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Abstract. Noninvasive electrophysiological (EP) imaging of the heart
aims to mathematically reconstruct the spatiotemporal dynamics of car-
diac current sources from body-surface electrocardiographic (ECG) data.
This ill-posed problem is often regularized by a fixed constraining model.
However, this approach enforces the source distribution to follow a pre-
assumed spatial structure that does not always match the varying spa-
tiotemporal distribution of current sources. We propose a hierarchical
Bayesian approach to transmural EP imaging that employs a contin-
uous combination of multiple models, each reflecting a specific spatial
property for current sources. Multiple models are incorporated as an Lp-
norm prior for current sources, where p is an unknown hyperparameter
with a prior probabilistic distribution. The current source estimation is
obtained as an optimally weighted combination of solutions across all
models, the weight being determined from the posterior distribution of
p inferred from ECG data. The accuracy of our approach is assessed in a
set of synthetic and real-data experiments on human heart-torso models.
While the use of fixed models (L1- and L2-norm) only properly recovers
sources with specific structures, our method delivers consistent perfor-
mance in reconstructing sources with various extents and structures.

Keywords: Transmural electrophysiological imaging, Lp-norm regular-
ization, multiple-model estimation, Bayesian inference.

1 Introduction

Noninvasive cardiac electrophysiological (EP) imaging aims to noninvasively re-
construct subject-specific cardiac current source dynamics from body-surface
electrocardiographic (ECG) data. It has shown promising potential in diagnosis
of cardiac dysfunctions such as arrhythmia [1]. However, cardiac EP imaging
involves a severely ill-posed problem caused by two factors: 1) the limited num-
ber of ECG measurements compared to the large number of unknown cardiac
sources; and 2) the lack of a unique transmural solution because, in a quasi-
static electromagnetic field, different configurations of 3D sources may produce
identical surface measurements [2].

Over the past three decades, different approaches have been developed for non-
invasive cardiac EP imaging. It includes reconstruction of potential dynamics on
the epicardium [3], activation front on both the epicardium and endocardium [4],
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and intramural action potential dynamics into the depth of the ventricular wall
[5,6]. To overcome the ill-posedness of the problem, these methods often impose
a certain constraining model to regularize the problem. The most widely-used
constraining model includes variants of L2-norm that imposes spatial and/or
temporal smoothness on the solution [3,4,5,6]. Recently, L1-norm models are
emerging to enforce the solution to be spatially sparse [7,1,8,9].

However, imposing a fixed prior model involves a potential risk of mismatch
between the model and the actual data. In cardiac EP imaging, for example, the
application of pre-defined models enforces a pre-assumed spatial structure on
the source distribution that does not necessarily reflect the dynamic spatiotem-
poral property of cardiac sources. Cardiac current sources undergo a complex
spatiotemporal change in each cardiac cycle. Their activity starts from a few
sparsely distributed focal points, and then forms a sharp region of excitation
wavefront with time-changing spatial structures. Furthermore, in a pathologic
heart with increased heterogeneity in tissue property, the spatial structure of
current sources are even harder to predict a priori. Therefore, a fixed model
that is suitable for a specific condition of current sources may not be applicable
to other scenarios. Rather, the model needs to be able to adapt to the spatiotem-
poral change in cardiac current sources in various conditions. This limitation of
fixed-model regularization has been demonstrated in [10] using a fixed Lp-norm
model with a predefined p value, where different values of p are needed in order
to optimally reconstruct sources with different spatial extents and structures.

In this paper, we present a hierarchical Bayesian approach to cardiac EP
imaging that employs a continuous combination of models, each reflecting a spe-
cific spatial property for transmural current sources. The 3D source estimation
is then obtained as an optimally weighted combination of solutions across all
models. Specifically, multiple models are incorporated as an Lp-norm prior for
current sources, where the hierarchical structure allows the inclusion of p as an
unknown hyperparameter with a prior probabilistic distribution. Compared to
a pre-defined value for p, our model consists of a continuous set of models with
different values of p. The joint posterior distribution of current sources and hy-
perparameter p is then calculated using a Markov chain Monte Carlo (MCMC)
technique. This posterior distribution automatically assigns a weight to each
model, where the weights are algorithmically determined by the data. Finally,
the current source distribution is obtained as an integral over the hyperparameter
p. This allows multiple models to contribute to the final solution based on their
weights determined from the posterior distribution of p. In addition, the hierar-
chical Bayesian structure allows us to include additional parameters, including
the variance of measurement noise and current source prior, to be automatically
inferred from the data. This avoids the challenge of attempting to pre-define
sub-optimal parameters that often arises in deterministic regularization.

