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Abstract. Relative localisation of mobile robots can provide useful infor-
mation to applications, from formation control, to joint exploration and
inspection. One way to obtain relative localisation is to measure distances
between the multiple robots. In this scope, distance estimates based on
RF ranging data can be beneficial for small/inexpensive communicating
robots that have no other means of measuring distances, or as disam-
biguation of multiple hypothesis in high accuracy localisation systems.
In this work, we present a technique of estimating the relative positions
of simple mobile robots in a small team using the distance information
that can be captured by a wireless transceiver, only. Simulation results
with a team of five mobile robots show that we can estimate their relative
positions with an average accuracy of 1.3m without any fixed reference
and using RF information, only. The main contribution of our work is
that we can provide consistent reliability information as the covariance
of the obtained positions.

Keywords: Relative localisation · RF-ranging · Multidimensional
scaling

1 Introduction

Accurate localisation is a key factor on most mobile robots applications which,
due to the need of interaction with the world, has been mostly focused on
absolute localisation. Particularly, substantial attention has been given to simul-
taneous localisation and mapping (SLAM) algorithms, using sensors as diverse
as vision [1,15], lasers [19], or a combination of those [20], usually fused with
dead reckoning. Such sensors provide high precision measurements, consequently
they are used to provide high precision localisation. Despite that, lasers are bulky
(for example to be carried by quad-rotors) and vision systems require high com-
putational capacity. A viable alternative is to use external systems such as GPS
or previously built infrastructures, however, the first may be undesirable since
it is only available in outdoor environments and may be rendered unusable in
forests and street canyons. Similarly, the latter are usually an undesired alterna-
tive, mainly because they are costly to deploy, and are useless if a catastrophic
event changes the environment significantly.
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Alternatively it is possible to localise robots relatively to each other, and
although this type of localisation may seem insufficient to support interac-
tions with the environment, in multi-robot systems it is of key importance to
support fusion of information from different robots, allowing robot coopera-
tion/coordination as well as improvement of global localisation, e.g. using lasers
to measure distance and angle to other robots and fusing that information with
dead reckoning [21], or using relative positions to fuse SLAM maps [3].

In this work, we propose a relative position estimation technique that can be
employed to localise small (approximately up to 10 elements) dynamic multi-robot
teams. The sensing is performed by the wireless communications interface, which
reports the Received Signal Strength Indicator (RSSI) and is able to measure the
Round-Trip Time-of-Flight. No extra hardware is necessary. Despite the fact that
RSSI readings are unreliable, they can still provide helpful information about the
distance between robots and are unequivocal information since the robot can know
who it is “talking” with. The main contributions of this work are:

– we provide a novel relative position tracking technique using RF-based ranging
estimates, only

– we make no assumption on the dynamics of the robots, i.e. all robots are
considered mobile with unknown velocity

– we provide positioning reliability information as the covariance of the
positions.

2 Related Work and Proposal

Relative localisation of mobile robots (or more generically mobile nodes) can
provide useful information to applications. Specifically, estimates of the topology
of a network based on collected ranging data, can be beneficial to applications as
diverse as coarse formation control, cooperative sensing and area coverage, and
disambiguation of multiple hypothesis in high accuracy localisation systems.

A common approach to robot localisation is SLAM. A famous example is the
FastSLAM algorithm [11], where a particle filter is employed to track several pos-
sible paths of the robot, and extended Kalman filters to estimate the positions of
landmarks. Another example is Wifi-SLAM [8] where an automatic fingerprint-
ing technique that exploits landmarks on the radio map is proposed. By fusing
RSSI information with IMU data, it is possible to detect loop closure and to build
the environment map and locate the user. Another interesting work is presented
in [6], where authors propose a range only SLAM. The work in [6] proposes a
technique using dead reckoning to track robot movement and ultrasound rang-
ing equipment to measure the distance between itself and some beacons. The
beacons have unknown positions but are able to measure the distance between
themselves. MapCraft [24] assumes that a physical map containing the walls and
doors is already available. Then, data from different sensors is fused and matched
to the map to estimate positions. Despite all that, these techniques require the
ability of measuring some static features, such as landmarks, walls, or the RSSI
fingerprints of certain access-points. Conversely, in the work presented in [16] a
method of estimating the positions of moving nodes in an anchor-less scenario is
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proposed. The authors use relative velocity, calculated based on dead-reckoning,
together with RSSI measurements to provide a position estimate of a team of
mobile nodes without resorting to anchor nodes.

