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Abstract. A general operator may transform a binary picture by chang-
ing both black and white points. Sequential operators traverse the points
of a picture, and consider a single point for possible alteration, while
parallel operators can alter a set of points simultaneously. An order-
independent transition function yields the same sequential operator for
arbitrary visiting orders. Two operators are called equivalent if they pro-
duce the same result for each input picture. A transition function is said
to be equivalent if it specifies a pair of equivalent parallel and sequen-
tial operators. This paper establishes a necessary and sufficient condi-
tion for order-independent transition functions, a sufficient criterion for
equivalent transition functions, and a sufficient condition for topology-
preserving parallel general operators in arbitrary binary pictures.

1 Introduction

A binary picture on a digital space is a mapping that assigns a color of black
or white to each point [12]. A reduction (or reductive) operator transforms a
binary picture only by changing some black points to white ones; an operator
that never turns a black point into white is called an addition (or an augmenta-
tive operator); a general (or reductive-augmentative) operator may change both
black and white points [5]).

Parallel operators can alter all points that satisfy their transition functions
simultaneously, while sequential operators traverse the points of a picture, and
may alter just the actually visited point. The author introduced the notions
of equivalent reductions [14] that can be extended for general operators. Two
general operators are said to be equivalent if they produce the same result for
each input picture. Sequential operators with the same transition function may
produce different results for different visiting orders (raster scans) of points. An
order-independent transition function [15] produces the same result for arbitrary
visiting orders. A transition function is called equivalent if it specifies a pair of
equivalent parallel and sequential operators.

Various algorithms (e.g., thinning [4], shrinking [5], generation of skeleton
by influence zones (SKIZ) [16], warping of binary images [2], or narrow band
algorithm in level set methods [6]) are required to preserve topology . Topology
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preservation is well-understood for reductions and additions [7,10,11,13], but it
cannot be said of general operators.

In [14] the author gave a sufficient condition for equivalent reductions assum-
ing (8, 4) pictures on the (2D) square grid. In this amplified work, we present
a necessary and sufficient condition for order-independent transition functions,
a sufficient criterion is given for transition functions that specify pairs of equiv-
alent sequential and parallel operators, and a sufficient condition is established
for topology-preserving parallel general operators. These results are valid in ar-
bitrary binary pictures.

2 Basic Notions and Results

In this paper, we use the fundamental concepts of digital topology as reviewed
by Kong and Rosenfeld [12].

Consider a pair of adjacency relations (k, k̄) on a digital space V [12]. A (k, k̄)
digital picture on V is a quadruple (V, k, k̄, B), where each point in B ⊆ V is
called a black point ; each point in V \B is said to be a white point ; k-adjacency is
used for black points; k̄-adjacency is assigned to white points. A black component
is a k–component of B, while a white component is a k̄–component of V \B.

It is assumed that any picture (V, k, k̄, B) contains finitely many black points,
hence the hull of that picture denoted byH(B) also contains finitely many (black
and white) points. Note that the hull of a picture sampled on an orthogonal grid
is the bounding box of the set of black points. Throughout this paper, transition
functions of the considered operators are evaluated only for the elements of
H(B).

Sequential and parallel general operators are illustrated in Algorithms 1 and
2. A point p is alterable, if T (p, Y ) = true, where Y denotes the set of black
points in the (actual) picture, i.e., Y = SB ⊆ B in sequential operators (see
Algorithm 1), and Y = B in the parallel case (see Algorithm 2).

Algorithm 1. Sequential operator

Input: picture (V, k, k̄, B), transition function T , and
permutation Π of elements in H(B)

Output: picture (V, k, k̄, SB)
SB = B
// traversal according to permutation Π
foreach p ∈ H(B) do

if T (p, SB) = true then
if p ∈ SB then

SB = SB \ {p} // p is altered from black to white
else

SB = SB ∪ {p} // p is altered from white to black
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Algorithm 2. Parallel operator

Input: picture (V, k, k̄, B) and transition function T
Output: picture (V, k, k̄, PB)
D = { p | p∈H(B)∩B and T (p,B)=true } // set of the alterable black points
A = { p | p∈H(B) \B and T (p,B)=true } // set of the alterable white points
PB = (B \D) ∪A

By comparing these two absolutely dissimilar approaches, we can state that
in the parallel case (see Algorithm 2) the initial picture is considered when the
transition function T is evaluated. On the contrary, the picture is dynamically
altered when a sequential operation (see Algorithm 1) is performed. The tran-
sition function T is order-independent if the result of Algorithm 1 is uniquely
specified by T (i.e., the resulted picture does not depend on the orderΠ in which
the points are selected by the foreach loop).

