
The Rosenblatt Process* 

By Murad S. Taqqu 

Abstract 
This is a brief history of the Rosenblatt process, how it came about, the role it played, its properties and 
a detailed description of its various representations. 

1 Introduction 
I shall describe here the Rosenblatt process and the history behind it. The Rosenblatt process is important 
because it is one of the so-called "Hermite processes", which are limits of normalized sums of long-range 
dependent random variables. The simplest Hermite process is the Gaussian fractional Brownian motion. 
The Rosenblatt process is the simplest non-Gaussian Hermite process. It has continuous non-differentiable 
paths and is self-similar with stationary increments. It is Murray Rosenblatt who first conceived of it, and 
this is why I coined it the Rosenblatt process in [32]. 

I will start with Rosenblatt's strong mixing condition, quote the corresponding central limit theorem and 
describe Rosenblatt's two counterexamples. The second counterexample is of interest. It involves a limiting 
non-Gaussian distribution which is now called the Rosenblatt distribution. This marginal distribution has 
been expanded in [32] to the finite-dimensional distributions of a stochastic process called the Rosenblatt 
process. The distributions are not known in closed form and the corresponding characteristic functions are 
expressed in terms an expansion involving cumulants. There are, however, a number of integral represen
tations which clarify the nature of the Rosenblatt process and which I will describe in the sequel. These 
include the time, spectral and finite time interval representations. There is also a wavelet representation due 
to Vladas Pipiras which extends to the Rosenblatt process the wavelet representation of fractional Brownian 
motion in [20]. I shall not describe this representation here but will direct the reader to [26], and in par
ticular, to the first two sections which explain heuristically the ideas behind the expansion. This expansion 
is implemented in [1]. I will also go over some properties of the Rosenblatt process. The paper of Ciprian 
Tudor [35] provides additional information, in particular, about the stochastic calculus associated with the 
Rosenblatt process. 

The paper is organized as follows. The strong mixing condition and Rosenblatt's corresponding central 
limit theorem are in introduced in Section 2. The second counterexample, mentioned above, is described in 
Section 3. The joint characteristic function of the Rosenblatt process and the associated cumulants are given 
in Section 4. The process is represented through Wiener-Ito stochastic integrals and these are introduced in 
Section 5. The corresponding stochastic integral representations for fractional Brownian motion and for the 
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Rosenblatt process are discussed in Section 6 and Section 7 respectively. Section 8 describes some properties 
of the Rosenblatt processes and an Appendix provides details about the derivation of the characteristic 
function. 

2 Strong mixing 
The classical central limit theorem (CLT) states that the distribution of suitably normalized sums of in
dependent and identically distributed random variables converges to the normal distribution. This result 
continues to hold if there is some dependence, for example, if the random sequence is m-dependent, that is, 
if random variables are independent when separated by m time lags. What if we increase the range of the 
dependence? More generally, will there be a natural boundary, that is, a dependence structure beyond which 
the CLT will not hold. This is unlikely to be the case as the notion of dependence is not linearly ordered. 

Nevertheless, Murray Rosenblatt wanted to pursue A. Markov's idea "that one expects a central limit 
theorem to hold for X\, X2,... if the random variables behave more like independent random variables the 
further they are separated (assuming appropriate moments exist)". Rosenblatt focused on the following 
condition, known as the strong mixing condition, which he expresses in the following way in [29]. 

Definition 2.1 (Strong mixing condition) Consider a strictly stationary sequence {X^}. Let A and B 
be any events determined by conditions on the random variables Xk, k < 0 and Xk, k > n, respectively with 
n > 0. The process {Xk} is said to satisfy the strong mixing condition if 

sup \P(A f\B)- P(A)P(B)\ < d(n), (1) 
A,B 

where the sup is over all such events A and B, and where d is a function of the positive integers n that 
decreases to zero as n —> 00. 

Since that time, research on mixing conditions has been extensive. See for example the surveys of Magda 
Peligrad [25] and Richard Bradley [7], [8], and the three volumes Bradley [9, 10, 11]. For the CLT to hold, 
often mixing conditions need to be accompanied by moments conditions. Typically, the slower d(n) —► 0 as 
n —> 00, the more moments should exist. 

Rosenblatt in [30] states the following central limit theorem for strictly stationary random variables. It 
is proved in [29] without the assumption of stationarityx. 

Theorem 2.2 (CLT for strong mixing sequences) Suppose {Xj} is a strictly stationary sequence with 
mean zero satisfying the strong mixing condition and let Sn = Y^j=\ Xj. Suppose also that the following two 
moment conditions: 

E 5 ^ = crj; —>• 00 as n —>> 00, (2) 

ES*=0(a*) as n -► 00 (3) 

hold. Then as n —> 00; 

^ i iV(0,1) (4) 

In this theorem, there are no assumptions on the speed at which d(n), defined in (1), tends to zero, but it 
is required that all moments up to order 4 exist. The following stronger result sheds light on Theorem 2.2 
(see Denker [13], Theorem 3). 

