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Abstract. This paper studies the relationship between the two most
common definitions of reduct. Although there are other definitions, al-
most all the literature published in the framework of the Theory of
Rough Sets, uses one of the two definitions we study here. However,
there is an ambiguity in the use of these definitions and often authors
do not previously declare what definition they refer to. Moreover, there
are no publications where the relation between these two definitions is
widely discussed, just that is what this paper addresses. We enunciate
and demonstrate several properties expressing relations between both
definitions including some illustrative examples.

1 Introduction

Object classification is normally accompanied and usually preceded by a task of
feature selection, which reduces the dimension of the space of representation of
objects. Intensive research on feature selection and pattern discovery has given
us several new representations and approaches that use different formalisms. In
the framework of the Rough Set Theory [7], the basic concept for the mentioned
aim is the concept of reduct for a decision table. Informally, the concept of
reduct, refers to a subset of attributes that retains the same ability to discern
between object pairs in a table as the full set of attributes do.

In the literature, there are several definitions of reduct, see for example [3–8,
11]. Nevertheless, reducts, in any definition, combine two properties, the capacity
of preserving certain property of the set of all attributes (normally associated
to differentiating power) and being of minimal cardinality among all subsets
fulfilling this property. It means that attributes in a reduct are jointly sufficient
and individually necessary to differentiate among object descriptions.

We decided to examine the relation between the two definitions more com-
monly used in the literature.

This document is organized as follows. Section 2 provides the formal back-
ground for the study of both definitions of reduct. In this section, we include
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several examples for supporting our discussion. Section 3 contains a list of the-
oretical relations between both types of reducts, including a case study. Our
remarks are summarized in Section 4.

2 Basic Concepts

In many data analysis applications, information and knowledge are stored and
represented as an information table because this information table provides a
convenient way to describe a finite set of objects within a universe through a
finite set of attributes [7]. Reduct is a key concept within the Rough Set Theory,
defined for information systems or decision tables.

Definition 1. (information system) An information system is a pair S = (U, A∗
t )

where U is a finite non-empty set of objects, A∗
t is a finite non-empty set of con-

ditional (descriptive) attributes. Each a ∈ A∗
t corresponds to the function Ia :

U → Va called evaluation function, where Va is called the value set of a.

An information table is the simplest form of an information system. It can
be represented as a matrix, in which rows are associated to objects, columns to
attributes and cells to values of attributes on objects. Without loss of generality,
in this paper, we focus our discussion on a type of information table called
decision table.

Definition 2. (decision table) A special type of information table is denoted as
Sd = (U,At = A∗

t ∪ {d}), where A∗
t is a set of conditional attributes and d is

a decision attribute ({d}=D) indicating the decision class for each object in the
universe. Such information table is called a decision table.

When considering decision tables, it is important to distinguish between the
so called consistent and the inconsistent ones. A decision table is said to be
consistent, if each combination of values of descriptive attributes uniquely de-
termines the value of the decision attribute, and inconsistent, otherwise. Later
we will define these concepts formally.

For introducing the concept of reduct, the indiscernibility relation plays a
special role.

Definition 3. (indiscernibility relation) Given a subset of conditional attributes
A ⊆ A∗

t , the indiscernibility relation IND(A) ⊆ U×U for an information system
is defined as

IND (A) = {(u, v) ∈ U × U : ∀ a ∈ A; Ia (u) = Ia(v)}

For a decision table Sd, we can define the relative indiscernibility relation as

IND(A|D) = {(u, v) ∈ U × U : ∀a ∈ A, [Ia(u) = Ia(v)] ∨ [Id(u) = Id(v)]}
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In practice, it is quite common that decision tables contain descriptions of
a finite sample U of objects from a larger (possibly infinite) universe U , where
values of descriptive attributes are always known for all objects from U , but
decision is in general a hidden function except for those objects from the sample
U . The main problem of learning theory is to generalize the decision function
(defined on the sample U) to the whole universe U . In this case, we formally
have a decision table Sd = (U , At = A∗

t ∪ {d} ) and an information table S =
(U,A∗

t ), being U ⊆ U . The decision attribute allows partitioning the universe
into blocks determined by all possible decisions.

