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Abstract. We study the symmetry of weighted brain networks to under-
stand the roles of individual brain areas and the redundancy of the brain
connectivity. We quantify the structural symmetry of every node pair in
the network by isomorphism of the residual graphs of those nodes. The ef-
ficacy of the symmetry measure is evaluated on both simulated networks
and real data sets. In the resting state fMRI (rs-fMRI) data, we discover
that subjects with inattentive type of Attention Deficit Hyperactivity
Disorder (ADHD) demonstrate a higher level of network symmetry in
contrast to the typically development group, consistent with former find-
ings. Moreover, by comparing the average functional networks of normal
subjects during resting state and activation, we obtain a higher symme-
try level in the rs-fMRI network when applying median thresholds to the
networks. But the symmetry levels of the networks are almost the same
when larger thresholds are used, which may imply the invariance of the
prominent network symmetry for ordinary people.

Keywords: network symmetry, weighted brain networks, graph match-
ing, ADHD, rs-fMRI, coactivation network.

1 Introduction

Symmetry is a universal property in numerous natural and manmade objects,
such as snowflake, butterfly, human brain, Cologne Cathedral [1]. The formats of
the symmetry include reflection, translation, rotation, and fractal, among others.
A very general definition of symmetry can be summarized as – orderly, mutually
corresponding arrangement of various parts of a substance, producing a propor-
tionate and balanced form [2]. Certain degree of symmetry might be essential for
normal function of the substance, since it is believed that symmetric patterns
are the optimization results of the associated system. A proper brain network
usually maintains a hierarchical organization involving groups of nodes that are
structurally symmetric, which ensures both the efficiency and robustness. The
analysis of symmetry facilitates understanding of the organization of a pattern,
and provides a means for determining both invariance and change.

We study the structural symmetry of brain networks and provide a univer-
sal metric to compare different networks. The contribution of the paper is to
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propose the concept of the symmetry of weighted networks and to provide a sys-
tematic computational method of testing network symmetry on brain network
datasets for the first time. Brain network is an effective tool of modeling the
physical connections and functional correlations of brain regions [6]. Meaningful
features derived from network statistic could help understand the brain organi-
zation and provide biomarkers for brain disease diagnosis. For instance, the size
of dysconnected subnetwork [7] and the network motif defined as recurrent and
statistically significant sub-graphs or patterns [8]. Here we investigate the struc-
tural symmetry of every node pair in a weighted brain network via considering
graph isomorphism, for that the covariation of brain regions is more naturally de-
scribed by weighted edges. The graph symmetry was mainly discussed on binary
graphs by means of finding automorphism groups, which requires combinatorial
search. We define the symmetry of two nodes in a weighted graph based upon the
isomorphism level of the residual graphs of those two nodes. Particularly, we use
the suboptimal eigendecomposition algorithm proposed by Umeyama [9] to find
the isomorphism approximation error. Then, we map the error to a value in [0,1]
with an exponential kernel. The efficacy of the symmetry measure is first tested
on simulated networks and subsequently on two real data sets: one is the resting
state fMRI (rs-fMRI) data of Attention Deficit Hyperactivity Disorder (ADHD)
[11]; the other is the average functional networks for normal subjects obtained
during resting state and task-related activation [13]. In the first data set, we
discover that subjects with inattentive (IA) type ADHD show a higher level of
network symmetry compared to the typically development (TD) group. This is
confirmed with previous findings on cortical thickness [10], where the cortical
structure of ADHD patients was also shown to be more symmetric. Moreover, in
the second data set, it turns out that the symmetry level of the rs-fMRI network
is lower than that of the coactivation network for a range of median thresholds.
However, their symmetry levels are pretty close for large thresholds, which may
indicate the invariance of prominent network symmetry for normal subjects.

While we study the difference of connection patterns, the network symmetry
could be linked to the cortical thickness asymmetry or the lateralization of func-
tion. The research on brain symmetry goes back to the study of skull asymmetry
using computerized transaxial tomography (CTT) [3]. Aboitiz et al. evaluated
the relation between individual differences in brain asymmetries and the fiber
composition of the corpus callosum [4]. Later on, Seger et al. examined the hemi-
spheric asymmetries during visual concept learning as measured by functional
magnetic resonance imaging (fMRI) [5].

