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Abstract. The presence, size, and distribution of ischemic tissue bear
significant prognostic and therapeutic implication for ventricular arrhyth-
mias. While many approaches to 3D infarct detection have been
developed via electrophysiological (EP) imaging from noninvasive electro-
cardiographic data, this ill-posed inverse problem remains challenging es-
pecially for septal infarcts that are hidden from body-surface data. We
propose a variational Bayesian framework for EP imaging of 3D infarct
using a total-variation prior. The posterior distribution of intramural ac-
tion potential and all regularization parameters are estimated from body-
surface data by minimizing the Kullback-Leibler divergence. Because of
the uncertainty introduced in prior models, we hypothesize that the solu-
tion uncertainty plays as important a role as the point estimate in inter-
preting the reconstruction. This is verified in a set of phantom and real-
data experiments, where regions of low confidence help to eliminate false-
positives and to accurately identify infarcts of various locations (including
septum) and distributions. Owing to the ability of total-variation prior in
extracting the boundary between smooth regions, the presented method
also has the potential to outline infarct border that is the most critical
region responsible for ventricular arrhythmias.

Keywords: Electrophysiological imaging, myocardial infarction, varia-
tional Bayesian methods, total variation.

1 Introduction

Myocardial ischemia and infarction, if left untended, can create the most com-
mon setting for sustained ventricular tachycardia and sudden cardiac death [1].
MRI and invasive voltage mapping are the most frequently used modalities in
clinical routines for the assessment of infarct regions. The invasive catheter map-
ping assembles the 3D map point by point, and is limited in spatial resolution
without depth. MRI, while revealing 3D infarcts in a noninvasive manner, does
not provide the associated functional data and arrhythmia dynamics. Therefore,
many efforts have been devoted to the development of an electrocardiogram
(ECG)-driven electrical imaging modality that is noninvasive, intramural, and
high-resolution[2,3]. Due to the ill-posed nature of this problem [4], the common
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focus of existing approaches has been to impose different prior models, includ-
ing spatial-temporal smoothness enforced by various deterministic optimization
methods [5], or physiological constraints [3]. The total-variation (TV) prior has
recently emerged as an appealing prior for infarct detection because of its ability
to extract the boundary between healthy and necrotic tissue. This is of signifi-
cant clinical potential because targeting region bordering the infarct core is one
of the most successful treatments for stopping arrythmia. Several deterministic
TV-minimization strategies have been proposed to outline ischemic regions on
the heart surface [2] or into the 3D myocardium [6,7].

Despite these developments, noninvasive reconstruction of 3D ischemic re-
gions remains challenging, especially for septal infarcts that are most hidden
from body-surface electrodes [2,6,7]. In this work, we introduce a new perspec-
tive for overcoming such challenges. Our primary rationale is that, because prior
models are needed to reduce the ill-posedness of the problem, they introduce
additional uncertainty due to potential model errors and model-data mismatch.
As a result, the solution uncertainty should play as important a role as a point
estimate in fully interpreting the reconstruction. Therefore, we formulate a prob-
abilistic approach to intramural action potential imaging of 3D infarcts using the
variational Bayesian (VB) method [8]. The VB method allows us to estimate not
only the posterior mean but also the uncertainty of the solution. It also provides
a flexible hierarchical structure that allow different regularization parameters
to be automatically determined from data, avoiding the need to pre-define sub-
optimal parameters that often challenges deterministic regularization methods.

This paper describes a VB approach with a TV prior for its demonstrated su-
periority in outlining an infarct [6,7]. To handle the non-Gaussianity of the TV
prior, we approximate it with a sequence of Gaussian distributions representing
its lower bounds based on the majorization minimization method [9]. The pos-
terior distribution is then obtained by minimizing a sequence of upper-bounding
functionals of the Kullback-Leibler (KL) divergence [8]. Finally, both the poste-
rior mean and covariance of the action potential are used to outline 3D ischemic
regions. A large set (n = 116) of phantom experiments is conducted on ischemic
regions of different sizes and locations within the left ventricle (LV). The robust-
ness of the method to initial values of regularization parameters is also verified
by phantom experiments with different measurement noises. Finally, real-data
experiments are performed on 6 post-infarction patients. All experiments verify
our hypothesis that, by combining the uncertainty with the posterior mean of
the estimated action potential, the presented method is able to provide a more
precise assessment of 3D ischemic regions in comparison to existing deterministic
methods [6,7]. This approach is also clinically relevant in informing physicians
how much confidence they can place on different regions of the 3D reconstruction.