Definition 4. (decision class) For k ∈ Vd, a decision class is defined as Uk =
{u ∈ U : Id(u) = k}. Let us denote the cardinality of Uk by mk ; so |Uk| = mk.
Based on this definition, we can write U/IND(D) = {U1, U2, . . . , U|Vd|}.

Based on the relative indiscernibility relation, a reduct [8] is defined as follows.

Definition 5. (reduct for a decision table) Given a decision table Sd, an at-
tribute set R ⊆ A∗

t is called a reduct, if R satisfies the following two conditions:

(i) IND(R|D) = IND(A∗
t |D) (if R satisfies (i) it is called a super reduct);

(ii) For any a ∈ R, IND((R − {a})|D) �= IND(A∗
t |D).

Other definition widely used requires that a certain region of the universe be
preserved, this region is called positive region. Next, we will introduce it.

Definition 6. (lower and upper approximations) Let A ⊆ At be a subset of
attributes and let [u]A be the block (class) of the partition U | IND (A) containing
u ∈ U . We define the A-lower approximation of a set X ⊆ U as follows:

A (X) = {u ∈ U : [u]A ⊆ X}
The A-upper approximation of X is defined as

A (X) = {u ∈ U : [u]A ∩X �= ∅}
The set A (X)−A (X) is called the boundary region of X.

The notion of rough set is just associated to the boundary region.

Definition 7. (rough set) X is a rough set if it has a non-empty boundary region
(i.e. A (X)−A (X) �= ∅). Otherwise X is a crisp set.

Definition 8. (positive region) Given a decision table Sd = (U,At = A∗
t ∪ {d})

and a subset of attributes A ⊆ A∗
t . The A-positive region with respect to d is

defined as

POS{d} (A) =
⋃

X∈U/IND({d})
A(X)

We say that a decision table Sd = (U,At = A∗
t ∪ {d}) is deterministic or

consistent if POS{d}(A∗
t ) = U . Otherwise, we call it non-deterministic or incon-

sistent. Another commonly used definition of reduct is [9]:
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Definition 9. (relative reduct) Given a decision table Sd = (U,At = A∗
t ∪ {d}),

an attribute subset R ⊆ A∗
t is called a relative reduct, if R satisfies the two

conditions:

(i) POS{d} (R) = POS{d} (A∗
t ); (if R satisfies (i) is called a relative super

reduct)
(ii) POS{d} (R− {a}) �= POS{d} (A∗

t ) for any a ∈ R.

As an initial step in understanding the relationship between the two definitions
of reduct, let analyze the following example.

Example 1. Let us consider the decision table in Table 1 where U = {u1, u2, u3,
u4, u5, u6, u7}, A∗

t = {a1, a2, a3, a4} and D = {d}. Notice that Table 1 is in-
consistent, see for example that I{a1,a2,a3,a4}(u2) = I{a1,a2,a3,a4}(u6) = (0,0,0,0)
but 0 = Id(u2) �= Id(u6) = 1.

We have that
IND(A∗

t |D) = {(u1, u1), (u2, u2), (u3, u3), (u4, u4), (u5, u5), (u6, u6), (u7, u7),
〈u1, u2〉, 〈u1, u3〉, 〈u1, u4〉, 〈u2, u3〉, 〈u2, u4〉, 〈u3, u4〉, 〈u5, u6〉, 〈u5, u7〉, 〈u6, u7〉,
〈u2, u6〉, 〈u3, u6〉, 〈u4, u5〉}, where 〈ui, uj〉 denotes the two elements (ui, uj) and
(uj , ui).

Let us consider the attribute set R = {a1, a2, a3}, then
IND(R) = {(u1, u1) , (u2, u2) , (u3, u3) , (u4, u4) , (u5, u5) , (u6, u6) , (u7, u7),

〈u2, u3〉, 〈u2, u6〉, 〈u3, u6〉, 〈u4, u5〉} = IND(A∗
t ),

therefore IND(R|D) = IND(A∗
t |D).

