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Abstract. In this paper we describe an image processing algorithm for
measuring the meniscus radius of ingots when pulling silicon rods from
the melt, which is heated by electron beams. We describe the image
processing steps that are performed for segmentation of meniscus region
— line filtering in complex domain and radius estimation that is based on
the bisectors of chords algorithm by incorporating angular information.
We test 3 radius measurement methods of meniscus region and analyze
the stability on synthetic images as well as on video from the growth
process. We also performed an experiment where silicon rod was grown
using the developed image processing and control algorithm. We obtained
the final result of 2 mm radius stability on the silicon rod.

1 Introduction

There is a high demand for high efficiency crystalline silicon solar cells. Float
zone (FZ) grown silicon can be used in cell manufacturing and possibly lead to
an increase in their efficiency because of lower defect content in its crystalline
structure thanks to growth method. However, raw material for FZ feedstock —
silicon rods, originally produced by slow vapor deposition in the Siemens-process,
have significantly higher costs compared to feedstock used in other methods of
silicon crystal growth. The paper [6] describes growing and testing of silicon rods
with growth by FZ method, and mentions the scaling of the process for industrial
application. Growing of the rod is performed by dipping a seed crystal into
the melt and slowly pulling up and rotating. The melt is heated using electron
beams, emitted from two electron guns. Focal spots of the heat, produced by
electron beams, are moving along the two opposite half circle arcs with specified
radii. The radii of the arcs, along with the amount of power that is transferred
to the melt by the electrons, form a temperature conditions of the process. In
the current stage of our research, it is assumed that the power and position of
electron beams remain constant during the process. However, the rods, grown in
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the early experimental stages, had varying diameters [6]. The goal is to grow a
cylindrical rod that meets the desired diameter, therefore less material has to be
cut off after growth. Given the constant power and position of electron beams,
a factor that influences the diameter of grown rod is its pulling speed.

There are two general methods for measuring the diameter of growing ingots
employed by well known Czochralski crystal growth method: weight control and
optical control. Analogously, we use the optical control method — the device is
equipped with a video camera, providing a video representation of the process.
We measure the diameter of the bright arc around the growing rod. This arc is
an optical phenomenon formed by the light reflected from meniscus [9]. In our
closed-loop system, the measured value of diameter is then used to control the
pulling speed. We should mention that in order to control trajectory and power
of the electron beams, the same imaging sensor can be used, which is reserved
for future development.

2 Image Segmentation

To perform the measurements on the meniscus region and obtain its radius, we
first have to extract the meniscus region from the image. Growth method, where
the melt is heated by using two electron beams that run on a circular trajectory,
rises additional challenge to measure the radius of meniscus. Because of the
bright spots left behind the electron beams, we first apply several enhancement
and segmentation steps.

The camera that captures images of the growing process is mounted above
the crucible, so it sees a meniscus region and rod from the above at a slight
angle. It should be considered that the level of melt decreases during the process.
Therefore, the meniscus ring is observed only partially and in perspective under
the non-constant angle (e.g. Fig. 2, left). Most of the circle detection methods
that are mentioned further, experience performance degradation if the observed
shape deviates from a perfect circle (i.e. it is stretched or forms an ellipse).
Additionally, if radius is measured using only a part of circle pixels (arc), then
if circle is deformed, the determined value will be dependent on which part of
the arc was used in the measurement.

We use affine transformations on the input image to correct the perspec-
tive distortions. Because camera is fixed during the growth procedure, we use a
checkerboard pattern to obtain calibration matrix before the growing process has
started. After corners of the square checkerboard are detected, the coordinate
transformation matrix can be calculated. This matrix transforms coordinates
from within the plane of the calibration checkerboard to equivalent screen coor-
dinates and can be used to remap pixels of the input image. During the growth
process, every frame is mapped using this transformation matrix before process-
ing. Thus, we ensure that the processed meniscus shape is as close to a circular
arc as possible.

While enhancement procedure is necessary to improve the quality of the pro-
cessed image (i.e. the shape of the meniscus), the segmentation step is performed
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to select only the pixels that belong to the meniscus. The segmentation is crucial
for some of the circle detection methods.