Another very popular solution of calculating nodes position from ranging
information is the MultiDimensional Scaling (MDS) algorithm [2,4] that min-
imises the dissimilarities of a connectivity matrix up to a rigid formation. In order
to improve results under unknown line-of-sight/non-line-of-sight (LOS/NLOS)
conditions and scarce ranging information, [5] uses another variant of MDS based
on Weighted Least Squares algorithm, whose weights are assigned according to
the reliability of the ranging measurements. The work of [17] proposes a method
of estimating nodes positioning using a Maximum Likelihood Estimator (MLE).
RSSI and ToA measurements of static nodes are collected using the location of
four anchor nodes. In order to obtain distance measurements from RSSI values,
the parameters of the path loss model are estimated using data collected prior
to experiments. However, assuming known position of anchor nodes is undesir-
able, since they can be unavailable in many scenarios. Therefore, in [10,14], the
authors propose a method for deriving the network topology from the RSSI data
using MDS. The method presented is not a physical accurate localisation sys-
tem, mainly because the work does not consider any propagation model. Other
approaches involve iterative methods, such as the work in [25] that proposes
solving an expectation-maximisation problem that jointly estimates the path
loss model and the relative positions of the nodes, using MDS as the initial
condition. Similarly, the authors in [22] propose to use a gradient descent algo-
rithm to solve a minimisation problem that finds the topology that minimises
the error of the distance, but this problem has non-linear constraints and many
local minima. Finally, the technique of communication-based relative localisation
has been also been extensively studied in the field of wireless sensor networks
(WSN), such as [5,9,17]. However, the assumptions valid in most WSN scenar-
ios can seldom be extended to mobile robot, particularly the absence of, or very
limited, mobility that simplifies the problem.

Our paper differs from the previously referred works in several aspects. First
of all, we do not use sensors other than the RF transceiver module to compute
approximate relative positions between the nodes of a small team of mobile
robots. Moreover, we make no assumption on the dynamics of the robots, and do
not assume pre-installed anchor nodes or robots with known positions. Finally,
in addition to the positions estimate, we provide an estimate of the covariance of
the positions, allowing the user to define confidence regions around the estimate.
To the best of the authors knowledge, this is one of the first works computing
confidence regions associated to MDS-computed position estimates.

3 Estimating the Positions

In this section we explain the details of our proposal. First of all we explain the
data that is collected from the robots, and how we use it to obtain a measurement
of the positions. Then we explain how we filter that data and generate positions
estimates.
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3.1 Collecting Distance Information from Robots

The work presented in [13] proposes an RF-only, anchor-less technique that
performs online estimation of the distance between mobile robots without pre-
vious knowledge. The authors use RSSI/Time-of-Flight measurements to per-
form online estimation of the path loss model. Then, the corresponding model
is used to estimate the distance using the RSSI, or the RSSI and Time-of-Flight
when available. Moreover, a Extended Kalman Filter (EKF) was used to perform
the estimation. Consequently, the result is both the estimated distance between
robots and the corresponding estimated variance. Despite that, the work in [13]
approaches the problem we aim to solve up to the estimation of distances, only.
The details of that work cannot be included here due to space constraints, but
Fig. 1 explains the respective process.

Median
Sliding Window

RSSI

ToF
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 Kalman

Filter

Model
Estimator
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di, j
ḋi, j
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s00i, j s

01
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Fig. 1. RF-based ranging for each link: Dashed lines apply only when ToF data is
available (adapted from [13]); In this figure, xi,j is the estimated state (containing
the distance and respective derivative) between robots i and j; Si,j is the respective
covariance matrix

Taking advantage of this work, we build and share amongst the robots two
matrices based on the output of the EKF: the matrix Dn×n = dij , Eq. (1),
where dij is the distance estimate between robots i and j as estimated by robot
i, and the matrix Vn×n = s00ij , Eq. (2), where s00ij is the variance of the distance
estimate between robots i and j, as estimated by robot i.

Dn×n =

⎡
⎢⎢⎢⎢⎢⎣

0 d12 d13 · · · d1n

d21 0 d23 · · · d2n

d31 d32 0 · · · d3n

...
...

...
. . .

...
dn1 dn2 dn3 · · · 0

⎤
⎥⎥⎥⎥⎥⎦

(1) Vn×n =

⎡
⎢⎢⎢⎢⎢⎣

0 s0012 s0013 · · · s001n

s0021 0 s0023 · · · s002n

s0031 s0032 0 · · · s003n
...

...
...