Following definition 5, R is a super reduct for this decision table.
Let analyze if R is a reduct, and for this purpose let consider the subsets R1

= R−{a1} = {a2, a3}, R2 = R−{a2} = {a1, a3} and R3 = R−{a3} = {a1, a2},
for which we have that

IND(R1|D) = IND(A∗
t |D) ∪ {〈u2, u5〉, 〈u3, u5〉, 〈u4, u6〉}; IND(R2|D) =

IND(A∗
t |D) ∪ {〈u1, u7〉} and IND(R3|D) = IND(A∗

t |D) ∪ {〈u1, u6〉}.

Table 1. An inconsistent decision table

U a1 a2 a3 a4 d

u1 0 0 1 1 0
u2 0 0 0 0 0
u3 0 0 0 0 0
u4 1 0 0 0 0
u5 1 0 0 0 1
u6 0 0 0 0 1
u7 0 1 1 0 1

According to condition (ii) in definition 5, we can say that R is a reduct for
this decision table.

Now, let us consider the definition 9, we need to calculate POS{d}(R); then
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U/IND({d}) = {{u1, u2, u3, u4}, {u5, u6, u7}};
U/IND(A∗

t ) = {{u1} , {u2, u3, u6} ,{u4, u5} ,{u7}} and
A∗

t ({u1, u2, u3, u4}) = {u1} = R({u1, u2, u3, u4});
A∗

t ({u5, u6, u7}) = {u7} = R({u5, u6, u7}),
and therefore POS{d}(A∗

t ) = {u1, u7} = POS{d}(R);
so R satisfies condition (i) of definition 9 and we can say that R is a relative
super reduct.

Let analyze condition (ii):
U/IND(R1) = {{u1}, {u2, u3, u4, u5, u6}, {u7}};
U/IND(R2) = {{u1, u7}, {u2, u3, u6}, {u4, u5}} and
U/IND(R3) = {{u1, u2, u3, u6}, {u4, u5}, {u7}}; then
R1({u1, u2, u3, u4}) = {u1},
R2({u1, u2, u3, u4}) = ∅ and
R3({u1, u2, u3, u4}) = ∅ and
R1({u5, u6, u7}) = {u7},
R2({u5, u6, u7}) = ∅ and
R3({u5, u6, u7}) = {u7};

thence POS{d}(R−{a1}) = POS{d}(A∗
t ). It means that R does not fulfill condi-

tion (ii) of definition 9. We can conclude that R is a reduct of the decision table
in Table 1 according to definition 5, but it is not a reduct if we use definition 9.

It should be emphasized that although in some publications the equivalence
between both definitions of reduct here included (5 and 9) is handled lightly; in
[9] it is accurately established (Proposition 5.6, page 351) that this equivalence
holds if IND(A) = IND({d}). Meanwhile, Bazan and Szczuka [2] also remark
that in the presence of an inconsistent table the notion of generalized decision,
which is defined below, has to be used.

Definition 10. (generalized decision) Let Sd = (U,At = A∗
t ∪{d}) be a decision

table, the generalized decision function ∂ is defined as ∂(u) = {k ∈ Vd : ∃v ∈
U [(u, v) ∈ IND(A∗

t ) ∧ Id(v) = k]}. Any set consisting of all objects with the
same generalized decision value is called a generalized decision class.

Now, we can say that Sd is consistent or deterministic if |∂(u)| = 1 for any
u ∈ U . An important consequence of the last definition is that it is possible to
transform an arbitrary inconsistent decision table Sd = (U,At = A∗

t ∪ {d}) into
a consistent decision table S∂ = (U,A∗

t ∪ {∂}).
We will differentiate with names and notations between the reducts defined

by definition 5 (we will call them discerning decision reducts and we will denote
the set of all these reducts of a decision table Sd by REDind(Sd)) and those
defined by definition 9 (which we will call positive region decision reducts, and
we will denote the set of all positive region decision reducts of a decision table Sd

by REDpos(Sd)), analogously we will denote as DSind(Sd) and DSpos(Sd) the
set of super reducts determined by definitions 5 and 9 respectively. Sometimes,
to point out that the generalized decision is being used, we will use the notation
S∂ instead of Sd.
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3 Relations

In this section, we present the theoretical relations between both types of reducts.
Since S∂ is a consistent table, first we can derive the following fact.

