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Abstract. Passive walkers are robots that can produce a stable cyclical
movement similar to walking on mildly inclined surfaces. In recent years,
various investigations have been conducted on this subject. Since this is a new
field of research, the effect of structural parameters on the movement of these
walkers and the development of more human-like movement models can be
further investigated. This paper compares three popular models for passive
dynamic walkers: Garcia’s mode, Wisse’s model, and our own extended Wis-
se’s model with arm. Our research shows that the extended models lead to more
energy efficient and stable walking.

1 Introduction

Among the mobile robots, the bipedal robots have always been of interest, because of
their adequate flexibility and movement speed; however, the high energy consumption
of these robots has made their use impractical. Since the presentation of the first passive
walker model by McGeer in 1990, a new window was opened to the investigation of
the walking process in humans and to the designing of highly-efficient robots [4].
Through the passive walking mechanism using the two feet, humans are able to walk
on inclined surfaces without needing any control, and by spending only a small amount
of input energy. In Fig. 1, the energy utilization of most famous active and passive bipedal
robots and of humans has been compared.

Walking appears as a very complicated process, which is controlled by the mus-
cular and nervous systems. But, is this control system fully active, or can it operate
passively in certain conditions? By definition, a mechanical system is said to have a
passive movement, if, during the movement, the resultant of the input gravitational
energy and the energy losses in it is zero and no outside energy and control are applied
to the system. This notion was first introduced by McMohan et al. [3].

They maintained that the oscillatory motion of human feet can be convincingly
modeled as a passive dual pendulum. They called this type of movement “Throw
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Walking”. Later on, in 1990, McGeer demonstrated that walking can be a completely
autonomous [self-initiated] process. He stated: “A set of bi-pedal machines exist for
which, walking is a natural dynamic mode. The movement started on a mildly inclined
surface by a machine belonging to this set leads to a stable movement comparable to
natural walking, while it requires no input energy and control.” [4] This stable
movement by two feet is sustained by balancing the energy lost during the impact of
feet with the ground and the other plausible energy losses during movement with the
input energy due to gravity. McGeer demonstrated this fact theoretically as well as
experimentally by building prototypes of bipedal walkers. This line of research was
subsequently pursued by other investigators who presented different models. These
models included the 3D models [5], models with upper bodies [6], and models with
knees [7]. The most complex passive bipedal walker is a 3D model with knees and
arms, which was built in the Cornell University under the supervision of Andy Ruina in
2001 (Fig. 2) [5]. In recent years, many universities around the world have conducted
research works on passive and semi-active bipedal walkers [8–13]. In brief, the
advantages of the passive movement scheme are as follows: (1) Saving in the con-
sumption of energy: while the humanoid robot of the Honda Motors Company carries a
6 kg battery for 40 min of walking [1], Garcia et al. demonstrated that the energy
utilization limit of a passive bipedal walker can be near zero, (2) the natural movement
modes of passive walkers are very similar to human walking modes.

In 1988, Garcia designed the simplest bipedal robot model that could not be
reduced further [1]. Garcia’s model consisted of 2 massless rods, with 3 point masses at
the ends of two feet and the thigh joint; and the whole model moved two-dimensionally
(Fig. 1). He showed that the above mechanism can walk on mildly inclined surfaces
(Fig. 3).

In 2004, the team of Wisse and Schwab of the Delft University analyzed a bipedal
robot similar to Garcia’s, but which had an upper body [6]. The upper body had a
kinematic constraint that always kept it aligned with the bisector of the angle formed
between the two feet (Fig. 4). The effect of the upper body on stability was analyzed
and it was demonstrated that the existence of the upper body increases the walking
speed and efficiency in the robot. Finally, it was shown that by adding a spring to the

E
ne

rg
y 

co
ns

um
pt

io
n

pe
r 

un
it

di
st

an
ce

 tr
av

el
le

d

Fig. 1. Comparison of human energy, Honda’s robot and semi-active biped robot at Cornell
University [2]
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above model, the stride length can be arbitrarily changed. In this paper, Wisse’s robot
was modeled by placing a spring at the connection joint of the two feet and analyzed
the speed and robustness of the resulting walking gait. This robot is shown in Fig. 4.

In our research, we extended the previous models by Garcia and Wisse to create a
more realistic and accurate model with springs and arms for a walker robot and analyzed
its behavior with respect to walking speed and stability. The model is based on the same
prototype as presented by Wisse and Schwab, except that instead of using a kinematic
constraint to hold the upper body upright, a torsional spring is introduced (Fig. 5).

2 Modeling of Garcia’s Robot

Due to the discretely continuous responses of the system, two sets of equations are
needed to describe the overall motion. The Euler-Lagrange relations and the Hamilton
principle are used to obtain the equations of motion governing the movement of the
bipedal robot. First, the potential and kinetic energy equations are formulated, and then

Fig. 2. 3D passive walking at Cornell University [7]

Fig. 3. Garcia’s model [1]
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the equations of motions are derived by taking the derivative of the energy functions.
The equations obtained at this stage, accurately describe the movement of the two feet
at all times with the exception of the time when the feet impact on the ground. The
general form of the equations is expressed as relation (1).