. . .
...

s00n1 s00n2 s00n3 · · · 0

⎤
⎥⎥⎥⎥⎥⎦

(2)

Finally, the algorithms we will use require these matrices to be symmetrical,
which seldom happens due to different transmission power in different robots,
non omnidirectional antennas, etc. That being said, in order to create and feed
a symmetric distance matrix to the those algorithms, we define matrix Gn×n

according to Eq. 3, and matrix Wn×n according to Eq. 4.
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G(i, j) =

{
D(i, j), V(i, j) < V(j, i)
D(j, i), otherwise

(3)

W(i, j) =

{
V(i, j), V(i, j) < V(j, i)
V(j, i), otherwise

(4)

3.2 Estimating Positions from Distances

MultiDimensional Scaling (MDS) [2] is relatively simple to implement technique
that can be used to compute the robots relative positions. MDS is a technique
used in multivariate analysis that transfers a known n × n matrix of dissimi-
larities to n points of an b-dimensional Euclidean space in such a way that the
pairwise distances between points are compatible with the dissimilarities matrix.
Consequently, by limiting b to two, i.e. 2-dimensional positions, and by using the
positive semi-definite matrix Gn×n containing the pairwise distances between all
robots, we can write Eq. (5). Where the MDS function returns the 2-dimensional
Mn×2 containing the positions of the robots.

M = MDS(G) (5)

With respect to defining relative positions for a team of mobile nodes, MDS
already sorts out certain ambiguities that are inherent to the relative localisation
process, e.g. eigenvector switching. However, that has the consequence that a
small perturbation in the distances matrix can bring totally different results for
the coordinates, such as map flips. Since the nodes position is only recovered
up to rigid motion, orientation of the team cannot be determined just with pair-
wise distances, neither can symmetry relationships. To obtain relative positions
estimates that vary smoothly, we carry out the following adjustments of the
coordinates provided by the MDS (considering only the result presented in 2D
space, i.e. b = 2).

Let Mn×2 = (m1;m2; . . . ;mn) denote the coordinates determined with
MDS, where mi = (mx

i ,my
i ) is the 2D position of robot i; Ln×2 = (l1; l2; . . . ; ln)

denote a set of arbitrary reference positions, where li = (lxi , lyi ) is the 2D posi-
tion of robot i; and Fn×2 = (f1; f2; . . . ; fn) denote the final coordinates, where
fi = (fx

i , fy
i ) is the 2D position of robot i.

We consider the robot making these calculations (herein referred by 1) as
being in the origin. Then, because of the flip ambiguity, we generate MI

n×2 =
(mI

1;m
I
2; . . . ;m

I
n), Eq. (6), that represents the mirror image of the output of

MDS along the y-axis.

MI = M ×
(−1 0

0 1

)
(6)

In order to remove the rotation ambiguity, for each robot, we calculate the
angle that would be required to align it with the reference φ = atan2(L) −
atan2(M). Where atan2 represents the four quadrant arctangent. Similarly, we
calculate φI = atan2(L)−atan2(MI). Using those two hypotheses we choose the
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best coordinate set according to Eq. (7). By selecting the set with the smallest
standard deviation, we are selecting the topology with more similarities to the
reference, i.e. the topology in which all robots require approximately the same
rotation to match the reference. Finally, we remove the points whose residuals
exceed one standard deviation (φe) from φ and φI , i.e. if abs(φe − mean(φ)) >
std(φ) or if abs(φe − mean(φI)) > std(φI), and we calculate α, the clockwise
rotation angle that minimises the square error of the angle between the estimate
and the reference (Eq. (8)).

T =

{
M, std(φ) < std(φI)
MI , otherwise

(7)

α =

{
min [(φ − α) · (φ − α)] , std(φ) < std(φI)
min

[(
φI − α

) · (
φI − α

)]
, otherwise

(8)

The last step to calculate the final coordinate F , is rotating the selected
topology as in Eq. (9). Note that φ or φI can contain angles similar in rotation
but different in value, i.e., any values separated by 2π. Therefore, we analyse the
residuals both between [−π, π] and [0, 2π], choosing the one with less standard
deviation.

F = T ×
(

cos(α) sin(α)
− sin(α) cos(α)

)
(9)

3.3 Kalman Filter

In order to estimate the relative positions of a team of robots, we implemented
a Kalman filter (KF) [23]. The state vector is given in Eq. (10), where P2n×1 is
the state vector, and pi = (px

i , py
i ) is the estimated 2D position of robot i. The

equations of the state space model are provided below.

