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and José Fco. Mart́ınez-Trinidad

Instituto Nacional de Astrof́ısica, Óptica y Electrónica
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Abstract. Graph pattern mining is an important task in Data Mining
and several algorithms have been proposed to solve this problem. Most of
them require that a pattern and its occurrences are identical, thus, they
rely on solving the graph isomorphism problem. In the last years, how-
ever, some algorithms have focused in the case in which label and edge
structure differences between a pattern and its occurrences are allowed
but maintaining a bijection among vertices, using inexact matching dur-
ing the mining process. Recently, an algorithm that allows structural
differences in vertices was proposed. This feature allows it to find pat-
terns missed by other algorithms, but, do these extra patterns actually
contain useful information? We explore the answer to this question by
performing an experiment in the context of unsupervised mining tasks.
Our results suggests that by allowing structural differences in both, ver-
tices and edges, it is possible to obtain new useful information.
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1 Introduction

Graph pattern mining is an important Data Mining field, which is not surprising
considering, on one hand, the importance that graphs have acquired as a mod-
eling tool in a diversity of areas, from chemoinformatics [1] to web analysis [2],
and, on the other hand, that finding frequent patterns can be an important step
in tasks like characterize sets [3], classify [4], build indexes [5], etc.

Different algorithms have been proposed to mine graph patterns [6–9], but
most of them have in common the fact that they require a pattern to be identical
to any of its occurrences; to this end, algorithms usually rely on the graph
isomorphism problem. But in the last years, some works have addressed the
case in which some differences between a pattern and its occurrences should be
allowed. For instance, motivated by the fact that sometimes data could be noisy
and have some mislabeled vertices, Jia et al. [10] proposed an algorithm that
uses probability matrices and the notion of approximately isomorphic graphs to
identify occurrences that are not exactly the same as the pattern. Also, Chen et
al. [11] considered that, in certain contexts, edges could be allowed to connect
vertices in a different way (respect to the pattern) and introduced an algorithm
that allows differences in edges. However, although these algorithms broaden the
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notion of what an acceptable pattern is within certain contexts, they still require
a bijection between the vertices of matching graphs. This is, every pattern vertex
must have a correspondent vertex in a subgraph, and viceversa, in order to allow
the subgraph to be considered an occurrence of the pattern.

In 2014, an algorithm, MaxAFG [12], that allows, besides label differences,
structural differences in both edges and vertices was proposed. In this way, the
algorithm is able to find patterns missed by other state-of-the-art algorithms.
Clearly, allowing structural differences in vertices leads to a bigger number of
discovered patterns, but, are they useful?

In this work, we explore the usefulness for clustering of those extra patterns
found by MaxAFG. We rely on embedding graphs into a vector space via their
dissimilarity respect to the patterns before applying a traditional clustering al-
gorithm. Our experiments suggest that those extra patterns, found by allowing
structural differences in vertices, do provide useful information about the ana-
lyzed data.

The rest of this work is organized as follows: in the next section related work
is summarized. The main ideas of the algorithm MaxAFG are given in section
3. Our proposal for using the mined patterns for graph clustering is shown in
section 4. In section 5, we show our experiments and, finally, in Section 6, we
present our conclusions and some directions for future work.

2 Related Work

As mentioned before, several works have been proposed in the last years that
focus on using inexact matching in graph mining.

First, we have algorithms that allow label differences. In 2011, Jia et al. [10]
proposed the algorithm APGM, motivated by the scenario in which noisy data
leads to wrong labels in vertices. APGM uses a substitution matrix, in which
the entry ij represents the probability of label i being wrongly replaced by label
j. The authors then, measure the similarity between graphs as the product of
probabilities, and define two graphs as approximately isomorphic if their sim-
ilarity is below a given threshold. Later, in 2012, Acosta et al. [13] proposed
VEAM, which extends APGM to the case in which edge labels can be replaced,
in addition to vertex labels.

As for allowing structural differences between graphs, in 2007, Chen et al. [11]
introduced the algorithm gApprox, which finds patterns, in a single graph, that
could have structural differences in edges. The algorithm computes the support
of each pattern by using an upper bound of the support measure proposed by
Kuramochi and Karypis [14, 15], whose idea is to avoid overlapping between
occurrences.

Although these algorithms hint that relaxing the conditions for a graph to be
considered a pattern occurrence could lead to useful information, they all require
that two matching graphs have a bijection between their vertices. In order to
explore a different scenario, in [16], we proposed MaxAFG which, to the best of
our knowledge, is the only algorithm that allows structural differences in vertices.
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3 MaxAFG Algorithm

The algorithm MaxAFG combines a dissimilarity function based on the graph
edit distance, a search strategy to find occurrences of a given pattern allowing
structural differences and a pattern-growth depth-first search scheme, to mine
frequent graph patterns in a single graph. In this section, we briefly describe the
main ideas of this algorithm.