In a set of synthetic and real-data experiments, we assess the performance
of our method compared to fixed-model approaches (L1- and L2-norm models)
in recovering 3D source distributions with different extents and structures. Ex-
periment results report superiority of our approach in recovering sources with
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different extents and structures while fixed-model approaches are only able to re-
construct specific types of source distributions. Finally, our hierarchical multiple-
model Bayesian approach can be applied to a broader variety of inverse problems
that face the challenge of model-data mismatch if a fixed model is used.

2 Methodology

2.1 Forward Measurement Model

The quasi-static electromagnetism [2] explains the relation between ECG mea-
surements and cardiac current sources as:

σblk∇2φe(r) = ∇ · (−Dintv(r)), ∀r ∈ Ωh; σ∇2φ(r) = 0, ∀r ∈ Ωt/h (1)

Poisson’s equation ((1) left) describes, on a bidomain heart model, the relation
between the extracellular potential φe and current sources v within the heart
volume Ωh. Dint is the anisotropic intracellular conductivity tensor obtained by
a fiber structure mapper [11]. σblk is the bulk conductivity in the myocardium
and is assumed to be isotropic and homogeneous. Laplace’s equation ((1) right)
describes, on the monodomain torso model, the distribution of potential φ within
the torso volume external to the heart Ωt/h, which is often assumed homogeneous
with conductivity σ. Solving these equations numerically on a subject heart-torso
model [5,6] gives a linear biophysical model: Φ = Hv + n, where Φ represents
the m × 1 measurement vector, v is n × 1 current sources, H denotes m × n
transfer matrix, and n is m× 1 measurement noise.

2.2 Hierarchical Multiple-model Bayesian Inference

We propose a hierarchical Bayesian interpretation of cardiac EP imaging with
an Lp-norm prior for current sources, where p is treated as an unknown hyper-
parameter randomly distributed between 1 and 2. In this way, we are able to
incorporate a continuous set of models to constrain our reconstruction.

According to the Bayes’ theorem, the posterior probability of current sources
v and model parameters Θ given ECG data Φ is formulated as:

P (v,Θ | Φ) ∝ P (Φ | v,Θ)P (v | Θ)P (Θ) (2)

where P (Φ | v,Θ) and P (v | Θ)P (Θ) denote the likelihood and prior terms.

Multiple-model Prior. Considering the Lp-norm prior for statistically inde-
pendent current sources v, ||v||p = (

∑
i(vi)

p)1/p, we represent the source prob-
ability distribution using a generalized Gaussian distribution as:

P (v | p, δ) = w(p)nδ−nexp(−c(p)
∑

i

| vi
δ

|p) (3)
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w(p) =
pΓ (3/p)1/2

2Γ (1/p)3/2
, c(p) = [

Γ (3/p)

Γ (1/p)
]p/2

where p represents the order of the Lp-norm prior. Fixing the p value to 1 or
2 converts the source prior to an L1-norm or L2-norm model. Instead, we con-
sider it to be an unknown hyperparameter in order to incorporate a continuous
combination of multiple models into our approach. To give no prior preference
over the value of p, we assume it to follow a uniform distribution between 1
and 2. δ denotes the variance (inverse of precision) of the current source prior. It
play a similar role to the regularization parameter in a deterministic setting, and
it controls the contribution of the source prior to the regularization. To avoid
the need to pre-define a sub-optimal value for δ through empirical studies, we
assume it to be an unknown hyperparameter with a uniform distribution.

