
Chapter 2
Matrix Calculus and Notation

2.1 Introduction: Can It Possibly Be That Simple?

In October of 2005, I scribbled in a notebook, “can it possibly be that simple?” I
was referring to the sensitivity of transient dynamics (the eventual results appear
in Chap. 7), and had just begun to use matrix calculus as a tool. The answer to my
question was yes. It can be that simple.

This book relies on this set of mathematical techniques. This chapter introduces
the basics, which will be used throughout the text. For more information, I
recommend four sources in particular. The most complete treatment, but not the
easiest starting point, is the book by Magnus and Neudecker (1988). More accessible
introductions can be found in the paper by Magnus and Neudecker (1985) and
especially the text by Abadir and Magnus (2005). A review paper by Nel (1980)
is helpful in placing the Magnus-Neudecker formulation in the context of other
attempts at a calculus of matrices.

Sensitivity analysis asks how much change in an outcome variable y is caused
by a change in some parameter x. At its most basic level, and with some reasonable
assumptions about the continuity and differentiability of the functional relationships
involved, the solution is given by differential calculus. If y is a function of x, then
the derivative

dy

dx

tells how y responds to a change in x, i.e., the sensitivity of y to a change in x.
However, the outcomes of a demographic calculation may be scalar-valued (e.g.,

the population growth rate λ), vector-valued (e.g., the stable stage distribution),
or matrix-valued (e.g., the fundamental matrix). Any of these outcomes may be
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14 2 Matrix Calculus and Notation

functions of scalar-valued parameters (e.g., the Gompertz aging rate), vector-valued
parameters (e.g., the mortality schedule), or matrix-valued parameters (e.g., the
transition matrix) parameters. Thus, sensitivity analysis in demography requires
more than the simple derivative in (2.1). We want a consistent and flexible approach
to differentiating
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2.2 Notation and Matrix Operations

2.2.1 Notation

Matrices are denoted by upper case bold symbols (e.g., A), vectors (usually) by
lower case bold symbols (n). The (i, j) entry of the matrix A is aij , and the ith
entry of the vector n is ni . Sometimes we will use MATLAB notation, and write

X(i, :) = row i of X (2.1)

X(:, j) = column j of X (2.2)

The notation

(
x(ij)

)

denotes a matrix whose (i, j) entry is x. For example,

(
dyi

dxj

)

is the matrix whose (i, j) entry is the derivative of yi with respect to xj .
The transpose of X is XT. Logarithms are natural logarithms. The vector norm

‖x‖ is, unless noted otherwise, the 1-norm. The symbol D (x) denotes the square
matrix with x on the diagonal and zeros elsewhere. The symbol 1 denotes a vector
of ones. The vector ei is a unit vector with 1 in the ith entry and zeros elsewhere.
The identity matrix is I. Where necessary for clarity, the dimension of matrices or
vectors will be indicated by a subscript. Thus Is is a s × s identity matrix, 1s is an
s × 1 vector of ones, and Xm×n is a m × n matrix.

In some places (Chaps. 6 and 10) block-structured matrices appear; these are
denoted by either A or Ã, depending on the context and the role of the matrix.
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2.2.2 Operations

In addition to the familiar matrix product AB, we will also use the Hadamard, or
elementwise product

A ◦ B = (
aij bij

)
(2.3)

and the Kronecker product

A ⊗ B = (
aijB

)
(2.4)

The Hadamard product requires that A and B be the same size. The Kronecker
product is defined for any sizes of A and B. Some useful properties of the Kronecker
product include

(A ⊗ B)−1 =
(
A−1 ⊗ B−1

)
(2.5)

(A ⊗ B)T =
(
AT ⊗ BT

)
(2.6)

A ⊗ (B + C) = (A ⊗ B) + (A ⊗ C) (2.7)

and, provided that the matrices are of the right size for the products to be defined,

(A1 ⊗ B1) (A2 ⊗ B2) = (A1A2 ⊗ B1B2) . (2.8)

2.2.3 The Vec Operator and Vec-Permutation Matrix

The vec operator transforms a m × n matrix A into a mn × 1 vector by stacking the
columns one above the next,

vecA =
⎛

⎜
⎝

A(:, 1)
...