P2n×1 =
[
p1 p2 p3 . . .pn

]′ (10)

The prediction equation is Eq. (11), where ω(k) ∼ N (0,R) is the process
noise at instant k. Finally, we measure the state P directly by sampling the
output of MDS, Eq. (12) where, P(k) is the measurement and ν(k) ∼ N (0,Q)
is the measurement noise.

P(k) = P(k − 1) + ω(k) (11)

P(k) = P(k) + ν(k) (12)

In order to estimate the process noise ω, we apply an heuristic inspired on
the technique used in [14] to estimate relative velocities. However, instead of
using the speed between robots, we use the estimated variances of the distances
between robots, Eq. (14), allowing us to use the uncertainty of the distance
measurements as a measurement of the state progression. In detail, we use the
estimated variances of the distances between robots (W), and compute a unit
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vector ui,j, Eq. (13), pointing from the position of the robot i to the position of
robot j. Then, the state variance of robot i (ri) is calculated as the sum of the
absolute value of those vectors projected in the x and y axes, where ri = (rx

i , ry
i ).

Finally, we divide the velocity by n, to remove the multiple inclusions of the same
variance, obtaining the diagonal matrix R, Eq. (15).

ui,j = (ux
i,j,u

y
i, j) =

(
pi(k − 1) − pj(k − 1)

)
/
∣∣pi(k − 1) − pj(k − 1)

∣∣ (13)

ri =
1
n

×
∑

j=1..n, j �=i

W(i, j) ·
(∣∣∣ux

i,j

∣∣∣,
∣∣∣uy

i,j

∣∣∣
)

(14)

Rn×n =

⎡
⎢⎢⎢⎢⎢⎣

rx
1 0 0 · · · 0 0
0 ry

1 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · rx

n 0
0 0 0 · · · 0 ry

n

⎤
⎥⎥⎥⎥⎥⎦

(15)

3.4 Integrating Measurements

In order to facilitate the understanding of the remaining of this paper, we will
now assume the output of MDS to be in the localisation system state format of
the state, i.e.

[
x1 y1 x2 y2 · · · xn yn

]′ = MDS(G).
Then, in order to compute the process noise we use a Monte Carlo (MC)

approach, according to which we add random noise to the distance inputs, and
repeatedly calculate the output, thus sampling the localisation function. With
a sufficient number of runs we can determine the impact of the noise on the
output distribution. Therefore, we execute MDS with the symmetrical matrix
G obtaining the positions P(k), and adjust the robots positions to minimise
the error with relation to the current state estimate. Then, we execute the mul-
tidimensional scaling algorithm q times, Eq. (17), where q can be configured
according to the precision required and the computational power available. For
each of those executions we use as input G + a × H, where a ∼ N (0, 1), and
H is the matrix of standard deviations, obtained from the element-wise square
root of W. To obtain meaningful results after each execution, we adjust the
robots positions to minimise the error with relation to P(k). Finally we obtain
the covariance matrix Q = cov(Mz), where z = [1..q].

H =

⎡
⎢⎢⎢⎣

√
w11

√
w12

√
w13 · · · √

w1n√
w21

√
w22

√
w23 · · · √

w2n

...
...

...
. . .

...√
wn1

√
wn2

√
wn3 · · · √

wnn

⎤
⎥⎥⎥⎦ (16)

Mz = MDS(G + a × H) (17)
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Robot i

If(slot==i)

Try range robot j

j=j+1

True

Success

dist_estimator(i,j).EKFmeasure(ToF,RSSI)

dist_estimator(all).EKFpredict()

dist_estimator(i,slot).EKFmeasure(RSSI)

Try receive

Success

False

Get data from message

Send distance_estimators

Failure

Failure

Fig. 2. Simulation loop for robot i – Predict all Kalman filters; If robot is a receiver,
try to receive from sender and measure RSSI; If robot is the sender, try to range robot
j and measure ToF and RSSI, finally estimate positions

4 Simulation Results

In this section, we first describe the simulation setup, Fig. 2, namely how we
generate measurements and how we share the distance estimates between the
robots. Then we present the results we obtained using our simulator on ground-
truth (GT) collected from the CyberRescue@RTSS2009 competition [7].

4.1 Generating RSSI and ToF Measurements

In order to realistically simulate our proposal, we modelled the sensors measure-
ments from the real experiments performed in [13]. Namely, we generate RSSI
values taking into account the hardware 2dBm resolution, Eq. (18), where ρ(d)
is the medium propagation using the model in Eq. (19). For the RSSI the para-
meters are: σ2

ρ = 20, ρ0 = −39.6955, α = 1.1558, and aρ ∼ N (0, 1). In addition,
we also generate ToF measurements from real distance according to Eq. (20).
In this case ad ∼ N (0.3842, 1) and σ2

d = 0.4.