2 Notations and Methods

Many complex systems or processes, including human brain and gene expression,
could be well understood via modeling them as weighted networks. We repre-
sent a weighted network by a graph G = (V,E,w), where V is the node set and
w : E → R is a function mapping each edge in the edge set E to a real number.
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In special, when the range of w is {0, 1}, G is called a binary graph. It often
happens that we are interested in a subdivision of the graph. To make this
rigorous, we define X = (VX , EX , w̃) as a subgraph of G if VX ⊆ V,EX ⊆ E
and w̃ is the restriction of w to EX . An immediate concept that follows is the
residual graph G −X after X is removed, which is the subgraph of G induced
by those vertices that are in G but not in X . From the analysis of a residual
graph, we can evaluate the importance of a subgraph (e.g., certain brain area in
a fMRI network) of the whole network.

The organization of a weighted network is further summarized by a few graph
measurements. For example, the node degree, modularity, weighted path-length
distance, and so on [14]. Here we aim to quantify the symmetry level of every pair
of elements in a weighted network, for that this structural symmetry may be as-
sociated with the the similarity of their functional mechanisms. In mathematics,
the symmetry for binary graphs has been studied through graph automorphism
[16], which is a permutation of the node set that preserves incidences of nodes
and edges. As an example, the permutation of (v1, v3) and (v4, v6) is an auto-
morphism of the graph shown in Fig. 1(a). Although accelerated algorithms have
been proposed to search all possible automorphisms of a binary graph [17], they
are not practical for weighted graphs. Thus, we evaluate the structural symmetry
of a weighted graph by considering the matching degree of the residual graphs
of a node pair and finding a near optimal matching via eigendecomposition.

Before presenting the methods, we introduce the definition of weighted graph
isomorphism and a key theorem. An isomorphism from a weighted graph G =
(VG, EG, w) to H = (VH , EH , w̃) is a permutation φ of the node set VG, such that
any pair of nodes x, y ∈ VG is mapped to φ(x), φ(y) ∈ VH with the property that
w(ex,y) = w̃(eφ(x),φ(y)), where ex,y ∈ EG and eφ(x),φ(y) ∈ EH . For convenience,
we use G � H to denote the isomorphism. Particularly, if G = H we call φ is an
automorphism of G. We call that two subgraphs X,Y are structurally equivalent,
if there exists an automorphism that is a bijection from the node set VX to VY .
The next theorem [15] is the building block of our algorithm.

Theorem 1. For a graph G with subgraphs X,Y ⊆ G, X is structurally equiv-
alent to Y ⇔ X � Y and G−X � G− Y .

It permits us to find pairs of structurally equivalent nodes by checking if Gx �
G − x � Gy � G − y for each node pair x, y ∈ G. Let us define the adjacency
matrix of a weighted graph G = (V,E,w) as AG = [aij ] with aij = w(i, j) for
i �= j and aii = 0. Then, in other words, we want to find permutation matrices P
such that PAxP

T = Ay, where Ax, Ay represent the adjacency matrices of graph
Gx, Gy, respectively. One typical way is to solve the minimization problem:

minP∈P d(P ) = ‖PAxP
T −Ay‖2F , (1)

where P is the set of all possible permutation matrices and the Frobenius norm
is given by ‖A‖F = (

∑

i,j aij)
1/2. Eq. (1) is the classic graph matching problem.

In [9], an eigendecomposition method was proposed to find a suboptimal solution
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(a) Binary graph. (b) Weighted graph 1. (c) Weighted graph 2.

Fig. 1. Examples for illustration and simulated study: (a) Automorphism of a binary
graph. We use the same color to denote structurally equivalent nodes. (b-c) Simulated
networks, with the number over each edge (and the thickness of the edge) indicating
the connection weight.

to (1). Suppose Ax = UxΛxU
T
x , Ay = UyΛyU

T
y with Ux, Uy being orthogonal

matrices and diagonal matrices Λx = diag(λi), Λy = diag(μi) containing the
sorted eigenvalues ofAx, Ay, accordingly.When relaxation is applied, the original
problem was transformed to the maximization of

maxP∈P tr(PUxU
T

y ), (2)

where Ux and Uy are matrices having each element the absolute value of the
corresponding element of Ux and Uy. (2) can be solved by the Hungarian linear
assignment algorithm in O(|V |3) time [18]. After d(P ) is estimated, we quantify
the structural similarity between node i and j by the exponential kernel

sij = e−dij/α ∈ [0, 1], (3)

where α is a scaling factor that can be chosen. In practice, we let it around
the mean of all dij . Structural similarities between other node pairs could be
computed analogously. Matrix S = [sij ] is called the symmetry level matrix.