The support [4] of a transition function T applied at a point is a minimal set
of points whose values determine whether the investigated points is altered by T .
Note that all topological algorithms uses local supports with “small” diameters.
Let us denote by ST (p) the support of the transition function T with respect to
a point p. It is easy to see that T (p, Y ) = T (p, Y ∩ ST (p)).

The concept of simple black points is well established in digital topology.
A black point is simple in a picture if and only if its alteration is a topology-
preserving reduction [12]. There are several useful characterizations of simple
points in 2D [1,7,11,12], 3D [1,12], and 4D [1,11] pictures. This property can be
extended for white points: a white point is simple in a picture if and only if its
alteration is a topology-preserving addition.

Theorem 1. [5] A sequential operator is topology-preserving if its transition
function alters only simple points.

Here we recall the following useful characterization of simple points on the
(2D) square grid:

Theorem 2. [12] A (black or white) point p is simple in an (8, 4) picture if and
only if p is 4-adjacent to at least one white point, and the black points that are
8-adjacent to p form exactly one 8-component.

A parallel general operator may alter a set of points and not just a single
point. Hence it is needed to consider what is meant by topology preservation
when a number of points are altered simultaneously. Various authors established
sufficient conditions for parallel reductions to preserve topology 2D [7,10,13,14],
3D [10], and 4D [11] pictures. In [8] Kardos and Palágyi gave a sufficient condition
for topology-preserving parallel general operators assuming (8, 4) pictures [12]
on the (2D) square grid.
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3 Criteria for Equivalent Transition Functions and
Topology-Preserving Parallel Operators

Let us define two special classes of transition functions.

Definition 1. Let T be a transition function, let p∈H(B) be a point in a picture
P = (V, k, k̄, B), let q∈H(B)\{p} be a point that can be altered in picture P by
T . Transition function T is stable if the following conditions hold:

1. If p can be altered in P by T , then p can be altered by T after the alteration
of q.

2. If p cannot be altered in P by T , then p cannot be altered by T after the
alteration of q.

Definition 2. A transition function is simple-stable if it is stable, and it alters
only simple points.

Let us state a necessary and sufficient condition for order-independent tran-
sition functions.

Theorem 3. A transition function is order-independent if and only if it is sta-
ble.

Proof. First let us prove the “if ” part of this theorem.
Let us assume that Algorithm 1 with a transition function T produces the

same result for any visiting orders of the set of points H(B) for any picture
P = (V, k, k̄, B). Let p∈H(B) a point in picture P , let q∈H(B) be an alterable
point in P , and consider all possible permutations of the points in H(B). In some
of these permutations, p precedes q, and q precedes p in the remaining cases. Since
T is order-independent, we get the same result for all possible permutations.
Hence the alteration of p does not depend on the value of q. Thus transition
function T is stable.

Then we give an indirect proof of the “only if ” part.
Let us assume that the Algorithm 1 with a stable transition function T pro-

duces different results for distinct visiting orders of the set of points H(B) with
n elements (i.e., T is not order-independent). It is obvious that n ≥ 2 holds. All
permutations of the elements of H(B) can be get by swapping a pair of succes-
sive points. (Recall the well-known bubble sort algorithm [9].) Let us consider
the following two permutations

Π1(H(B)) = 〈 x1, . . . , xi−1, p, q, xi+2, . . . , xn 〉 and
Π2(H(B)) = 〈 x1, . . . , xi−1, q, p, xi+2, . . . , xn 〉 ,

such that different results are produced.
Let (V, k, k̄, SB) be the interim picture when point p is visited according to

Π1(H(B)) (i.e., when q is investigated by Π2(H(B)). (Note that both p and q
are not visited when that picture is reached.) Then we need to take the following
two points into consideration:
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1. Point p can be altered in the interim picture, but p cannot be after the
alteration of q.

2. Point p cannot be altered in the interim picture, but p can be after the
alteration of q.

Since T is stable, in both cases we arrived at contradictions. �	
We are ready now to present a sufficient (but not necessary) condition for

equivalent transition functions.

Theorem 4. A transition function is equivalent if it is stable.

Proof. If a transition function T is stable, then it is order-independent by Theo-
rem 3. We need to show that both Algorithms 1 and 2 produce the same result
with T . In other words, PB = SB when Algorithms 1 and 2 terminate.

Let p ∈ PB (i.e., T (p,B)= false if p ∈ B, or T (p,B)=true if p 
∈ B). Since T
is order-independent we can assume that point p is visited first when Algorithm
1 is performed. Then p is evaluated in the initial picture, hence SB = B at that
moment. In this case p ∈ SB since T (p, SB)=T (p,B). Thus p ∈ SB stands for
each p ∈ PB. Hence PB ⊆ SB.