2 Hierarchical Bayesian Modeling

Observation Model: The relationship between intramural action potential and
ECG follows a quasi-static simplification of Maxwell’s equations [4]. Solving these
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equations with numerical methods such as boundary-element and meshfree meth-
ods [3], a biophysical model can be derived on subject-specific heart-torso models
[3,7]: Φ = Hu + η, where Φ is body-surface voltage data and u the transmu-
ral action potential. Assuming the measurement noise η to be independent and
identically distributed Gaussian with zero means, we have the likelihood model:

p(Φ|u, β) ∼ N (Φ | Hu, β−1In) = βn/2 exp[−β

2
‖Φ−Hu‖2] (1)

where n represents the number of leads on the body surface and β represents
the precision (inverse variance) of the measurement noise.

Spatial Prior Model: In an ischemic heart, the spatial pattern of u contains lo-
calized gradient along the boundary of ischemic regions. This a priori knowledge
is incorporated via a TV prior [6,9]: p(u|α) ∝ Z(α)−1 exp[−αTV(u)], where α
is the precision parameter. TV(u) approximates the continuous TV in the heart
(Ωh) by a numerical integration using N (∼ 105) Gauss points [6,7]:

TV(u) ≈ ∫
Ωh

|∇u|dΩh ≈ ΣN
i=1

√
uT∇ϕT

i ∇ϕiu (2)

where ∇u on each Gauss point is approximated by ∇ϕiu: a linear combination
using the shape function ϕi and neighboring nodal points in the discrete mesh of
the heart. As such, (2) is robust to the resolution and nodal distribution of the
cardiac mesh. Z(α) =

∫
exp(−αTV(u))du is the partition function that cannot

be calculated analytically but can be approximated base on [9]. Therefore the
TV prior can be approximated as:

p(u|α) = cαγm exp(−αTV(u)) ≈ cαγm exp[−αΣN
i=1

√
uT∇ϕT

i ∇ϕiu] (3)

where c is constant, m is the dimension of u (i.e., cardiac mesh), and param-
eter γ = 2 assuming the gradient at each Gauss point to be independent.

Fig. 1. Hierarchical Bayesian
model

Hyperparameter Priors: Parameters α and β
affect the Bayesian inference by controlling contri-
butions of the prior model and measurement data.
To reduce the reliance, we assume these parame-
ters to be unknown hyperparameters with Gamma
distributions (the conjugate of Gaussian distribu-
tions) [9] with pre-defined shape and scale param-
eters determined based on prior knowledge.

Global Modeling: By combining all probabilistic
models, we obtain the joint density function of all
unknowns Θ = {α, β,u} and observed quantities:

p(Θ,Φ) = p(Φ|u, β)p(u|α)p(α)p(β) (4)

The dependency in this hierarchical model is illustrated in Fig. 1.
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Algorithm 1. VB method for 3D infarction imaging with a TV prior (VB-TV)

Given the initial of v1,q1(α) (a0
α = m, b0α = 1

m
) and q1(β) (a0

β = n, b0β = n
tr(ΦT Φ)

).

k = 2, ... until ‖Ek(u)−Ek−1(u)‖2/‖Ek−1(u)‖ < 10−5:
qk(u) ∼ N (u|Ek(u),Covk(u))
• Covk(u) = (Ek−1(β)HTH+ Ek−1(α)Wk−1(v))−1;
• Ek(u) = Covk(u)Ek−1(β)HTΦ;

• Wk−1(v) = ΣN
i=1(∇ϕT

i ∇ϕi)/(
√

vk−1
i )

qk(α) ∼ Γ(α|ak
α; b

k
α)

• ak
α = γm+ a0

α; (b
k
α)

−1 = ΣN
i=1

√
vki + (b0α)

−1

qk(β) ∼ Γ(β|ak
β , b

k
β)

• ak
β = n/2 + a0

β, (b
k
β)

−1 = 1
2
(‖Φ−Huk‖2 + tr(Covk(u)HTH)) + (b0β)

−1

vki = tr[∇ϕT
i ∇ϕiCov

k(u)] + Ek(u)
T∇ϕT

i ∇ϕiE
k(u)

3 Bayesian Inference

The posterior distribution p(Θ|Φ) = p(α, β,u,Φ)/p(Φ) involves an intractable
integral. Thus we approximate p(Θ|Φ) by a tractable posterior distribution q(Θ),
which can be found by minimizing the KL divergence that is always nonnegative
and equal to zero only if q(Θ) = p(Θ|Φ). To obtain a tractable approximation,
the mean filed approximation [8] is used: q(Θ) = q(u)q(α)q(β). Based on the
standard VB analysis, the distribution of each variable to minimize KL diver-
gence is q(Θi) ∝ exp(EΘ\Θi

[ln p(Θ,Φ)]), where EΘ\Θi
[·] denotes the expectation

with respect to all variables except the variable of interest Θi. Unfortunately,
the use of TV prior (3) prevents us finding an analytical form of q(Θ). Instead,
we introduce an auxiliary N -dimensional vector v and a function:

F(α,u,v) = cαγm exp(−α

2

N∑
i

uT∇ϕT
i ∇ϕiu+ vi√

vi
) (5)

Based on the geometric-arithmetic mean inequality, we obtain that F(α,u,v) ≤
p(u|α). This allows us to derive an upper bound of the KL divergence.