Meniscus region of interest (ROI) is obtained by following steps shown in
block diagram in Fig. 1. After the input image is obtained from the camera, we
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Fig. 1. Meniscus ROI segmentation block diagram

need to select the main ROI in which all of the image processing will be per-
formed. For this task, we first perform clustering-based image thresholding by
using Otsu’s method. After thresholding, the largest non-zero region that repre-
sents the melt area is selected. To include in the ROI also the part of the melt
covered by the rod, we perform convex hull operation on the obtained region.
The resulting ROI includes melt, meniscus and rod. The input image from the
camera during the silicon growth process, image after perspective correction and
obtained main ROI are shown in the Fig. 2. We then find the centroid of the
main ROI and use it as a center for conversion of the image into polar coordi-
nate system. Since calculated centroid is guaranteed to be close to the middle
of the circular meniscus ring, the polar coordinate system is a natural choice
for detection of meniscus ROI which is of a circular shape. After converting

Fig. 2. Left: Input image, where silicon rod is being pulled from the melt, middle:
input image after perspective correction, right: obtained main ROI.

the image into polar coordinate system, we apply line filter, called Line Non
Halo Complex Matched Filter (L-NH-CMF), to extract only line like objects [8].
Next we search for the brightest points in every column and then classify them
by intensity and distance from the polar coordinate center. Points representing
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meniscus region are the brightest and nearest pixels to the center of polar coor-
dinate system. Image converted to polar coordinate system, image filtered with
L-NH-CMF and obtained meniscus ROI are shown in Fig. 3. After obtaining
points representing meniscus region we convert them back to Cartesian coordi-
nate system and by performing morphological dilation we slightly enlarge the
meniscus region.

After we have obtained the meniscus region, we apply circle detection and
radius measurement algorithms on all non-zero pixels within meniscus region.

Fig. 3. Left: Image in polar coordinate system, middle: image after L-NH-CMF,
right: obtained meniscus region points.

3 Circle Detection

3.1 Analysis of State of the Art Methods

Circle detection includes the determination of its center and radius. There are
several circle detection methods presented previously, however, not every method
can be used when dealing with a half circle or an arc, as in the case of meniscus of
the growing rod. Most widely used method for circle detection is Hough Trans-
form (HT), introduced in [3]. HT is a raster voting approach, which means that
during the analysis of the image, possible candidates for the circle centers are
accumulated in 3D spatial array of votes, called accumulator. Although many
modifications of HT exist [10], [2], which can reduce the size of the required accu-
mulator memory, the performance of the method is still dependent upon the size
of the chosen accumulator. Also other non-HT methods could be of interest to
the reader of this paper, such as [4], [1]. Less complex circle detection methods
are vectorized, i.e. work with geometrical primitives, such as points and lines,
to calculate and accumulate votes. They are also more sensitive to the distor-
tions of the input data — it must be provided that most of the processed edges
come from the same circle. In our setup, this is ensured by the segmentation
procedure.

A few simple and effective vectorized circle detection methods were intro-
duced by Li-qin et.al. — edge normals [5] and perpendicular bisector of chords
[7]. First method relies on the fact that two normals to the circle edges intersect
in the center of the circle.
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Given N edge points, a total of N · N−1
2 pairs of edge points can be analyzed.

However, to reduce the complexity of algorithm, fewer pairs of edge points can be
selected at random. For each analyzed pair of edge points {(Ax, Ay), (Bx, By)}i,
center candidate (a, b)i can be calculated as follows:{

a = Ax − Ax·(By·(Ax−Bx)−Bx·(Ay−By))
Ax·By−Ay·Bx

b = Ay − Ay·(By·(Ax−Bx)−Bx·(Ay−By))
Ax·By−Ay·Bx

,
(1)

where A ≡ (Ax,Ay) and B ≡ (Bx,By) are unit normal vectors for edges in
points A and B. Radius candidate ri is then estimated as the mean distance
between edge points Ai, Bi and the center candidate (a, b)i. Circle center and
radius are obtained statistically from an array of candidate values.

Despite the simplicity of this method, its performance is limited by the algo-
rithm for estimation of edge direction. Imprecise edge detection results in the
skewed normals and incorrect intersection points (center and radii candidates).
A quick analysis of the error propagation can demonstrate this and provide some
useful conclusions. In general, given some measured values x0, ...xn with known
uncertainties (standard deviations) σx0 , ...σxn

, and an expression y = f(x0, ...xn)
to calculate new value — y, we can use the method of partial derivatives to cal-
culate the propagated error — σy. Assuming small errors σx0 , ...σxn

, the value
σy can be estimated as follows:

σy =

√(
∂y

∂x0

)2

· σ2
x0

+
(

∂y

∂x1

)2

· σ2
x1

+
(

∂y

∂x2

)2

· σ2
x2

... (2)

By comparing the values of summands under the square root, it is possible to
conclude which of the parameters x0, ...xn influence the error of y, and in what
proportion.