Conversely, SB ⊆ PB can be seen in the same way. Thus PB = SB. �	
Let us establish a novel sufficient condition for topology-preserving parallel

operators.

Theorem 5. A parallel general operator is topology-preserving if its transition
function is simple-stable.

Proof. If a transition function T is simple-stable, then it is order-independent by
Theorem 3, and it is equivalent by Theorem 4. Hence the parallel operator with
T and the uniquely specified sequential operator with T are equivalent. Since T
may alter only simple points, that sequential operator is topology-preserving by
Theorem 1. Thus the parallel operator with T is also topology-preserving. �	

4 An Example of Non-Simple-Stable Transition Functions

Consider the transition function associated with the general operator that was
devised by Conway [3]. That operator is referred to as “Game of Life”, and it is
an evolution determined by the initial picture on the (2D) square grid containing
points having two possible states, live (black) or dead (white). Two points are
called neighbors if they are 8-adjacent [12]. At each iteration step the following
transitions may happen: a live point with fewer than two live neighbors dies (due
to loneliness); a live point with two or three live neighbors stays alive; a live point
with more than three live neighbors dies (due to suffering from crowding); a dead
point with exactly three live neighbors becomes a live point (otherwise it remains
dead).

Figure 1 shows that the transition function of the Conway’s operator is not
order-independent. Hence it is not stable by Theorem 3. The initial picture
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(see Fig. 1a) contains three amazing objects: they are period 2 oscillators (i.e.,
if we transform them twice, then we get the initial patterns back). We get three
different results when the parallel operator (see Fig. 1b), and two kinds of se-
quential operators are performed (see Fig. 1c and Fig. 1d). It is easy to see that
a singleton black component is completely deleted by the transition function of
the Conway’s operator, hence it is not simple-stable (and the “Game of Life” is
not topology-preserving).

�

� � � � �

� � � � � �

� �

(a) initial picture (b) parallel result

�

�

� � � � �

� �

�

� � � � �

�

� �

(c) sequential result 1 (d) sequential result 2

Fig. 1. Example of a non-simple-stable transition function. The parallel and the two
kinds of sequential operators with the transition function of the Conway’s operator pro-
duce different results (b-d) for the same initial picture (a). The result of the sequential
operator with the with the row-by-row traversal (c), and the result with the reverse (i.e.,
from down-to-up and right-to-left) visiting order (d). Note that these three operators
disconnect two black components of the initial picture and both sequential operators
completely delete the third black component. Altered points are marked stars.

5 Examples of Simple-Stable Transition Functions

In this section a pair of simple-stable transition functions working on the (2D)
square grid are presented.

Transition functions T1 and T2 are given by the set of four-four matching tem-
plates depicted in Fig. 2. Let us state some properties of the matching templates
associated with transition function T1. A point is called alterable if at least one
template associated with T1 matches it, and a point is said to be unalterable if
it is not alterable. Let q be an alterable point that is matched by a template T
associated with T1, and let p be a point in the 3× 3 support of T1 with respect
to q (i.e., p is 8-adjacent to q). Then the following propositions hold.

Proposition 1. Point q is simple in (8, 4) pictures.
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� � � � � � � �

Fig. 2. The first four matching templates are associated with the transition function
S1, and the last four templates specify the transition function S2. A point is matched
by a template if each black position matches a black point and each white element
matches a white point. The template position depicted in grey matches either a black
or a white point. The central element of a template is marked by “�”.

It is easy to see that conditions of Theorem 2 hold for each alterable point.

Proposition 2. If p is matched by a black or a white position in T , then p is
unalterable and remains unalterable after q is altered.

Proposition 3. If p is matched by a position depicted in grey T , then the al-
terability of p remains unchanged after q is altered.

Propositions 2 and 3 are obvious by careful examination of the templates
associated with T1. The following theorem is an easy consequence of Propositions
1-3.

Theorem 6. Transition function T1 is simple-stable.

Since the four matching templates associated with S2 can be get by rotating
the templates of T2 (where the rotation angle is 90◦), T2 is also simple-stable.

Figure 3 is to illustrate a parallel (or sequential) algorithm for contour smooth-
ing. It is composed of the operator with transition function T1 followed by
the operator with transition function T2. Note that this algorithm is topology-
preserving by Theorems 5 and 6.

� �

�

�

�

�

�

�

�

�

Fig. 3. Example of the 2-phase smoothing algorithm. The result of the operator with
transition function T1 (middle) for the initial picture (left). The process is completed
by the operator with T2 (right). Altered points are marked stars.
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