F(Θ,v,Φ) = p(Φ|u, β)F(α,u,v)p(α)p(β) ≤ p(Θ,Φ) (6)

Therefore, we can recursively minimize a sequence of upper-bounding func-
tionals of the KL divergence without directly dealing with the TV prior, and
arrive at an approximation of the true posterior distribution as proven in [8].
The complete algorithm is outlined in Algorithm 1. To start, we randomly ini-

tialize u1 and uses it to calculate v1i = u1T∇ϕT
i ∇ϕiu

1. An iterative procedure
is then used to minimize and monotonically decrease the upper bounds of the
KL-divergence until convergence. At each iteration, we alternate through the
distribution for each node of the graphical model (Fig. 1) using:

q̂(Θi) = const× exp(EΘ\Θi
[ln F(Θ,v,Φ)]) (7)
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Fig. 2. Statistical analysis and examples of 3D ischemic regions reconstruction.(a) Dice
coefficient ; (b) correlation coefficient ; (c) reconstructed action potential maps of all
three methods; (d) variation maps from the presented VB-TV.

In this way, we obtain both the mean and covariance for the posterior distri-
bution of u, which will prove to be important in section 4 for infarct reconstruc-
tion. Distributions of α and β are then updated, which will reduce the reliance of
the proposed algorithm on regularization parameters. Finally, we minimize KL-
divergence for v: v = argminv

∑N
i=1(E[u

T∇ϕT
i ∇ϕiu] + vi)/

√
vi. The resulting

update method is included in Algorithm 1.

4 Experiments and Results

4.1 Phantom Experiments

Phantom experiments are conducted on three human heart-torso models derived
from CT images. We compare the presented VB-TV with two other existing reg-
ularization methods: an iterative deterministic procedure for TV regularization
(TVR) [6] and the first-order Tikhonov regularization (1-Tik) [7]. Two quan-
titative accuracy metrics are used: 1) correlation coefficient (CC) between the
reconstructed and true action potential; and 2) dice coefficient (DC = R1∩R2

R1∪R2
)

between the reconstructed (R1) and true (R2) ischemic regions. The threshold
used to detect ischemic regions is automatically calculated from the mean and
standard deviation of the reconstructed action potential: mean(u)− 1

2std(u).

Imaging Ischemic Regions: For this experiment, action potential during the
ST-segment is set to be 0 for the core of ischemic regions, and 1 for healthy
regions. Body-surface ECG are simulated and corrupted with 20-dB (SNR)
Gaussian noise as inputs. In total, we consider 116 cases of infarcts at differ-
ent locations and with sizes ranging from 0.5% to 50% of the LV. All parameters
in VB-TV are estimated from measurement data. Regularization parameters for
the other two methods use empirically-defined sub-optimal values.

In a first stage, we calculate DC and CC based only on the posterior mean
of u for VB-TV. As illustrated in Fig. 2(a, b), paired t-test shows that the VB-
TV (purple) is significantly more accurate than 1-Tik (yellow, p < 0.001) but
is comparable with TVR (blue, p > 0.01). Similar to that reported in [6], all
methods show substantial decrease of accuracy in detecting septal infarcts.
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Fig. 3. Comparison of three methods at different noise levels. (a) DC of reconstruct
3D ischemic regions; (b) examples of the change in β values in different noise settings.

In a second stage, we examine the variation map produced by VB-TV method.
As shown in Fig. 2(c), for a non-septal infarct (anterior), all three methods
successfully detect the infarct region, although result from 1-Tik shows overly-
diffused boundary along the ischemic region compared to the other two methods.
Infarct region in VB-TV extends slightly towards the right ventricle (RV); never-
theless, this region of false positive also exhibits high variance (Fig. 2(d)). For the
septal infarct (mid-cavity), all three methods suffer from false-positives extended
to the RV and basal-LV. Interestingly, comparing the action potential map side
by side with its variance map, it is evident that high variance is associated with
the region of false-positives (RV and basal-LV) but not the true-positives (mid-
LV). Similar observations are made throughout all tested cases, demonstrating
that the combination of posterior mean and variance can improve the identifica-
tion of 3D ischemic regions. To quantitatively verify this, we introduce a second
threshold value using the local variance of u for detecting ischemic regions. A
region is considered to be ischemic only when both its mean and variance is low.
Fig. 2(a) shows the new DC calculated based on this joint mean-variance thresh-
old (red), where the accuracy is substantially improved (p < 0.001), especially
for septal ischemic regions. The time cost for VB-TV is similar as TVR method.