It is proved that d(P ) ≥ ∑n
i=1(λi − μi)

2 � dmin. For very large networks, we
could also use dmin to assess the structural similarity between every node pair.
In practice, it might be helpful to threshold S to see the significant symmetric
structures in the network.

3 Evaluation Results

3.1 Tests on Simulated Networks

We first examine the symmetry of two model networks shown in Fig. 1(b-c). The
edge weights are given by the crimson numbers. The symmetry level matrices of
the first and the second networks calculated by the suboptimal method are
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Fig. 2. The major steps in evaluating the structural symmetry of the rs-fMRI networks

S1 =

⎡
⎢⎢⎢⎣

1.0000 0.8698 0.8698 0.7705 0.7705
0.8698 1.0000 1.0000 0.8542 0.8542
0.8698 1.0000 1.0000 0.8542 0.8542
0.7705 0.8542 0.8542 1.0000 1.0000
0.7705 0.8542 0.8542 1.0000 1.0000

⎤
⎥⎥⎥⎦ , S2 =

⎡
⎢⎢⎢⎢⎢⎣

1.0000 0.9397 0.8588 1.0000 0.9397 0.8588
0.9397 1.0000 0.9002 0.9397 1.0000 0.9002
0.8588 0.9002 1.0000 0.8588 0.9002 1.0000
1.0000 0.9397 0.8588 1.0000 0.9397 0.8588
0.9397 1.0000 0.9002 0.9397 1.0000 0.9002
0.8588 0.9002 1.0000 0.8588 0.9002 1.0000

⎤
⎥⎥⎥⎥⎥⎦
.

Here we choose α in (3) as the Frobenius norm of the associated network adja-
cency matrix. From S1, we observe that (v2, v3) and (v4, v5) are two structurally
equivalent node pairs. Besides, v1 has larger similarities with v2, v3 than with
v4, v5; v2 has a larger similarity with v1 than with v4, v5. From S2, we can see
that (v1, v4), (v2, v5) and (v3, v6) are the three structurally equivalent node pairs.
Moreover, v1 is more similar to v2, v5 than v3, v6. The ordering of the symmetry
levels is consistent with our intuition very well.

Furthermore, we compare our results to the symmetry level matrices obtained
by brute-force search over all permutation matrices of size |V | to obtain the
optimal value d(P ) in (1):

S∗
1 =

⎡
⎢⎢⎢⎣

1.0000 0.8698 0.8698 0.8070 0.8070
0.8698 1.0000 1.0000 0.8542 0.8542
0.8698 1.0000 1.0000 0.8542 0.8542
0.8070 0.8542 0.8542 1.0000 1.0000
0.8070 0.8542 0.8542 1.0000 1.0000

⎤
⎥⎥⎥⎦ , S∗

2 =

⎡
⎢⎢⎢⎢⎢⎣

1.0000 0.9397 0.8618 1.0000 0.9397 0.8618
0.9397 1.0000 0.9002 0.9397 1.0000 0.9002
0.8618 0.9002 1.0000 0.8618 0.9002 1.0000
1.0000 0.9397 0.8618 1.0000 0.9397 0.8618
0.9397 1.0000 0.9002 0.9397 1.0000 0.9002
0.8618 0.9002 1.0000 0.8618 0.9002 1.0000

⎤
⎥⎥⎥⎥⎥⎦
,

where the underlined numbers indicate the values differ from the suboptimal
results. It turns out that the suboptimal solutions are close to the optimal ones.
Systematical justification of the suboptimal algorithm can be found in [9,18].

3.2 Real Data Results

Next, we evaluate the network symmetry of two real data sets. The first one
is an ADHD rs-fMRI data containing 89 TD and 29 IA subjects, from a large
multi-center data set provided by ADHD-200 Consortium affords [11,12]. Brain
imaging techniques are promising diagnostic aids for psychiatric disorder with
complex behavioral phenotypes such as ADHD. The ADHD-200 project releases
776 rs-fMRI and anatomical data sets gathered across 8 imaging sites, 491 of
which were obtained from typically developing individuals and 285 in children
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(a) TD group statistic.
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(b) IA group statistic.
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(c) Tail distributions.