A(:, n)

⎞

⎟
⎠ (2.9)

For example,

vec

(
a b

c d

)

=

⎛

⎜
⎜
⎝

a

c

b

d

⎞

⎟
⎟
⎠ . (2.10)
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The vec of A and the vec of AT are rearrangements of the same entries; they are
related by

vecAT = Km,nvecA (2.11)

where A is m × n and Km,n is the vec-permutation matrix (Henderson and Searle
1981) or commutation matrix (Magnus and Neudecker 1979). The vec-permutation
matrix can be calculated as

Km,n =
m∑

i=1

n∑

j=1

(
Eij ⊗ ET

ij

)
(2.12)

where Eij is a matrix, of dimension m × n, with a 1 in the (i, j) entry and zeros
elsewhere. Like any permutation matrix, K−1 = KT.

The vec operator and the vec-permutation matrix are particularly important in
multistate models (e.g., age×stage-classified models), where they are used in both
the formulation and analysis of the models (e.g., Caswell 2012, 2014; Caswell and
Salguero-Gómez 2013; Caswell et al. 2018); see also Chap. 6. Extensions to an
arbitrary number of dimensions, so-called hyperstate models, have been presented
by Roth and Caswell (2016).

2.2.4 Roth’s Theorem

The vec operator and the Kronecker product are connected by a theorem due to Roth
(1934):

vec (ABC) =
(
CT ⊗ A

)
vecB. (2.13)

We will often want to obtain the vec of a matrix that appears in the middle of a
product; we will use Roth’s theorem repeatedly.

2.3 Defining Matrix Derivatives

The derivative of a scalar y with respect to a scalar x is familiar. What, however,
does it mean to speak of the derivative of a scalar with respect to a vector, or of
a vector with respect to another vector, or any other combination? These can be
defined in more than one way and the choice is critical (Nel 1980; Magnus and
Neudecker 1985). This book relies on the notation due to Magnus and Neudecker,
because it makes certain operations possible and consistent.

• If x and y are scalars, the derivative of y with respect to x is the familiar derivative
dy/dx.
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• If y is a n × 1 vector and x a scalar, the derivative of y with respect to x is the
n × 1 column vector

dy
dx

=

⎛

⎜
⎜
⎜
⎜
⎝

dy1

dx
...

dyn

dx

⎞

⎟
⎟
⎟
⎟
⎠

. (2.14)

• If y is a scalar and x a m × 1 vector, the derivative of y with respect to x is the
1 × m row vector (called the gradient vector)

dy

dxT
=

(
∂y

∂x1
· · · ∂y

∂xm

)

. (2.15)

Note the orientation of dy/dx as a column vector and dy/dxT as a row vector.
• If y is a n × 1 vector and x a m × 1 vector, the derivative of y with respect to x

is defined to be the n × m matrix whose (i, j) entry is the derivative of yi with
respect to xj , i.e.,

dy

dxT
=

(
dyi

dxj

)

(2.16)

(this matrix is called the Jacobian matrix).
• Derivatives involving matrices are written by first transforming the matrices

into vectors using the vec operator, and then applying the rules for vector
differentiation to the resulting vectors. Thus, the derivative of the m × n matrix
Y with respect to the p × q matrix X is the mn × pq matrix

dvecY

d (vecX)T
. (2.17)

From now on, I will write vec TX for (vecX)T.

2.4 The Chain Rule

The chain rule for differentiation is your friend. The Magnus-Neudecker notation,
unlike some alternatives, extends the familiar scalar chain rule to derivatives of
vectors and matrices (Nel 1980; Magnus and Neudecker 1985). If u (size m × 1) is
a function of v (size n × 1) and v is a function of x (size p × 1), then

du

dxT︸︷︷︸
m×p

=
(

du

dvT

)

︸ ︷︷ ︸
m×n

(
dv

dxT

)

︸ ︷︷ ︸
n×p

(2.18)
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Notice that the dimensions are correct, and that the order of the multiplication
matters. Checking dimensional consistency in this way is a useful way to find errors.

2.5 Derivatives from Differentials

The key to the matrix calculus of Magnus and Neudecker (1988) is the relationship
between the differential and the derivative of a function. Experience suggests that,
for many readers of this book, this relationship is shrouded in the mists of long-ago
calculus classes.