M qð Þ q�� þC q; _qð Þ _q þ g qð Þ ¼ 0 ð1Þ

Here, q is the state vector and is written as h; /f gT representing the stance and
swing leg angles respectively. This way, two equations of motion are obtained. Since
many parameters exist in the equations, and non-dimensionalizing the equations can
facilitate the evaluation of the responses and also the comparison with other models,
the following non-dimensionalizing variable expressing the ratio of foot to hip mass is
used:

b ¼ m
M

ð2Þ

Thus, by changing the above variable, the equations of motions are obtained as follows
[1]:

1þ 2bð1� cosuÞ½ �€h� bð1� cosuÞ€u
� bð _u� 2 _hÞ _u sinuþ bg

l
sinðh� u� wÞ � sinðh� wÞ½ �

� g
l
sinðh� wÞ ¼ 0

€u� ð1� cosuÞ€h� _h2 sinu� g
l
sinðh� u� wÞ ¼ 0

8>>>>>>>><
>>>>>>>>:

ð3Þ

Now, by assuming m\\M; b ¼ 0 (i.e., the mass of feet is ignored with respect to the
mass of the waist), the equations take the following form [1]:

Fig. 4. Wisse’s original model [12] Fig. 5. Extended Wisse’s model [9]
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€h� sinðh� cÞ g
l
¼ 0

� €uþ €hþ _h2 sinu� cosðh� cÞ sinu ¼ 0

8<
: ð4Þ

The impact condition for this robot is defined as follows:

u ¼ �2h ð5Þ

It should be mentioned that the above condition also applies when both angles are
equal to zero; however, this situation is ignored in the analysis and the assumption is
that the swing leg can swing freely through this condition.

By using the conservation of angular momentum about the stance point and impact
point, the transfer matrix is obtained as:

h

_h

u

_u

2
66664

3
77775

þ

¼
�1 0 0 0
0 cosð2hÞ 0 0
�2 0 0 0
0 cosð2hÞð1� cosð2hÞÞ 0 0

2
664

3
775

h

_h

u

_u

2
66664

3
77775

�

ð6Þ

We simulated the resulting system using Matlab’s builtin Runge Kutta solver for
differential equations.

The initial conditions and the parameters are shown in Table 1.

The results of the simulations are shown in Fig. 6.
As the above figure shows, the limit cycle is obviously stable. It should be men-

tioned that the above limit cycle has become stable at the slope angle less than 0.009.

3 Modeling of Wisse’s Robot

The dynamic equations of Wisse’s robot are obtained by employing the Lagrange
formulation. The general form of these equations is expressed by relation (1), but the
vector of state variables is extended by adding a third dimension – the hip angle

q ¼ h;u;wT

ð7Þ

Table 1. Parameters and Initial condi-
tions for Garcia’s model [1]

Initial conditions Parameters

h 0:2073 c 0:009
_h �0:2061

u 0:4147
_u �0:0175
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Consequently, three equations of motion are generated, and according to the pre-
viously mentioned explanations, these equations are converted to non-dimensionalized
forms. So, the dimensionless parameters are defined as follows:

a ¼ m0

M
; b ¼ m

M
; k ¼ K

M lg
; v ¼ l0

l
ð8Þ

Therefore, the following dimensionless equations are obtained [9]:

Ml2 þ 2ml2ð1� cosuÞ þ m0l2
� �

€h

� ml2ð1� cosuÞ€u� m0l2v cosðwþ hÞ€w
�Ml2 _u2 sinuþ 2Ml2 _u _h sinuþ m0l2v _w2 sinðwþ hÞ
�Mgl sinðh� cÞ � m0gl sinðh� cÞ
�Mgl sinðh� cÞ � sinðu� h� cÞ½ � ¼ 0

ml2ð1� cosuÞ€h� ml2€uþ ml2 _h2 sin/

þ mgl sinðh� u� wÞ ¼ 0

� m0l2v cosðhþ wÞ€hþ m0l2v2€w

þ m0l2v _h2 sinðhþ wÞ � m0gl0 sinðw� cÞ þ kw ¼ s

ð9Þ

Similarly, the impact condition for this robot is defined as:

u ¼ �2h ð10Þ

The transfer matrix for the Wisse’s robot can be obtained by writing the conservation of
angular momentum about the following three points:
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Fig. 6. Stable limit cycle, for slope angles 0.009 Rad
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About the hip, for the left foot.
About the hip, for the upper body.
About the flight foot, for the whole body.

h
_h
u
_u
w
_w

2
6666664

3
7777775

þ

¼

�1 0 0 0 0 0
0 A 0 0 0 0
2 0 0 0 0 0
0 B 0 0 0 0
0 0 0 0 1 0
0 C 0 0 0 1

2
6666664

3
7777775

h
_h
u
_u
w
_w

2
6666664

3
7777775

�

ð11Þ

Where we have:

A ¼ l cosð2hÞ � cosð2wÞð Þ þ 2 cosð2hÞ
2b sin2ð2hÞ þ 2l sin2ðh� wÞ þ 2

B ¼ Að1� cosð2hÞÞ

C ¼ 1þ cosðh� wÞ
v

� �
ð1� AÞ

ð12Þ

By performing the simulation, the limit cycle of the robot is obtained as follows
(Table 2):

And the results are as follows (Fig. 7):
The above figure clearly shows the stability of the limit cycle. The limit cycle is stable
with a slope angle less than 0.0045.