In our case, we try to analyze the uncertainty of values a, b, using coordinates
of points A,B, vectors A,B, and the expression (1). Since Ax ≡ cos(∠A),
Ay ≡ sin(∠A), and similarly for point B, the expression (1) can be rewritten in
terms of point coordinates (Ax, Ay), (Bx, By) and the angles of edge normals —
∠A,∠B. Because results for both coordinates a and b are similar, only first one
is shown in details:

a = Ax − cos(∠A) · (cos(∠B) · (Ay − By) − sin(∠B) · (Ax − Bx))
sin(∠A − ∠B)

(3)

∂a

∂Ax
=

cos(∠A) · sin(∠B)
sin(∠A − ∠B)

+ 1 ∝∼
1

sin(∠A − ∠B)
(4)

∂a

∂Bx
= −cos(∠A) · sin(∠B)

sin(∠A − ∠B)
∝ 1

sin(∠A − ∠B)
(5)

∂a

∂Ay
= −cos(∠A) · cos(∠B)

sin(∠A − ∠B)
∝ 1

sin(∠A − ∠B)
(6)

∂a

∂By
=

cos(∠A) · cos(∠B)
sin(∠A − ∠B)

∝ 1
sin(∠A − ∠B)

(7)
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∂a

∂∠A
=

cos(∠B)2 · (Ay − By) − cos(∠B) · sin(∠B) · (Ax − Bx)
sin(∠A − ∠B)2

(8)

∂a

∂∠B
=

cos(∠A)2 · (Ay − By) − cos(∠A) · sin(∠A) · (Ax − Bx)
sin(∠A − ∠B)2

(9)

By analyzing the calculated derivatives, we can conclude that the most important
factors that influence the precision of center estimation are:

1. difference of edge angles (∠A − ∠B) (perpendicular edges provide the most
precise center estimation, because of the high value of squared sin(∠A−∠B)),

2. angles ∠A and ∠B (it can be shown that the propagated angular error (8)-
(9) can be significantly larger than the propagated coordinate error (4)-(7)
due to presence of point coordinates Ax, Ay, Bx, By in the numerator).

Other approach, called perpendicular bisector of chords [7] improves the observed
drawback. This method uses pairs of perpendicular bisectors of each two chords
in the circle. For example, in Fig. 4 two chords A′A′′ and B′B′′ and their respec-
tive perpendicular bisectors are shown — it can be seen that these bisectors
intersect at the center of the circle (a, b). Given N edge points, a total of 3·N !

(N−4)!·4!

A'

A''
A

B

B''

B'

(a, b)
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B

=

=

-

-

Fig. 4. Chords A′A′′ and B′B′′ and their respective perpendicular bisectors

combinations of chords can be analyzed, which is significantly more than for the
previous approach. However, similarly as in the previous example, we can ran-
domly select fewer quadruples of points {A′, A′′, B′, B′′}i and for each group to
calculate the center candidate (intersection point of bisectors) (a, b)i, and radius
candidate (mean distance from edge points A′, A′′, B′, B′′ to the center candidate
(a, b)).

To analyze the precision of this algorithm we consider following argument:
suppose a chord is given by two pairs of coordinates, i.e. (A′

x, A′
y) and (A′′

x, A′′
y).

Then, the coordinates of the chord midpoint can be calculated as: Ax = (A′
x+A′′

x )
2

and Ay = (A′
y+A′′

y )

2 . Provided equal standard deviation σ′ for the detected end-
points and the independence, the error of calculated center is smaller — σ = σ′√

2
.

Moreover, the tangent unit vector of chord bisector can be calculated as:

Ax =
A′

y − A′′
y

lA
, Ay = −A′

x − A′′
x

lA
, (10)
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where lA is the length of the chord A′A′′. The partial derivatives show that the
angular error is dependent of the length of the chords, i.e:

∂Ax

∂A′
x

= − (A′′
y − A′

y) · (A′′
x − A′

x)
l3A

∈ O

(
1
lA

)
(11)

∂Ax

∂A′
y

=
1
lA

− (A′′
y − A′

y)2

l3A
∈ O

(
1
lA

)
, (12)

and etc. The longer are the observed chords, the more precise are directions of
their respective bisectors. Further analysis of error propagation, given the chord
centers A, B and direction vectors A,B is identical to one, carried for edge
normal method. With a proper selection of analyzed chords, subpixel precision
can be achieved. We summarize our derivations by mentioning two conditions
that are checked during the random analysis of chords:

– length criteria – the chords are analyzed only if their respective lengths are
at least 5 pixels. Thus, we ensure that the impact of the coordinate error on
the calculated bisectors is suitable;

– angle criteria – the chords are analyzed only if the angle between their appro-
priate bisectors is in interval of

[
π
6 , 5π

6

]
. Thus, we ensure that the influence

of bisector angle error is suitable.