ρ = −2 × round
(
0 � −

(
ρ (d) + aρ ×

√
σ2

ρ + 35
)

/2 � 31
)

− 35 (18)

ρ(d) = ρ0 − 10αlog10(d) (19)

d(d) = d + ad ×
√

σ2
d (20)
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4.2 Simulating the Communications

In order to simulate the delays of the information reaching a robot, we have
devised a simple communication protocol. A TDMA schedule with slot size of
50 ms was created such that each robot i transmits in slot i, therefore, at each
slot the simulator will run the loop in Fig. 2 for each robot. A round robin ranging
schedule was implemented such that every ith slot, robot i tries to range one of
the other robots, then, in the next ith slot it will try to range the next robot,
and so on. Still in the same slot, robot i will broadcast a message containing
its distance estimates and distance variance, which the other robots will try to
receive. The communications were programmed with a probability of success of
94 % from measurements carried out by [12] in real conditions similar to our
simulation, i.e. TDMA rounds with no external interference.

4.3 Results

In order to perform experimental evaluation of our proposal, we used logs col-
lected in a simulated robots competition (CyberRescue@RTSS2009 [7]) using
the Cyber-Physical Systems Simulator (CPSS) [18]. We used the GT positions
collected in the 9 logs available on the website, as the path the robots travel
through. Each log is composed of five robots moving in a 28 m by 14 m arena.
For the purpose of this work, the walls were not considered for non-line of sight
and reflection effects.

We ran the robots through our simulator, using the paths obtained from the
logs to generate simulated measurements. The simulator output was used to run
our positions estimator from the perspective of robot 1, and we set to 10 the
number of MDS executions required for the measurement of the topology in the
Monte Carlo approach. To be able to compare our generated positions to the log
GT, we applied the same transformation techniques to the GT data using the
positions estimate as the reference, placing them in the same reference frame as
our data. Therefore, from this point on, when we mention GT, we are referring
to the transformed GT.

Fig. 3. Error of the position estimates – 90% of the errors are under 5m for all cases
and below 2m in the best case, with an overall average of 1.3m
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Fig. 4. A zoomed in snapshot of the simulation field – full line robots represent the
ground-truth, dotted robots represent the estimations surrounded by the 1-standard
deviation ellipse (red), by the 2-standard deviation ellipse (yellow), by the 3-standard
deviation ellipse (green) (Color figure online)
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Fig. 5. Percentage of GT positions contained inside of the covariance ellipses at dif-
ferent scales, from 1 to 10 times the standard deviation – For 3 times the standard
deviation, over 80% of the times, the GT falls inside the covariance ellipse

In order to measure the accuracy of our proposal we calculated the error
of the estimate, as the difference between the estimated position and the GT
position. An histogram of such error is presented in Fig. 3a, where we can see
that under realistic simulated measurements, 90 % of the errors are under 5 m
for all the cases and under 2 m for the best case, with an overall average at 1.3 m

Nevertheless, the information we were more interested in is the confidence
measurement. To analyse the confidence we calculate the percentage of GT posi-
tions contained inside different scales of the covariance ellipse. Figure 4 depicts
a snapshot of one of the simulations where we can see the top left robot inside
of the 3-standard deviation ellipse, the center left robot just on the 3-standard
deviation ellipse, the bottom left robot inside of the 1-standard deviation ellipse,
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and the right robot inside of the 2-standard deviation ellipse. The total percent-
age of GT inside different scales of the covariance ellipse, from 1 to 10 times the
standard deviation, is presented in Fig. 5, for all 9 simulations. We can see that
for 3 times the standard deviation, over 80 % of the GT fall inside the covariance
ellipse. For 5 times, this value raises to about 95 %.

5 Conclusions and Future Work

In this work we presented a novel technique that uses RF-based range estimates,
only, to track the relative positions of a fully mobile team of robots provid-
ing reliability information as the covariance of the positions. We believe that
this is one of the first works to propose confidence values to position estimates
obtained through MDS, particularly for relative localization purposes without
any anchors. Using RF-only information, our method could determine the rel-
ative localization of a team of 5 freely moving robots with an average error of
1.3 m in a region of 28×14 m. Results show that our approach can consistently
provide similar performance across different experiments.

Currently we are implementing this approach on a real robots team, partic-
ularly a RoboCup MSL team, with which we plan to validate our proposal in a
real scenario.
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