Dissimilarity function. MaxAFG uses a dissimilarity function based on the
edit distance. In order to compute the dissimilarity between two graphs, g1 =
(V1, E1, L1) and g2 = (V2, E2, L2), it is required a one-to-one binary relation
m ⊆ V1 × V2. Then, the dissimilarity between g1 and g2 is given by

fdis(g1, g2) = κvedit + (1− κ)eedit

where κ is the edit cost associated with vertices, and vedit and eedit are defined
as follows:

vedit =
∑

v∈V1\RV1

dv(v,m(v)) + |RV1 |+ |RV2 |

eedit =
∑

(u,v)∈E1\RE1

de ((u, v), (m(u),m(v))) + |RE1 |+ |RE2 |.

In the vedit expression, RV1 represents the set of vertices in V1 that are not
related with any vertex in V2, RV2 represents the set of vertices in V2 that are
not related with any vertex in V1, and dv(v1, v2) represents the cost of replacing
L1(v1) by L2(v2). RE1 , RE2 and de((u, v), (u

′, v′)) are defined in an analogous
way for the edge sets from g1 and g2. Thus, by including the terms RV1 and RV2 ,
this measure takes into account the case in which there are unmatched vertices
between the graphs; in this way, structural differences in vertices are allowed.
RE1 and RE2 are related with allowed structural differences in edges. Finally,
dv(v1, v2) and de((u, v), (u

′, v′)) leave room for label differences.

Search Strategy. Besides the dissimilarity measure described, a search strategy
was proposed to identify frequent patterns using inexact matching. In order to
allow a pattern having occurrences in which there are “extra” vertices (respect to
the pattern it represents), each time a new pattern P ′ is formed, as P ′ = P ∪{v},
and the occurrence g of the pattern P is trying to grow to a vertex u (matching v),
the requirement of having an edge between g and u is replaced by the requirement
of having a path, in a similar way that it is done in the algorithm GraMi [17], but
considering inexact matching. On the other hand, in order to have occurrences
with “missing” vertices respect to the pattern, the occurrences of P that could
not grow are included in the occurrences of P ′, keeping track of the fact that
there is a missing vertex and updating accordingly the edit cost. Structural
differences in edges and labels are allowed following a strategy similar to that of
gApprox [11].



394 M. Flores-Garrido, J.A. Carrasco-Ochoa, and J. Fco. Mart́ınez-Trinidad

Combining fdis and the search strategy described before with a pattern-
growth approach, MaxAFG allows finding maximal frequent approximate sub-
graphs in a single graph, allowing structural differences in vertices and edges,
as well as label differences. For identifying maximal patterns, a pattern is saved
only when it cannot be expanded into a new one that satisfies the frequency
threshold. The support of a pattern is calculated using the function proposed
by Bringmann and Nijssen [18], which defines the support of a pattern P in a
graph G as

σ(P,G) = min
v∈V

|{ϕ(v) : ϕ is a mapping between P and one of its

occurrences in G}| ,

i.e., for each node v in P it is found the number of nodes in G to which v
is mapped to; then, the support of P is established as the minimum of these
numbers.

More details of MaxAFG, including complexity, can be found in [16].

4 Pattern-Based Clustering

In order to explore the usefulness of the set of mined patterns, M, in a graph
clustering task, we embedded the graphs in a vector space via their dissimilarity
respect to the patterns in M.

Usually, graphs are embedded in a vector space through a set of features,
but, according to Duin and Pekalska [19], in human recognition processes it is
more natural to rely on similarities or dissimilarities between objects than to
find explicit features of the objects that could be used for recognition (an idea
that led to prototype-based embeddings [20]).

Thus, we represent each graph g as a vector vg in an n-dimensional space,
where n = |M| and the ith element of vg is the dissimilarity between g and
the ith pattern in M; i = 1, . . . , n. We expect that two graphs with similar
structure have small (or large) dissimilarities respect to the same patterns, thus,
embedding the graphs in this way somehow preserves the structural similarities
among the graphs.

To measure the dissimilarity between graphs and patterns, we used fdis. Once
graphs have been embedded into vectors, traditional clustering algorithms can
be applied.