2.5.1 Differentials of Scalar Function

Start with scalars. Suppose that y = f (x) is a differentiable function at x = x0.
Then the derivative of y with respect to x at the point x0 is defined as

f ′(x0) = lim
h→0

f (x0 + h) − f (x0)

h
. (2.19)

Now define the differential of y. This is customarily denoted dy, but for the moment,
I will denote it by cy. The differential of y at x0 is a function of h, defined by

cy(x0, h) = f ′(x0)h. (2.20)

There is no requirement that h be “small.” Since x is a function of itself, x = g(x),
with g′(x) = 1, we also have cx(x0, h) = g′(x0)h = h. Thus the ratio of the
differential of y and the differential of x is

cy(x0, h)

cx(x0, h)
= f ′(x0)h

h
= f ′(x0). (2.21)

That is, the derivative is equal to the ratio of the differentials.
Now, return to the standard notation of dy for the differential of y. This gives

two meanings to the familiar notation for derivatives,

dy

dx

∣
∣
∣
∣
x0

= f ′(x0). (2.22)

The left hand side can be regarded either as equivalent to the limit (2.19) or the ratio
of the differentials given by (2.21). Mathematicians are strangely unconcerned with
this ambiguity (e.g., Hardy 1952).
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All this leads to a set of familiar rules for calculating differentials that guarantee
that they can be used to create derivatives. A few of these, for scalars, are

d(u + v) = du + dv (2.23)

d(cu) = c du (2.24)

d(uv) = u(dv) + (du)v (2.25)

d(eu) = eudu (2.26)

d(log u) = 1

u
du (2.27)

If y = f (x1, x2), then the total differential is

dy = ∂f

∂x1
dx1 + ∂f

∂x2
dx2. (2.28)

Derivatives can be constructed from these expressions at will by dividing by
differentials. For example, dividing (2.23) by dx gives d(u + v)/dx = du/dx +
dv/dx. From (2.28), we have

dy

dx1
= ∂f

∂x1
+ ∂f

∂x2

dx2

dx1
(2.29)

dy

dx2
= ∂f

∂x1

dx1

dx2
+ ∂f

∂x2
. (2.30)

2.5.2 Differentials of Vectors and Matrices

To extend these concepts to matrices, we define the differential of a matrix (or
vector) as the matrix (or vector) of differentials of the elements; i.e.,

dX = (
dxij

)
. (2.31)

This definition leads to some basic rules for differentials of matrices:

d(cU) = c(dU) (2.32)

d(U + V) = dU + dV (2.33)

d(UV) = (dU)V + U(dV) (2.34)

d(U ⊗ V) = (dU) ⊗ V + U ⊗ (dV) (2.35)
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d(U ◦ V) = (dU) ◦ V + U ◦ (dV) (2.36)

dvecU = vec dU (2.37)

where c is a constant, and, of course, the dimensions of U and V must be
conformable. The differentials of an operators applied elementwise to a vector can
be obtained from the differentials of the elements. For example, suppose u is a s ×1
vector, and the exponential is applied elementwise. Then

d(exp(u)) =
⎛

⎜
⎝

eu1du1
...

eus dus

⎞

⎟
⎠ (2.38)

= D [
exp(u)

]
du. (2.39)

If y is a function of x1 and x2, the total differential is given just as in (2.28), by

dy = ∂y

∂xT1
dx1 + ∂y

∂xT2
dx2 (2.40)

2.6 The First Identification Theorem

For scalar y and x,

dy = qdx �⇒ dy

dx
= q. (2.41)

That much is easy. But, suppose that y is a n× 1 vector function of the m× 1 vector
x. The differential dy is the n × 1 vector

dy =
⎛

⎜
⎝

dy1
...

dyn

⎞

⎟
⎠ (2.42)

which, by the total derivative rule, is

dy =

⎛

⎜
⎜
⎜
⎜
⎝

∂y1

∂x1
dx1 + · · · + ∂y1

∂xm

dxm

...
∂yn

∂x1
dx1 + · · · + ∂yn

∂xm

dxm

⎞

⎟
⎟
⎟
⎟
⎠

(2.43)
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=

⎛

⎜
⎜
⎝

∂y1
∂x1

· · · ∂y1
∂xm

...
...