Fig. 3. Results on ADHD data set: (a-b) Histograms of the high symmetric node pair
ratio for typically development (TD) and inattentive (IA) groups. (c) Comparison of
the network ratios above a given symmetric level for the two groups.
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(a) Resting state.
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(b) Active state.
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Fig. 4. Results on ACT-REST data set: (a-b) Histograms of the pairwise symmetry
level for resting state and coactivation networks. (c) Comparison of the symmetry levels
between the averaged rs-fMRI network and coactivation network for healthy people.

and adolescents with ADHD (ages: 7-21 years old). The subset of the data we
use is collected by New York University Child Study Center.

The raw rs-fMRI data were reprocessed using the software packages AFNI and
FSL. Steps including motion correction, linear detrending, smoothing, statistical
removal of nuisance variables from white matter (WM), CSF and whole brain
signal, and bandpass filtering were performed. In order to obtain connection
strengths between brain regions, the anatomical volumes were normalized to
an age-specific (4.5-18.5 years) template brain volume in MNI space and 186
regions of interest were extracted using the Automated Anatomical Labeling
(AAL) template atlas.

We test the algorithm on the rs-fMRI networks of the TD and IA groups
simultaneously. To facilitate the comparison, we keep α = 1, 000 in (3) in each
run. After getting the symmetry level matrix S from the functional network, we
apply a threshold to every entry of S to retain the highly symmetry node pairs
in a binary matrix ̂S:

ŝij =

{

1 , if sij � sth,
0 , if sij < sth,

(4)
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where the threshold sth = 0.93 is used in the experiments. The results are stable
for a range of sth from 0.91 to 0.95. The flow chart of the aforementioned steps
are summarized in Fig. 2. For each network, we further compute the ratio of
the nonzero entries of the associated symmetry level matrix. The histograms
of these ratios for the two groups of networks are displayed in Fig. 3(a-b). We
can discern a trend of right shifting from the histogram in panel (a) to that in
panel (b). More precisely, we plot the ratio of the networks in each group whose
highly symmetry node pair ratio is above a certain value in Fig. 3(c). We refer
to the curves in the plot as tail distributions, for that they can be obtained by
one minus the cumulative distributions of the ratio of the networks. It shows
that the IA group has greater symmetry levels than the TD group whenever
we consider highly symmetric node pair ratios from 0.02 to 0.63. This finding
confirms the previous study on the cortical thickness asymmetry [10].

The second data set contains an averaged task-related activation network
from a meta-analysis of the large primary literature that used fMRI or PET
(> 1, 600 studies; 1985− 2010) as well as an averaged rs-fMRI network obtained
from 27 healthy volunteers [13]. For short, we use ACT-REST to denote this
data set. The strength of functional coactivation was estimated by the Jaccard
index (range [0,1]), measuring of similarity between the patterns of activation
of two regions. The authors in [13] estimated the Jaccard index between each
pair of 638 regional nodes covering the whole brain, and collated these pairwise
association measures in a weight matrix.

Before running the algorithm, we linearly normalize the weights in the rs-fMRI
network (the given data range is not [0,1]) to having the same maximum as the
weights in the coactivation network. Then, we compute the symmetry level ma-
trix of these two functional networks with α = 1, respectively. From Fig. 4(a)
to (b), we observe a similar right shifting trend of the histogram of the pairwise
symmetry level. For fairly comparing distributions of the pairwise symmetry
level, we apply a same threshold to the symmetry level matrices of both the
resting state network and the coactivation network and count the percentages
of the remaining entries. From Fig. 4(c), higher symmetry level is found in the
rs-fMRI network when the threshold is roughly between 0.5 and 0.75, while the
network symmetry levels of the two groups become very close when larger thresh-
olds are used, suggesting the possible invariance of dominant network symmetry
for normal subjects.

4 Conclusion

We have studied the structural symmetry of weighted brain networks using graph
matching of the isomorphism in the residual graphs. The procedure is verified
on the simulated and real data sets. Higher network symmetry is revealed for
the inattentive type of ADHD subjects compared with the typically develop-
ment children. In addition, when comparing the average functional networks for
normal subjects during resting state and task-related activation, we observe a
higher symmetry level in the rs-fMRI network when median thresholds are ap-
plied to the networks. But the network symmetry levels are very close when
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larger thresholds are used, indicating the possible invariance of the prominent
network symmetry for healthy people. Our work defines a universal property of
weighted graphs and provides a new way to assess and compare the organization
of brain networks.
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