3.2 Proposed Method

Since edges, obtained by L-NH-CMF are multiple pixels in width, in order to
increase the precision of the method further, we propose a modified approach for
selection of the chord endings. A vector, obtained by the L-NH-CMF filter, points
the direction of extracted edge line. This information might be used effectively:
pixel values that are read (using bilinear interpolation) perpendicularly to this
vector, form a certain function f(t), which we call as “cross section”. An example
of typical cross section is given in Fig. 5. For any discrete non-zero starting
point (x, y), (x, y ∈ Z), the cross section can be used to estimate the position of
detected line more precisely. In our experiments, we found the median approach
to be most robust, i. e. line center tcenter is calculated using:∫ tcenter

−∞
f(t)dt = 0.5 ·

∫
t

f(t)dt. (13)

It must be noted, however, that this operation takes additional time to calculate,
compared to the standard chord bisector approach, and is prone to systematic
errors if image filtering is not accurate enough. Figure 6 demonstrates introduced
improvement — each positioned vector in this image begins from a non-zero pixel
(detected by the filter) and shows the coordinate correction, applied using the
proposed method. The dashed line demonstrates real position of the circle edge
used to generate this synthetic image. After the coordinate correction, circle
parameters are calculated in the same way as described in section 3.1.
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Fig. 5. Line and it’s cross-section val-
ues; red arrow shows calculated line
center and direction

Fig. 6. Estimation of the line center
for each non-zero pixel that is acquired
after filtering with L-NH-CMF

4 Experiments

We compare three methods: Hough transform, perpendicular bisector of chords,
and proposed modified perpendicular bisector of chords that uses vector infor-
mation obtained from L-NH-CMF. We analyze computation time, precision
and accuracy. A quantitative evaluation of the observed approaches is difficult
because of the absence of the ground truth data for the meniscus radii. Even
though the radius of the grown rod can be thoroughly measured after the pro-
cess, it doesn’t represent the meniscus radius exactly [9]. Therefore, we perform
two different experiments. First experiment is carried on a series of synthetic arc
images with known radii. Because of the presence of ground truth data, we can
evaluate accuracy of the observed circle detection methods. Our second exper-
iment is carried on a series of real growth process images (from a video). The
aim of this experiment is to evaluate the consistency of data, i.e. its precision in
the real world conditions.

4.1 Radius Measurement of Arcs with Various Central Angles

It is important that the method used for the radius measurement of meniscus
detects radius of a circular arc with central angle of pi or even less. Therefore
our first experiment consists of generating synthetic images of circular arcs with
various central angles ranging from [π

4 : 2π] and measuring the radius stability
with each of the previously decribed algorithms. The radius was set to 400 pixels.
Results from this experiment are shown in Fig. 7, left. As it can be seen form
the Fig. 7, left, our proposed method is most stable, also when the radius of
arc with central angle of π

4 has to be detected. It is noticable that HT tends to
converge to R + 1pix value. This can be because HT measures the outside part
of the arc.

4.2 Radius Mesurement of Meniscus

We have recorded a video of silicon rod growth and processed 500 frames to
evaluate precision of radius measurement. Each circle detection method measures
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Fig. 7. Left: Radius measurement of arcs with different central angles, right: radius
measurement of meniscus from the silicon growth video.

the value rmeasured ≡ rtrue + Δr, which differs from the true radius value rtrue

by some Δr. If we assume the independence between rtrue and error Δr, the
standard deviation:

STD(rmeasured) =
√

V ar(rtrue) + V ar(Δr), (14)

can be used to compare the precision of each method
√

V ar(Δr), because the
value of V ar(rtrue) is identical for all compared methods. Obtained results are
shown on the right side of the Fig. 7. The ratio of processing times for HT,
scalar and vectorial bisector of chords is 27 : 1 : 13. In 3.4% of the frames
segmentation fails to extract an arc of at least π

4 central angle, therefore, these
frames are ommited from the final evaluation. In a system, a sliding buffer of
last 30 measured radius values is used to calculate the median value. In this way
we eliminate segmentation errors and obtain less varying estimated radius value.
Using PID controller the estimated radius is used to calculate the pulling speed
of the rod. Control of the rod growth is performed similarly as described in [9].
For reference, images of rod grown in manual mode and in automatic mode are
shown in the Fig. 8.

Fig. 8. Left: Manually grown rod, right: rod grown with proposed method.
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5 Conclusions

In this paper we have described algorithms for automatic control of rod growth
process. In particular, we first examined the enhancement and segmentation of
the input image to obtain the pixels of the meniscus. Next, the circular shape of
the meniscus was analyzed using three circle detection methods: raster — HT,
and vectorial — original and modified perpendicular bisectors of chords. We
compared these methods in terms of accuracy (on synthetic images), precision
and processing time (on rod growth video). HT (phase coding implementation)
is the slowest approach with least performance, the original bisectors of chords
is the fastest approach, but its performance can be further improved by addi-
tional analysis of the information of L-NH-CMF vectors, at the expense of the
processing time. To guide proper implementation of the vectorial circle detection
methods, we also analyzed the conditions that cause degradation of the preci-
sion. We provided the visual comparison of the rods, grown in manual mode and
in automatic mode, using described approach.
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