∂yn

∂x1
· · · ∂yn

∂xm

⎞

⎟
⎟
⎠

⎛

⎜
⎝

dx1
...

dxm

⎞

⎟
⎠ (2.44)

= Q dx. (2.45)

If these were scalars, dividing both sides by dx would give Q as the derivative
of y with respect to x. But, one cannot divide by a vector. Instead, Magnus and
Neudecker proved that if it can be shown that

dy = Q dx (2.46)

then the derivative is

dy

dxT
= Q. (2.47)

This is the First Identification Theorem of Magnus and Neudecker (1988).1

2.6.1 The Chain Rule and the First Identification Theorem

Suppose that dy is given by (2.46), and that x is in turn a function of some vector θ .
Then

dx = dx

dθT
dθ (2.48)

and

dy

dθT
= Q

dx

dθT
. (2.49)

In other words, the differential expression (2.46) can be transformed into a derivative
with respect to any vector by careful use of the chain rule. This applies equally to
more complicated expressions for the differential. Suppose that

dy = Qdx + Rdz. (2.50)

1There is also a second identification theorem that provides the second derivatives of matrix
functions. See Shyu and Caswell (2014) for applications of this theory to the second derivatives of
measures of population growth rate.
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Applying the chain rule to the differentials on the right hand side gives

dy = Q
dx

dθT
dθ + R

dz

dθT
dθ (2.51)

for any vector θ . Thus

dy =
(

Q
dx

dθT
+ R

dz

dθT

)

dθ , (2.52)

and the First Identification Theorem gives

dy

dθT
=

(

Q
dx

dθT
+ R

dz

dθT

)

. (2.53)

2.7 Elasticity

When parameters are measured on different scales, it is sometimes helpful to
calculate proportional effects of proportional perturbations, also called elasticities.
The elasticity of yi to θj is

εyi

εθj

= θj

yi

dyi

dθj

. (2.54)

For vectors y and θ , this becomes

εy

εθT
= D (y)−1 dy

dθT
D (θ). (2.55)

There seems to be no accepted notation for elasticities; the notation used here is
adapted from that in Samuelson (1947).

2.8 Some Useful Matrix Calculus Results

Several matrix calculus results will be used repeatedly. Many more can be found in
Magnus and Neudecker (1988) and Abadir and Magnus (2005).

1. The matrix product Y = AB. Differentiate,

dY = (dA)B + A(dB). (2.56)



2.8 Some Useful Matrix Calculus Results 23

Then write (or imagine writing; with practice one does not actually need this step
explicitly)

(dA)B = I (dA)B (2.57)

A (dB) = A (dB) I (2.58)

and apply the vec operator and Roth’s theorem, to obtain

dvecY =
(
BT ⊗ I

)
dvecA + (I ⊗ A) dvecB. (2.59)

The chain rule gives, for any vector variable θ

dvecY

dθT
=

(
BT ⊗ I

) dvecA

dθT
+ (I ⊗ A)

dvecB

dθT
. (2.60)

2. The Hadamard product Y = A ◦ B. Differentiate the product,

dY = dA ◦ B + A ◦ dB, (2.61)

then vec

dvecY = dvecA ◦ vecB + vecA ◦ dvecB. (2.62)

It will be useful to replace the Hadamard products, which we do using the fact
that x ◦ y = D (x)y, to get

dvecY = D (vecB)dvecA + D (vecA)dvecB. (2.63)

The chain rule gives the derivative from the differential,

dvecY

dθT
= D (vecB)

dvecA

dθT
+ D (vecA)

dvecB

dθT
. (2.64)

3. Diagonal matrices. The diagonal matrix D (x), with the vector x on the diagonal
and zeros elsewhere, can be written

D (x) = I ◦
(
1 xT

)
(2.65)

Differentiate both sides,

dD (x) = I ◦
(
1 dxT

)
(2.66)
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and vec the result

dvecD (x) = D (vec I)vec
(
1 dxT

)
(2.67)

= D (vec I) (I ⊗ 1) dx (2.68)

The First Identification Theorem gives

dvecD (x)

dθT
= D (vec I) (I ⊗ 1)

dx

dθT
. (2.69)

The identity matrix in (2.65) masks the matrix
(
1 xT

)
, setting to zero all but

the diagonal elements. Matrices other than I can be used in this way to mask
entries of a matrix. For example, the transition matrix for a Leslie matrix, with a
vector of survival probabilities p on the subdiagonal, is obtained by setting x = p
and replacing I with a matrix Z that contains ones on the subdiagonal and zeros
elsewhere (see, e.g., Chap. 4).

