middle: Weights of all region
UGBs between p and q. Right: Calculation of weights using row-sum and column-sum.
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Proof. Let there be one start UGB having weight ‘2’ and a border UGB imme-
diately left to it. The number of possible shortest isothetic paths between two
diagonal grid points in an UGB is ‘2’ (Lemma 2). The border UGB immediately
left to it has also two possible paths between the two diagonal grid points. There
is a common grid edge between these two UGBs (p′q′′ in Fig. 2(middle)). Leaving
the common edge we can say that there are two paths—q′p′ and q′q′′. The two
paths of the start UGB can be extended to q′ by adding the grid edge q′p′ to
its existing two shortest paths. Thus, there is one more shortest path from q′q′′,
which can be extended to q by adding the grid edge q′′q. It is true for all border
UGBs. Hence, border UGBs contributes to one additional path. ��
Lemma 4. The weight of an UGB, U , is the sum of the weights of all region
UGBs lying bottom-right of it inside the corresponding bounding rectangle.

Proof. Let the bottom-right and top-left corners of U be c′ c′′ respectively. Let
the sum of the weights of all region UGBs bottom-right of U in the corresponding
bounding rectangle be w, i.e., total number of shortest paths from q to cc′ is
w. According to Lemma 2, there are two possible paths in an UGB. Thus, total
number of possible paths from q to c′′ is 2 × w. So, we can say U will contribute
w number of additional paths. Hence the weight of the corresponding UGB
is w, equal to the sum of the weights of all UGBs bottom-right to it in the
corresponding bounding rectangle. ��
In order to find the weight of a UGB efficiently, a novel combinatorial technique
is used—the concept of row-sum and column-sum. Row-sum (column-sum) of
a region UGB is the sum of the weights of all region UGBs in a particular
row (column) lying right (below) to the mentioned UGB. The weight of the
mentioned UGB is also included in the sum (see Fig. 2(right)).

Theorem 2. The weight, w, of a region UGB, U , except the start UGB and
border UGBs is as follows.

1. when there is a region UGB, Ub, below U , then the weight of U is row-sum
of Ub;

2. when there is a region UGB, Ur, right of U , then the weight of U is column-
sum of Ur;

3. when there are non-region UGBs right and below U , then the weight of U is
the sum of row-sum and column-sum of Ubr, where Ubr is the region UGB
at immediate bottom–right position (diagonal) of U (but Ubr is not the start
UGB). When Ubr is the start UGB, then the weight of U is either equal to
its row-sum or column-sum.

If Ub, Ur, or Ubr is the border UGB, then one has to be deducted from the
calculated weight.

Proof. Let there be a region UGB, Ub, below U . The weight of U is the sum
of all region UGBs lying bottom-right to it in the corresponding bounding rec-
tangle following Lemma 4. Let us consider the situation depicted in Fig. 3(left).
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Fig. 3. The calculation of the weight of the UGB marked with ‘*’ (proof of Theorem 2).
First three conditions of Theorem 2 are shown in left, middle, and right respectively.

The weight, w, of U is B + C + D. According to Lemma 4, the weight of
Ub is A = D. Thus, w = B + C + A, which is equal to the row-sum of Ub.
Similarly, if Fig. 3(middle) is considered, then the weight, w, of U is equal to
B+C+D (following Lemma 4). We can say that the weight of Ur is A = D. Thus,
w = B+C +A, which is equal to the column-sum of Ur. To prove the third case,
let us consider the Fig. 3(right). The weight of U is w = A+B +C +D +E +F .
The weight of Ubr is A = F . Now, we can write, w = (A+B +C)+(D+E +A),
which is equal to the row-sum and column-sum of Ubr.

If Ubr is the start UGB, then its row-sum and column-sum both are equal
to its weight. If corresponding weight of U is calculated as the sum of row-sum
and column-sum, then the addition will include the weights twice and does not
follow Lemma 4. Thus, the weight of U will be either equal to the row-sum or
column-sum of Ubr.

Now, consider the UGB D in Fig. 3(right), where Ub is a border UGB. Accord-
ing to condition 1, the weight of UGB D, will be 3—the row-sum of Ub. Following
Lemma 4, we can say that the weight of UGB D should be equal to the weight
of UGB A. Here, considering the UGB immediate bottom of D (which is border
UGB) adds one more to the calculated weight. Thus, one should be deducted
when Ub, Ur, or Ubr is the border UGB. ��
Theorem 3. The total number of possible shortest isothetic paths in a region is
the sum of the weights of all UGBs belonging to the region.