Imaging under different Measurement Noises: To validate the robustness
of the presented method, this set of experiment is conducted with different levels
of white Gaussian noises (6 ∼ 40 dB) added to the simulated ECG. We test 60
cases with the same parameter settings across all levels of measurement noises.
Fig. 3 (a) shows CC for the three methods being compared. As expected, VB-TV
is more robust to all noises, while TVR is only accurate in the presence of low to
moderate noises and 1-Tik is the most sensitive to noise changes. Fig. 3(b) shows
examples where the hyperparameter β is automatically updated by the VB-TV
method to adapt to different noises even though it is initialized similarly.

4.2 Human Study

Real data experiments are conducted on two different groups of post-infarction
patients. The first four patients underwent cardiac MRI for 3D infarct enhance-
ment. The other two patients underwent catheter ablation of scar-related ven-
tricular tachycardia. 120-lead body-surface ECG data are acquired and [10] and
patient-specific heart-torso models are constructed from either MRI images (the
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Fig. 4. Results on case 1-4 with (a) action potential, variance, and infarct maps (yellow
contours indicate the core of the MRI-delineated infarcts). (b) Quantitative metric SO
measures the percentage of correctly identified segments over Gold standard (GS).

Fig. 5. Results on cases 5-6 with action potential, variance maps and infarct maps

first four) or CT scans (the other two). After obtaining posterior distributions
of the action potential using the presented method, we use the combination of
mean and the variance to outline infarcted regions.

Infarction Imaging vs. MRI: From delay-enhanced MRI of the first four pa-
tients, reference infarct location is provided by cardiologists using the standard
AHA 17-segment model of LV (Fig. 4.2(b)). Fig. 4.2(a) shows action potential
maps, variance maps, and infarct maps detected based on the combined variance-
mean threshold form the presented VB-TV method in all four cases. For exam-
ple, patient #1 has a single infarct located at septum (segment 8). The posterior
mean of our result detects infarct at the mid-septal region (true-positive) with
low variance, and extends to false-positive regions with high variance. Using
the low-mean low-variance threshold, a clean localization of the 3D infarct is
obtained in consistence with MRI-delineated infarct (yellow contours). Similar
results are obtained across all patients, where high variance is present in regions
with false positives. Fig. 4.2(b) lists quantitative comparison with the MRI refer-
ence using the 17-segment model of LV. As shown, ischemic centers are correctly
identified in all patients and the accuracy is comparable to the best result avail-
able [11]. In particular, patient #4 has two separate infarcts. VB-TV is able to
localize both regions with SO = 62.5%, while existing methods reported on this
patient all failed to detect both infarcts and the best available SO is 33.33% [11].

Infarction Imaging vs. Voltage Mapping: For the second set of patients, the
reference of infarct data comes from invasive bipolar voltages maps collected on
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the epicardium of the heart using CARTO systems. Clinical threshold is used to
detect infarct core (peak-to-peak bipolar voltage ≤ 0.5 mV) and infarct border
(0.5-1.5 mV). For comparison, we manually registered the CARTO data to CT
via visual inspection, followed by a non-rigid point matching as described earlier
[3] and calculate the V-DC between the reconstructed infarct region and that
detected by CARTO data. As shown in Fig. 5, our reconstructions are close to
reference maps both visually and quantitatively.

4.3 Conclusion and Discussion

This paper presents a hierarchical Bayesian framework to transmural electro-
physiological imaging of 3D infarcts, and demonstrates its flexibility and supe-
riority over existing regularization methods in a set of phantom and real-data
experiments. This hierarchical framework provides a general aned flexible struc-
ture to accommodate more probabilistic models and hyperparameters, such as
a temporal prior or another observation model. This will enable us to integrate
multiple models and multi-modal data to improve the accuracy and robustness
of transmural electrophysiological imaging. Experimental validation of electro-
physiological imaging is a challenging task that involves difficulties such as the
registration between imaging and CARTO data. Further work will investigate
more accurate registration methods. We will also investigate the infarct param-
eters that are more commonly used in clinical settings, such as infarct volume,
the sensitivity and specificity in infarct detection, etc.
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