Some Markov chain calculations (Chaps. 5 and 11) involve a matrix Ndg,
which contains the diagonal elements of N on the diagonal and zeros elsewhere.
This can be written

Ndg = I ◦ N. (2.70)

Differentiating and applying the vec operator yields

dvecNdg = D (vec I)dvecN. (2.71)

4. The Kronecker product. Differentiating the Kronecker product is a bit more
complicated (Magnus and Neudecker 1985, Theorem 11). We want an expression
for the differential of the product in terms of the differentials of the components,
something of the form

dvec (A ⊗ B) = Z1dvecA + Z2dvecB (2.72)

for some matrices Z1 and Z2.
This requires a result for the vec of the Kronecker product. Let A be of

dimension m × p and B be r × s. Then

vec (A ⊗ B) = (
Ip ⊗ Ks,m ⊗ Ir

)
(vecA ⊗ vecB) . (2.73)

Let Y = A ⊗ B. Differentiate,

dY = (dA ⊗ B) + (A ⊗ dB) (2.74)
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and vec

dvecY = (
Ip ⊗ Ks,m ⊗ Ir

)
[

(dvecA ⊗ vecB) + (vecA ⊗ dvecB)

]

.

(2.75)
With some ingenious simplifications (Magnus and Neudecker 1985), this reduces
to (2.72) with

Z1 = (
Ip ⊗ Ks,m ⊗ Ir

)
(Im ⊗ vecB) (2.76)

Z2 = (
Ip ⊗ Ks,m ⊗ Ir

)
(vecA ⊗ Irs) . (2.77)

Substituting Z1 and Z2 into (2.72) gives the differential of the Kronecker product
in terms of the differentials of its component matrices.

5. The matrix inverse. The inverse of X satisfies

XX−1 = I. (2.78)

Differentiate both sides

(dX)X−1 + X
(
dX−1

)
= 0, (2.79)

then vec
[(

X−1
)T ⊗ I

]

dvecX + [I ⊗ X] dvecX−1 = 0 (2.80)

and finally solve for dvecX−1

dvecX−1 = − [I ⊗ X]−1
[(

X−1
)T ⊗ I

]

dvecX (2.81)

The properties (2.5) and (2.8) of the Kronecker product let this be simplified to

dvecX−1 = −
[(

X−1
)T ⊗ X−1

]

dvecX (2.82)

6. The square root and ratios. In calculating standard deviations and coefficients of
variation it is useful to calculate the elementwise square root and the elementwise
ratio of two vectors. If x is a non-negative vector, and the square root

√
x is taken

elementwise, then

d
√
x = 1

2
D (√

x
)−1

dx. (2.83)
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For the elementwise ratio, let x and y be m × 1 vectors, with y nonzero. Let w be
a vector whose ith element is xi/yi ; i.e., w = D (y)−1x. Then

dw = D (y)−1dx −
[
xTD (y)−1 ⊗ D (y)−1

]
D (vec Im) (Im ⊗ 1m) dy.

(2.84)

This list could go on. The books by Magnus and Neudecker (1988) and Abadir
and Magnus (2005) contain many other results, and demographically relevant
derivations appear throughout this book, especially in Chap. 5.

2.9 LTRE Decomposition of Demographic Differences

The LTRE decomposition in Sect. 1.3.1 extends readily to matrix calculus. Suppose
that a demographic outcome ξ , dimension (s × 1), is a function of a vector θ

of parameters, dimension (p × 1). Suppose that results are obtained under two
“conditions,” with parameters θ (1) and θ (2). Define the parameter difference as
�θ = θ (2) − θ (1) and the effect as �ξ = ξ (2) − ξ (1). Then, to first order,

�ξ ≈
p∑

i=1

dξ

dθi

�θi (2.85)

= dξ

dθT
�θ . (2.86)

Writing

�θ = D (�θ)1p, (2.87)

we create a contribution matrix C, of dimension s × p,

C = dξ

dθT
D (�θ). (2.88)

The (i, j) entry of C is the contribution of �θj to the difference ξi , for i = 1, . . . , s

and j = 1, . . . , p. The rows and columns of C give

C(i, :) = contributions of �θ to �ξi (2.89)

C(:, j) = contributions of θj to �ξ (2.90)
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When calculating C, the derivative of ξ must be evaluated somewhere. Experi-
ence suggests that the evaluating it at the midpoint between θ (1) and θ (2) gives good
results (Logofet and Lesnaya 1997; Caswell 2001).

2.10 A Protocol for Sensitivity Analysis

The calculations may grow to be complex, but the protocol is simple:

1. write a matrix expression for the outcome,
2. differentiate,
3. vec,
4. simplify,
5. calculate derivatives from the differentials, and
6. extend using the chain rule

The rest of this book shows what can be done with this simple procedure.
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