Lemma 1. Let Sd = (U,At = A∗
t ∪ {d}) a decision table, then REDpos(Sd) =

REDind(S∂) = REDpos(S∂).

The following theorem establishes a relation between the set of discerning
decision super reducts and the set of positive region decision super reducts of a
decision table.

Theorem 1. Let Sd = (U,At = A∗
t ∪ {d}) a decision table, then DSind(Sd) ⊆

DSpos(S∂). If Sd is consistent the equality holds.

Proof. The implication [IND(R)=IND(A∗
t )]⇒[POS{d}(R) = POS{d}(A∗

t )]
naturally follows from definition of relative indiscernibility relation and defini-
tions 8 and 6. From this is immediate that DSind(Sd) ⊆ DSpos(Sd).

Now let Sd be a consistent table and let R ∈ DSpos(Sd); it means that
POS{d}(R) = POS{d}(A∗

t ) = U .
Let us suppose that IND(R|D)�=IND(A∗

t |D), obviously in this case
IND(A∗

t |D) ⊂ IND(R|D). Let (u, v) ∈ IND(R|D)−IND(A∗
t |D); it means that

A∗
t discerns between u and v but R does not. Hence we have that IR(u) = IR(v)

and Id(u) �= Id(v).
Let us denote as [u]{d} and [u]R respectively the class to which u belongs in

U/IND(d) and U/IND(R). We have that [u]{d} �= [v]{d} but [u]R = [v]R, then
[u]R �⊆ [u]{d} and [v]R �⊆ [v]{d} and hence u /∈ POS{d}(R) and v /∈ POS{d}(R)
which is a contradiction.

Thus we have that IND(R|D) = IND(A∗
t |D) and therefore R ∈ DSind(Sd)

and hence DSind(Sd) = DSpos(Sd).

It is important to highlight that sometimes the equality holds even if we do
not have consistent tables, as it can be seen from Example 2.

Example 2. Consider the decision table Sd in Table 2 being U = {u1, u2, u3,
u4, u5, u6}, A∗

t = {a1, a2, a3} and D = {d}. Notice that Table 2 is inconsistent
since I{a1,a2,a3}(u2) = I{a1,a2,a3}(u5) = (1,0,H) and 0= Id(u2) �= Id(u5) = 1.

Table 2. Another inconsistent table

U a1 a2 a3 d

u1 0 1 H 0
u2 1 0 H 0
u3 1 1 V 0
u4 0 1 N 1
u5 1 0 H 1
u6 0 1 V 0
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We have that
IND(D) = {(u1, u1), (u2, u2), (u3, u3), (u4, u4), (u5, u5), (u6, u6), 〈u1, u2〉,

〈u1, u3〉, 〈u1, u6〉, 〈u2, u3〉, 〈u2, u6〉, 〈u3, u6〉, 〈u4, u5〉}.
U/IND(D) = {{u1, u2, u3, u6}, {u4, u5}}
IND(A∗

t ) = {(u1, u1), (u2, u2), (u3, u3), (u4, u4), (u5, u5), (u6, u6), 〈u2, u5〉)}.
U/IND(A∗

t ) = {{u1}, {u2, u5}, {u3}, {u4}, {u6}}
IND(A∗

t |D) = {(u1, u1), (u2, u2), (u3, u3), (u4, u4), (u5, u5), (u6, u6), 〈u1, u2〉,
〈u1, u3〉, 〈u1, u6〉, 〈u2, u3〉; 〈u2, u6〉, 〈u3, u6〉, 〈u4, u5〉, 〈u2, u5〉}