5 Experiments

In order to show the usefulness of the patterns found allowing structural dif-
ferences in vertices and edges, we compared the clustering results against those
obtained when the patterns mined by gApprox [11] are used to embed the graphs,
since gApprox is the the closest algorithm we could find in the literature. Be-
cause we use maximal patterns and gApprox does not focus in them, we mined
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the patterns using gApprox and, then, we selected the maximal ones in a post-
mining step. In both cases, with MaxAFG and gApprox, we used fdis in the
mining and embedding steps; since what we wanted to find out is if allowing
structural differences in vertices leads to discover information, implicit in the
mined patterns, that could be useful in clustering. For clustering, we used the
well-known k-means algorithm, with random initialization; the value of k was
chosen according to the number of classes in the used databases.

In our experiments, we used two graph databases:

– Structural image skeleton database. Composed by 36 graphs represent-
ing the skeleton of real-image silhouettes [21]. The database is divided in 9
classes (elephant, fork, heart, horse, human, L-star, star, tortoise and whale,
Fig. 1); each class has 4 graphs. Vertices are labeled with body parts, while
edges are labeled with the distance between the vertices they connect. The
collection has 13 different vertex labels, 211 edge labels, an average graph
order of 7 and an average graph size of 6.

– Image database. It was created by Acosta et al. [13] and consists of graphs
built from images, following a quadtree strategy, so that each graph repre-
sents an image and the labels, in vertices and edges, represent colors and
angles associated to the image. Images, and therefore graphs, are labeled as
“landscape” (l) or “seascape” (s). Fig. 2 (taken from [22]) shows an example
of an image in this database and its associated graph. From this database,
we chose 200 graphs, 100 from each class, with the average graph size and
order being 20 and 35, respectively.

Fig. 1. Example of the images in the SIS database

Since we knew the graph labels, we used the true labels in order to validate
our clustering results. In this step we used the General Rand Index [23], which,
given the clusterings C and C′ over a set S, is defined as

R(C,C′) =
2(|S11|+ |S00|)
|S|(|S| − 1)

,

where S11 is the set of pairs that are in the same cluster under C and C′, and
S00 is the set of pairs that are in different clusters under C and C′.

The experiments were performed in a computer with an Intel Core i7 (3.4
GHz) processor with 32GB in RAM, running the Ubuntu 12.04 distribution of
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(a) (b)

Fig. 2. Graph from the database used in the classification experiment; in the left it is
shown the graph whereas in the right it is shown the image represented by the graph

Table 1. Results when clustering using patterns mined by gApprox and MaxAFG,
respectively. The clustering quality is measured using the General Rand Index [23].

Skeleton DB Image DB

gApprox .955 .676

MaxAFG .981 .768

the 64 bit GNU Linux operating system. The implementation of the proposed
algorithm and gApprox was done in Python, using the NetworkX library.

The Table 1 shows the best result that we obtained after running the ex-
periment 100 times, measuring the clustering quality with the General Rand
Index. As we can see, in both databases, we find an improvement when using
the patterns mined by MaxAFG.

The essential difference between gApprox and MaxAFG is that, while both
allow label differences and structural differences in edges, the former does not
allow structural differences in vertices. As argued in [16], all of the patterns found
by gApprox, including the maximal ones, are subgraphs of the patterns found by
MaxAFG. Thus, the quality improvement that we see in the experiment results
could be directly attributed to those (larger) patterns identified by MaxAFG.
Considering the experiment results, we conclude that the patterns found by
MaxAFG are indeed able to capture useful information about the input graph,
missed when a bijection between the vertices of matching graphs is required.

6 Conclusions and Future Work

In this work, we explored the usefulness, in the context of graph clustering, of
patterns found by the algorithm MaxAFG. MaxAFG uses inexact matching and
allows structural differences in vertices and edges. Although it finds patterns
missed by other state-of-the-art algorithms, the question rises about the useful-
ness of these extra patterns. We used MaxAFG to analyze a collection of graphs
and, then, used the found patterns to embed graphs into a vector space and find
clusters.
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We found that using the patterns mined by MaxAFG resulted in a better
clustering quality, in terms of the general Rand Index, than using the maximal
obtained from the patterns mined by gApprox, an algorithm that allows struc-
tural differences in edges but not in vertices. Although the obtained results are
not outstanding from the clustering point of view, they do show that allowing
structural differences in vertices can lead to useful knowledge providing a more
insightful analysis of graph data.

A line suggested for further study is reducing the size of the embedding vector
space, either by previously choosing a subset of patterns or by using a method for
dimensionality reduction. Also, the idea of finding clusters without embedding
the graphs into a vector space could be explored.
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Óptica y Electrónica, Puebla, México (2013)
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