4 Modeling of a Passive Robot with Arms

In this section, a 5-DOF robot consisting of two arms, two feet and also one degree of
freedom in the trunk section is analyzed. The configuration of this robot has made it
more human-like. This robot is shown in Fig. 8.

Table 2. Parameters and Initial condi-
tions for Wisse’s model [9]

Initial conditions Parameters

h 0:2 c 0:0045
_h �0:2 b 0

u 0:4 a 0:08
_u �0:02 v 0:13
w �0:3659 k 0:0917
_w 1:7925
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Similar to the previous robot, Lagrange formulation is used to extract the dynamic
equations of this system. The kinetic energy of this system is written as:

T1 ¼ 1
2
m1l

2
1
_h21

T2 ¼ 1
2
m2l

2
1

_h21 þ ð _h1 � _uÞ2 � 2 _h1ð _h1 � _uÞ cosu
� �

T3 ¼ 1
2
m3 l21 _h

2
1 þ l22ð _h1 þ _h2Þ2 � 2l1l2 _h1ð _h1 þ _h2Þ cosðh2 � h1Þ

� �

T4 ¼ 1
2
m4 l21 _h

2
1 þ l22ð _h1 � _h3Þ2 � 2l1l2 _h1ð _h1 � _h3Þ cosðh1 � h3Þ

� �

T5 ¼ 1
2
m5 l21 _h

2
1 þ ð _h1 � _wÞ2l23 þ 2l1l3 _h1ð _h1 � _wÞ cosðh1 � wÞ

� �

ð13Þ
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Fig. 7. Stable limit cycle, for slope angles 0.0045 Rad

Fig. 8. 5 DOF model
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And potential energy:

V1 ¼ m1gl1 cos h1 � cð Þ
V2 ¼ m2gl1 cos h1 � cð Þ � cos h1 � u� cð Þð Þ
V3 ¼ m3g l1 cos h1 � cð Þ � l2 cos h2 � cð Þð Þ
V4 ¼ m4g l1 cos h1 � cð Þ � l2 cos h3 þ cð Þð Þ
V ¼ m5g l1 cos h1 � cð Þ þ l3 cos wþ cð Þð Þ þ 1

2
kw2

ð14Þ

By inserting the kinetic and potential energies into the Lagrange relation, the dynamic
equations of the above system are obtained, employing the previously mentioned
impact conditions and using the initial conditions and the dimensionless parameters
which are defined below (Table 3):

a ¼ m2

m1
; b ¼ m3 ¼ m4

m1
; r ¼ m5

m1
;

l2
l1
¼ m;

l3
l1
¼ n ð15Þ

By performing the simulations, the following results are obtained (Figs. 9 and 10):

Table 3. Parameters and Initial condi-
tions for 5 DOF’s model

Initial conditions Parameters

h 0:2 c 0:01
_h �0:2 b 0:06

u 0:38 a 0
_u �0:02 v 0:2
w �0:3659 k 0:0917
_w 1:7925 n 0:07

r 0:004
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Fig. 9. Stable limit cycle, for slope angle 0.01 Rad
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The reason for changing the sign of angles θ and φ is the change in the measuring
reference of these angles at the moment of impact. Because, as the support (fulcrum)
foot suddenly switches, the two said angles find new definitions and a new measuring
reference, and therefore, from a geometrical perspective, their signs will change. But
since the measuring reference of angle ψ doesn’t change during impact, this angle
always remains the same; because, although the impact forces produce impulsive
changes in acceleration and stepped changes in velocity, they are not able to change the
angles themselves. So, if the measuring references of the angles are fixed, these angles
will always remain constant. At this stage, the 5-DOF robot has attained a stable limit
cycle at a slope less than 0.01.

5 Conclusion

In this paper, three models of passive robots were analyzed. For each system, a stable
limit cycle was achieved by finding appropriate initial conditions and dimensionless
parameters. In the Garcia’s model, the robot attained a stable limit cycle at slope angle
less than 0.009; whereas in the Wisse’s model and the model with arms, the robots
achieved stability at slopes angle less than 0.0045 and 0.01, respectively. Therefore, we
can conclude that by extending the Wisse’s robot model to a 5-DOF robot with arms,
the new robot becomes more stable.
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