Likelihood Term. Assuming zero-mean normal distribution for the measure-
ment noise, and statistically independent measurements Φ, the likelihood term
follows a Gaussian distribution as:

P (Φ | v,Σ) =
1

(2π)m/2|Σ|1/2 exp(−
1

2
(Φ−Hv)TΣ−1(Φ−Hv)) (4)

where Σ represents the noise covariance. It controls the contribution of the data-
fitting term to the regularization. Here we also consider it to be an unknown
hyperparameter with a uniform distribution. Substituting the likelihood and
prior terms in (2), the joint posterior distribution (2) can be re-formulated as:

P (v,Θ | Φ) ∝ P (Φ | v,Σ)P (Σ)P (v | p)P(p)P (δ) (5)

where Θ = {δ, p,Σ} denotes a vector of all model hyperparameters.

Bayesian Inference via MCMC. A full Bayesian analysis of this problem is
obtained by sampling the joint posterior distribution (5) using a MCMC tech-
nique called slice sampling [12]. Slice sampling generates samples of a random
variable by uniformly sampling from under the curve of its density function.
Unlike Gibbs sampling that requires conditional distributions of model param-
eters, or Metropolis-Hastings scheme that requires an accurate selection of the
proposal distribution for an efficient random walk, slice sampling enables us to
directly sample the joint posterior distribution with minimum tuning required.

Finally, the posterior distribution of current sources P (v|Φ) is calculated as
an integral over hyperparameters Θ. The final solution is thus a combination of
multiple models (different p values in the Lp-norm prior), where each model is
weighted/modulated by the posterior probability of its occurrence determined
by the data. The posterior mean of v is used as the estimate of current sources.

3 Results

Synthetic Experiments. To test the impact of the prior model on the accu-
racy of source construction, we conduct a set of synthetic experiments on an
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Fig. 1. Three examples of 3D source reconstruction using our method vs. L1- and
L2-norm models. Active sources are centered at the apex of LV and cover 6%, 17%,
and 40% of the myocardium in A, B and C, respectively. Posterior distributions of
hyperparameter p for the three cases are also shown in the rightmost panel.

image-derived human heart-torso model. The torso surface is represented using
370 nodes. The heart volume is represented using 1019 nodes with 7mm reso-
lution. In total, 40 different settings are considered, where active source region
is located randomly in the myocardium with extents ranging from 5% to 40%
of the ventricles. Settings of focal and extended sources simulate sparse source
distribution at the beginning of the excitation and extended source distribution
along diseased regions of the heart, respectively. Current sources within the ac-
tive region are assigned with value 1 while the rest with value 0. 370-lead ECG
data for each setting are simulated and corrupted with 20 dB Gaussian noise
as input in our method. The 3D source reconstruction accuracy is measured in
terms of correlation coefficient (CC) between the estimated and true sources. The
performance of our approach is also compared to two fixed-model approaches:
regularization using L1- and L2-norm by fixing the value of p to be 1 and 2.

Fig 1 presents 3 examples where the active source region is centered at left
ventricle (LV) apex, and covers 6% , 17%, and 40% of LV (Fig 1A, 1B, and 1C),
respectively. L1-norm detects the focal source (CC= 0.69), but its performance
decreases when the region of active sources expands (CC= 0.60 and 0.40). In
contrast, L2-norm provides an overly-smooth solution for the focal source region
(CC= 0.52), but it obtains better estimation of larger source regions (CC= 0.65
and 0.68). Our method shows a performance similar to L1-norm (CC= 0.67) for
the focal source region (Fig 1A), but it outperforms both fixed-model approaches
in larger source regions with CC=0.70 and 0.74 (Fig 1B and 1C). Posterior
distributions of hyperparameter p for these 3 cases (Fig 1) suggest that higher
weights are assigned by data to p values closer to 1 for the focal source. This
weight distribution for p shifts to higher values when the source region expands.
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Fig. 2. A) Comparison of our method with L1- and L2-norm models in reconstructing
active source regions with different extents ranging from 5% to 40% of the myocardium.
B) Correlation coefficient obtained by our method for active sources in the presence of
white Gaussian noises with different SNR levels.