Let us consider the subsets R1 = A∗
t − {a1} = {a2, a3}, R2 = A∗

t − {a2} =
{a1, a3} and R3 = A∗

t − {a3} = {a1, a2}.
We have that
IND(R1|D) = IND(R2|D) = IND(A∗

t |D) and
IND(R3|D) = IND(A∗

t |D) ∪ {〈u1, u4〉, 〈u4, u6〉}.
From this we have that DSind(Sd) = {R1, R2, A

∗
t } and REDind(Sd) =

{R1, R2}. Notice that IND({a3}|D) = IND(A∗
t |D)∪{〈12, u5〉} therefore {a3} /∈

DSind(Sd), being {a1} ⊂ R3 and {a2} ⊂ R3 no singleton in U is a super reduct.
Now, let us calculate the corresponding positive regions
A∗

t ({u1, u2, u3, u6}) = {u1, u3, u6}
A∗

t ({u4, u5}) = {u4}
and therefore POS{d}(A∗

t ) = {u1, u3, u4, u6}
U/IND(R1) = {{u1}, {u2, u5}, {u4}, {u3, u6}} = U/IND(R2) and
U/IND(R3) = {{u1, u4, u6}, {u2, u5}, {u3}}

then R1({u1, u2, u3, u6}) = {u1, u3, u6} = R2({u1, u2, u3, u6})
and R3({u1, u2, u3, u6}) = {u3}
R1({u4, u5}) = {u4} = R2({u4, u5}) and R3({u4, u5}) = ∅;
and thence POS{d}(R1) = POS{d}(R2) = POS{d}(A∗

t ) = {u1, u3, u4, u6} and
POS{d}(R3) = {u3}.

Then we have that DSpos(Sd) = {R1, R2, A
∗
t } and REDpos(Sd) = {R1, R2}.

In this case, despite being an inconsistent table, we have that DSind(Sd) =
DSpos(Sd).

Let Sd = (U,A∗
t ∪ {d}) be a (possibly inconsistent) decision table, and let us

introduce the decision attribute Δ defined as

Δ(u)=

{
[u]∂ if [u]∂ ⊆ [u]{d}
[u]A∗

t
otherwise

(1)

Theorem 2. Let Sd = (U,A∗
t ∪ {d}) be a decision table and let SΔ = (U,A∗

t ∪
{Δ}) being Δ defined as in (1), then SΔ is consistent.

Proof. Let suppose that Sd is consistent, then for every u ∈ U we have that
[u]∂ = [u]{d} and hence [u]Δ = [u]∂ = [u]{d}. It means that U/IND({Δ}) =
U/IND({∂}) = U/IND({d}) so SΔ is consistent.

Let us now consider that Sd is inconsistent and let u ∈ U such that [u]∂ ⊆
[u]{d}; in this case, from (1) we have that [u]Δ = [u]∂ ⊆ [u]{d}.

Let suppose now that [u]∂ �⊆ [u]{d}, then from (1) [u]Δ = [u]A∗
t
and from

definition of generalized decision (definition 10) we can conclude that [u]A∗
t
⊆
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[u]∂; thereby U/IND({Δ}) is a finer partition than U/IND({∂}). Therefore SΔ

is consistent.

From theorem 2, since SΔ is consistent, it is immediate the following.

Corollary 1. Let Sd = (U,A∗
t ∪ {d}) be a decision table and let SΔ = (U,A∗

t ∪
{Δ}) built as above. Then REDind(SΔ) = REDpos(SΔ).

From theorem 2 and from the definitions of Δ(u) and ∂(u) we also have that:

Corollary 2. Let Sd = (U,A∗
t ∪ {d}) be a decision table and let SΔ = (U,A∗

t ∪
{Δ}) built as above. Then REDind(Sd)=REDpos(SΔ).

The theorems and properties enunciated in this section confirm the non-
equivalence between the two definitions of reduct. But even more, our study
gives us the possibility of using algorithms to compute one type of reducts in
contexts where algorithms to compute other type are used and vice versa. For ex-
ample Corollary 2 provides a method for computing discerning decision reducts
(definition 5) for an inconsistent table by using a software like RSES [2] which
was designed for computing positive region decision reducts (definition 9).