Proof. According to Lemma 2, the number of possible shortest isothetic paths
between two diagonal points in an UGB is ‘2’. The weight of an UGB computed
as the number of additional shortest isothetic paths which involve one of the two
shortest paths leading to p. Thus, the sum of all weights of the UGBs in a region
gives the total number of possible shortest isothetic paths in that region. ��

4 Algorithm to Determine the Total Number of SIPs

The algorithm Enum-SIP computes the total number of SIPs, λ, between two
given grid points. The given digital object, A, two grid points inside it, i.e., p
and q, and the grid size g are taken as input for the algorithm. In Step 1, the
set of regions and bridges are obtained in order using the algorithm of family of
shortest isothetic paths using the procedure FSIP (detailed in [14]). Steps 3–9
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describes the procedure of computing the number of shortest isothetic paths in
each region. Here, i denotes the current region for which the number of possi-
ble shortest isothetic paths will be calculated. i is initialized to ‘1’ in Step 4.
The number of possible shortest isothetic paths in a region is computed using
the procedure Find-SIP-Number and the value is stored ki (Step 5). The value
of ki is multiplied with λ in Step 6 (see Theorem 1). The corresponding region
is deducted from the list of regions in Step 7 of Enum-SIP.

Algorithm
Enum-SIP(A, p, q, g)

1. R, B ←FSIP(A, p, q, g)
2. λ ← 1
3. do
4. i ← 1
5. ki ←Find-SIP-Number(Ri, g)
6. λ ← λ × ki

7. R ← {R} − Ri

8. i ← i + 1
9. while(R = ∅)
10.return λ

Procedure Find-SIP-Number(Ri, g)

1. p , q ←Find-Rect(Ri)
2. r, c ←Calculate-Dim(p , q , g)
3. w ←Initialize(r, c, Ri, g)
4. k ← 0, j ← r
5. do
6. l ← c
7. do
8. if(w[j][l] = ∞) then
9. k ← k + Calculate-Weight(w, r, c, j, l)
10. if(w[j][l + 1] = 0 and w[j][l] = 0) then
11. break
12. l ← l − 1
13. while(l = 0)
14. j ← j − 1
15. while(j = 0)
16. return k

Procedure Calculate-Weight(w, r, c, j, l)

1. if j = r and l = c then
2. w[j][l] ← 2, rsj,l ← 2, csj,l ← 2
3. else if j = r or l = c then
4. w[j][l] ← 1
5. if j = r then
6. rsj,l ← rsj,l−1 + w[j][l], csj,l ← 1
7. else
8. rsj,l ← 1, csj,l ← csj−1,l + w[j][l]
9. else
10. if j = r − 1 and l = c − 1 then
11. w[j][l] ← rsj−1,l−1
12. else if w[j − 1][l] = 0 and w[j][l − 1] = 0 then
13. w[j][l] ← rsj−1,l−1 + csj−1,l−1
14. else if w[j − 1][l] = 0 or w[j][l − 1] = 0 then
15. w[j][l] ← rsj−1,l
16. else if w[j − 1][l] = 0 or w[j][l − 1] = 0 then
17. w[j][l] ← csj,l−1
18. if j + 1 = r or l + 1 = c then
19. w[j][l] ← w[j][l] − 1
20. rsj,l ← w[j][l] + rsj,l−1, csj,l ← w[j][l] + rsj−1,l
21. return w[j][l]

Fig. 4. The algorithm and procedures to determine number of shortest isothetic paths.

The procedure Find-SIP-Number determines the total number of possible
shortest isothetic paths in a region. The bounding rectangle (having p′ and
q′ as two opposite corners) for the region is considered first (Step 1) using the
procedure Find-Rect. Let w be a matrix in which value of each cell corresponds
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to the weight of an UGB inside the bounding rectangle. The dimension of w is
computed in Step 2 using the procedure Calculate-Dim. Now, r and c are the
corresponding number of rows and columns. w is initialized in Step 3 with ∞ for
region UGBs and with ‘0’ for non-region UGBs. k′ is initialized to ‘0’ and j is
initialized to the total number of rows, i.e., r (Step 4). The weight of each UGB
is calculated and the sum of all weights of region UGBs is the total number of
possible shortest isothetic paths in a region (computed in Steps 5–15) (follows
Theorem 3). The weight of each row starting from bottom is calculated (from
right to left). l is initialized to the number of columns for the evaluation of each
row (Step 6). The weight of region UGBs are computed by calling the procedure
Calculate-Weight (Steps 8–9). The calculation stops in a row when there
is a non-region UGB (Steps 10–11). There will be no more region UGBs in a
given row as the regions are convex. It is to be noted that this calculation can
be optimized more if the border of supremum SIP is followed. In that case only
region UGBs will be accessed. l and j are decremented by ‘1’ in Step 12 and
Step 14 respectively.