As illustrated in Fig 2A, in these 40 different settings of source distributions,
our method delivers consistent results for sources with various sizes while L1- and
L2-norm models only satisfactorily capture specific type of source distributions.
According to the paired student’s t-test, the accuracy of our proposed method
(CC= 0.52 ± 0.08) is significantly higher than L1 and L2-norm methods with
CC= 0.50± 0.11 and 0.48± 0.13 (p < 0.005).

In addition, values of δ and Σ affect the accuracy of Bayesian inference by
controlling the contribution of the prior and the data-fitting term. To verify the
robustness of our approach to initial values of these parameters, we conduct
experiments with different measurement noises (SNR levels ranging from 50 to
10 dB). For all experiments, initial values of δ and Σ are identical. As shown in
Fig 2B, a slight change in CC value of different measurement noises demonstrates
the ability of the hierarchical approach to automatically adapt hyperparameter
values to deliver optimal performance. In these experiments, the final value of δ
is mainly distributed over the range of 0.3 to 0.6, regardless of its initial value.

Real-Data Experiments. An important application of our method is to out-
line 3D ischemic regions during the ECG ST segment, where sources distribute
along the boundary between ischemic and non-ischemic regions. Using 4 patient-
specific human heart-torso models with prior ischemia [13], we assess the feasi-
bility of our method in source imaging along the ischmic region. ECG data are
recorded by 120-lead Dalhousie protocol [14]. Reference ischemic regions (Fig 3,
Ref) are provided by cardiologists using LV 17-segment model [15].

As shown in Fig 3A, the center of ischemic region (black contour) in case 1
is located at segment 8. The sparse solution of L1-norm only detects part of
the ischemic region border. The overly-diffused estimation of L2-norm does not
reveal any information about the location or structure of the ischemic region.
In comparison, our method is able to outline the distribution of current sources
along the ischemic region (non-blue regions). In case 2, where the ischemic re-
gion center resides between segments 3, 4, 9, and 10, the three methods behave
similar to case 1. In case 3, the ischemic region is centered at segment 10 and ex-
tends to the septum and inferior LV. Our method outperforms L1- and L2-norm
estimations as they both include a false positive ischemic region at the right
ventricle (RV). Case 4 has two ischemic regions centered at segment 1 and seg-
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Fig. 3. Estimation of current source activity (non-blue color) along the ischemic region
border (black contour) during the ECG ST-segment for 4 human subjects

ment 15. L1-norm behaves similar to other cases. L2-norm can only detect one
of the ischemic regions, which is falsely extended to RV. Our method precisely
detects the ischemic region located at segment 15, although it only shows some
source activity around segment 1 without providing more information about the
ischemia structure/extent. The results are quantified by thresholding the solu-
tion to obtain the region bordering the ischemic core, and then calculating the
ischemic region in terms of location (using the 17-segment model of LV) and size
(ratio of ischemic region volume to the total LV volume), as shown in Fig 3C.

Interestingly, as shown in Fig 3B, in cases 1 and 2 that have relatively compact
ischemic regions (30%), the distributions of p is centered around 1.2. For case
3 that has a large ischemic region (52%), the distribution of p shifts toward
higher values (∼ 1.5). In the unique case 4, although the ischemic region is small
(14%), the current source distribution is expected to be more diffused because of
the presence of two separate ischemic regions. Accordingly, the p is more evenly
distributed from 1.4 to 1.6. These results further demonstrate the capability and
necessity of a multiple-model approach to automatically adjust the contribution
of different models based on the source structure by inferring from the data.

4 Conclusions

This paper presents a hierarchical Bayesian approach to transmural EP imag-
ing by incorporating a continuous combination of multiple constraining models.
Our experiments show that the presented approach perform consistently for a
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variety of source distributions by automatically adapting the model combination
to different source structures. Currently, we focus on source resolutions around
5-7 mm. In future work, we will study the impact of different resolutions on the
performance of our method. In addition, we will conduct real-data experiments
on a broader spectrum of heart diseases where current sources are expected to
exhibit more complex spatiotemporal structures.
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