3.1 Case Study

Here we illustrate the non-equivalence between the two definitions of reduct
using the dataset Spect from the UCI Machine Learning Repository [1].

The Spect dataset consists of two non-disjoint classes, each class containing
40 objects and 22 descriptive attributes, but there are several coincidences in
object descriptions. Table 3 shows these coincidences.

Description (I) a1 = a2 = a3 = a4 = a5 = a6 = a7 = a8 = a9 = a10 = a11 =
a12 = a13 = a14 = a15 = a16 = a17 = a18 = a19 = a20 = a21 = a22 = 0 appears
12 times in class 0 and twice in class 1. Obviously none reduct can discern among
these objects. Likewise, description (II) a1 = a2 = a3 = a4 = a5 = a6 = a7 =
a8 = a9 = a10 = a11 = a12 = a13 = a14 = a15 = a16 = a17 = a18 = a19 = a20
= a21 = 0, a22 = 1 appears 3 times in class 0 and once in class 1. Descriptions
(III) a1 = a2 = a3 = a4 = a5 = a6 = a7 = a8 = a9 = a10 = a11 = a12 = a13 =
a14 = a15 = a16 = a17 = a18 = a19 = a21 = a22 = 0, a20 = 1 and (IV) a1 = 1,
a2 = a3 = a4 = 0, a5 = 1, a6 = a7 = a8 = a9 = 0, a10 = 1, a11 = a12 = a13
= a14 = a15 = a16 = a17 = a18 = 0, a19 = 1, a20 = a21 = a22 = 0 appear once
in each class. The last two columns in Table 3 (T(0) and T(1)) show the times
each description appears in class 0 and class 1 respectively.

From the Spect dataset we created two modified datasets: Spect3c and
Spect6c. Spect3c results from creating a new class containing the intersection
between the two original classes and Spect6c results from separating each re-
peated description as a new class. Notice that Spect3c is the table resulting
from applying generalized decision; in Table 4 we denote it by S∂ , meanwhile
Spect6c corresponds to SΔ.

Table 4 presents the amount of discerning decision reducts (column (A)) and
positive region decision reducts (column(B)) from the original Spect dataset and
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Table 3. Repeated objects in the Spect dataset

a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 a13 a14 a15 a16 a17 a18 a19 a20 a21 a22 T(0) T(1)

(I) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 12 2
(II) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 3 1
(III) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1
(IV) 1 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 1 1

17 5

Table 4. Discerning decision reducts and positive region decision reducts for the Spect
dataset

(A) (B)
Dataset Descriptive Classes Objects |REDind(S∗)| |REDpos(S∗)|

attributes

Spect=(Sd) 22 2 80 26 70
Spect3c=S∂ 22 3 80 70 70
Spect6c=SΔ 22 6 80 26 26

∗ ∈ {d, ∂,Δ}.

for each one of the two modified datasets before described. Although Table 4
contains only quantities and not the sets, we can see the equalities |REDind(Sd)|
= |REDpos(SΔ)| (Corollary 2) and |REDpos(Sd)| = |REDpos(S∂)| (Lemma 1).
Since S∂ and SΔ are consistent tables, values in columns (A) and (B) in second
and third rows show that |REDind(S∂)| = |REDpos(S∂)| and |REDind(SΔ)| =
|REDpos(SΔ)|. For this experiment, reducts were computed by using RSES [2].

4 Conclusions

This paper studies the relation between the two most important definitions of
reduct demonstrating and illustrating that although in many cases (particularly
when classes are disjoint, and tables are consistent) the two concepts coincide, in
general they are not the same. As we show in the study case, our study gives us,
as an immediate result, the possibility of using algorithms to compute reducts by
definition 5, in contexts where algorithms to compute reducts by definition 9 are
used and vice versa. Knowledge of the true relationship between these concepts
can make proper use of each approach. This study can be a starting point for
further considerations regarding other definitions of reduct.
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