The procedure Calculate-Weight calculates the weight along with its
row-sum and column-sum of each of the UGBs. Steps 1–2 computes the weight,
row-sum, and column-sum of the start UGB. The weights, row-sums, and column-
sums of the border UGBs are computed in Steps 3–8. For other region UGBs,
the weight, row-sum, and column-sum are calculated following the Theorem 2
(Steps 9–20). The weight of the corresponding UGB is returned (Step 21).

4.1 Time Complexity

The time complexity can be explained in terms of the total number of UGBs
in the FSIP between p and q. Let there be i regions; the procedure Find-SIP-
Number will then be called i times. The time taken to evaluate the number
of SIPs in a region is O(r × c) (r and c be the number of rows and columns
corresponding to the region), i.e., the number of UGBs in the region. In other
words, (r × c) is equal to the number of region UGBs. The time taken by the
procedure Calculate-Weight is O(1). Hence the total time complexity is
O(i × r × c), where (i × r × c) is the total number of UGBs in FSIP. The time
taken to access the grid-blocks of UGBs in FSIP is proportional with O(S/g2)
in the worst case, where S is the total number of object pixels, and g is the grid
size. Let S′ be the number of pixels contained in FSIP, i,e, in general S′ < S.
Thus, we can say O(i × r × c) � O(S/g2) � O(S′/g2), where O(S′/g2) is the
UGBs in FSIP (depend on the position of p and q). The time taken to calculate
FSIP is O(n/g log n/g) that includes preprocessing time, where n is the number
of pixels on the contour of A, and g is the grid size. Hence, the total time
complexity is (O(n/g log n/g) + O(S′/g2)). Note that there exist an exponential
number of paths between two points. Thus, to report all possible SIPs, we need
exponential time. In this work, we report the number of such SIPs between two
points in O(S/g2) time (worst case), but do not explicitly list them.
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5 Experimental Results

The proposed algorithm is implemented in C in Ubuntu 10.4, Kernel version
2.6.32-21-generic. It is tested on several datasets containing various digital images
of different shapes and forms. Results for three digital objects (Flower, Wrench,
and Star) are shown in Fig. 5. Control points are placed on the digital objects as
per the rules stated in [14]. Number of SIPs are determined from one point (green
color) to other points (blue color) in the digital objects (considered in anticlock-
wise manner). The corresponding data, i.e., area of the object, isothetic distance
between two points, |pq|, length of SIP, |πp,q|, area of FSIP, and number of SIPs,
δ, are shown in Table 1. It may be noted here that for similar values of |πp,q|,
the number of SIPs, δ, varies significantly depending upon the complexity of the
FSIP. The number of SIPs has significant role in shape analysis of digital object,
which can be explored further in future.

Fig. 5. Experimental results on digital objects—Flower, Wrench, and Star (Color figure
online).

Table 1. Data for the results shown in Fig. 5.

Object, A Area of A |pq| |πp,q| Area of FSIP # δ

Flower 154039 250 610 21911 9611031

680 680 29881 1530444304

670 670 26571 2490054094

460 600 17603 2459367

Wrench 65374 200 200 5401 110052

230 270 4971 2913

850 850 31831 2401189960

730 730 21831 3152889414

Star 91758 420 420 6121 32890

600 600 31501 1869737929

600 600 31401 3444584329

420 420 8421 511244
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6 Conclusion

A shortest isothetic path (SIP) between two points may not be unique. We have
presented an algorithm to enumerate the number of SIPs between two points
in a digital object. The enumeration of SIPs is facilitated by an incremental
analysis of paths in each unit grid block (UGB) of a region. Once the number of
SIPs in each region is obtained, the total number of SIPs can be computed by
taking up their product. The time complexity of the algorithm is determined by
the number of UGBs within the FSIP. Estimation of SIP’s may find important
applications in robot navigation and shape analysis of the objects.
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