1In [29], the relation corresponding to (3) below is stated as o(afi) but the proof holds with the weaker condition 0(afi) as 
stated in [6]. 
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Theorem 2.3 Suppose {Xj} is a strictly stationary sequence with mean zero satisfying the strong mixing 
condition and condition (2). Then the CLT (4) holds if and only if 

S2 

—^ is uniformly integrable. (5) 
< 

Thus o~~xSn tends to a N(0,1) distribution if, for example, E | £ n | 2 + 5 = 0{a2^5) for some 5 > 0. Rosenblatt's 
Theorem 2.2 is stated with 8 = 2. For the history behind Theorem 2.3, see [9]. 

To get an idea of the limitations of Theorem 2.2, Rosenblatt provides two counterexamples in [30]. The 
first is Xk = €k — €fc_i, where the ek are i.i.d., non-Gaussian random variables, with zero mean and finite 
fourth order moment. Then, a^ = E| Y17=i ̂ i\2 = E|en — eo|2 = 2ECQ does not tend to infinity with n. While 
the strong mixing condition and condition (3) are satisfied, condition (2) fails, and in fact, the conclusion 
(4) fails as well. 

3 Rosenblatt's counterexample 
The second counterexample is more intriguing and is the basis of later developments which gave rise to the 
Rosenblatt process. Let {Yk} be a Gaussian sequence with mean zero, unit variance and covariance 

rk =EY0Yk = (l + k2)~D/2 ~k~D as fc^oo 

with 0 < D < 1/2. Consider 
Xk = Y2 - 1. 

and choose a > 0. Then, 
n 

Z« = ^DY.X* (6) 
fc = l 

tends to a non-Gaussian distribution as n —> oo. Since the Xk are dependent chi-squared random variables, 
the characteristic function of Zn can be readily written and one can then let n tend to infinity. The detailed 
computation is instructive and can be found in the Appendix. Rosenblatt shows in [30] that the sequence 
Zn converges in distribution to a random variable Z(l) whose characteristic function is 

V^)=exp(if>^fV (7) 
2^v J k 

k=2 

where 

ck= dx!... dxk\x1-x2\ D\x2-x3\ D . . . | x f c _ i -xk\ D\xk-x1\ D. (8) 
Jo Jo 

In this example, both conditions (2) and (3) are satisfied. Since the conclusion of the theorem is not satisfied, 
the sequence {Xk} cannot be strong mixing. Since Xk = Y2 — 1, the cr-fields generated by {Xkl k < m} 
and {Xk, k > n} are respectively smaller than the cr-fields generated by {Yk, k < m} and {Yk, k > n). 
Therefore {Xk} not strong mixing implies that {Yk} is not strong mixing either. Rosenblatt, in this way, 
was able to characterize a non-trivial, non-strongly mixing Gaussian sequence. 

The parameter a is arbitrary. As we will see below, if one sets 

\{l-2D)(l-D) 
1/2 

(9) 
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the limit of Zn has unit variance. In fact, (7) is an expansion in cumulants. Indeed, if we set 

lnp(0) = £ ( « 
k=2 

\kKk 

k=2 

we can identify the cumulants as 
Kk = 2k-1(k-l)\<7kck. 

With a as in (9), the variance, which equals the second cumulant, becomes 

ri ri 2 
ft2=2c2cr = 2a* I I \xi - x2\ 

Jo Jo 
-2D dx\dx2 = 2a1 

(1-2D)(2-2D) = 1, 

so that the distribution is standardized. 
I have been intrigued by this counterexample. What is so special about the square transformation 

Xk = Yk
2 — 1? Why is the usual central limit theorem failing? Why was D taken to satisfy D < 1/2? What 

about weak convergence to a stochastic process? 
The answers turn out to be very interesting. The transformation Xk = Yk

2 — 1 is not an arbitrary one: 
it involves in fact the Hermite polynomial of order 2, #2(2/) — U2 ~ 1- The Hermite polynomials 

H0(v) = l, H1(y) = y, H2(y)=y2-1, H3(y) = y3 - 3y,... 

span the L2 space generated by the Gaussian sequence. This space contains any non-linear function G(Y), 
where Y - N(0,1) with 

EG2(Y) : 
e—2~ 

G2(y)^=dy<(K. 
2TT 

One is then led to consider not only Xk = Y2 — 1 = H2(Yk), but also Xk = Hm(Yk) for m > 2, and more 
generally, Xk = G(Yk) with EG2(Yk) < 00. This is done in Taqqu, [32], [33], Dobrushin and Major [14], 
Major [16]. 

What about the condition on Dl Observe that 

E^ = E(! + fe2 -D/2 1 
1-D 

The condition Y^kLi Tk = °° ^s n o w known as "long-range dependence", "strong dependence" or "long 
memory". Since 0 < D < 1/2, the {Yk} above are strongly dependent ( they would be so even if 0 < D < 1). 
What about the {X&}? One nice property of the Hermite polynomials is their orthogonality. In fact, 

In particular, 

Since 0 < D < 1/2, 

EHmi(Y0)Hm2(Yk) = rrnl E(Y0Yk)mi6mi,n 

lXQXk = 2{EY0Yk)2 = 2r2. 

J>XoX f c = 2 ^ ( l + /c2 
1-2D 

and 

E K > 
n-1 j 

\ i=i fc=i ((l-2D)(l-D)) 
(10) 
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which explains the normalization factor in (6) and the value of a in (9). 
Observe that {Xk} has a weaker dependence than {Yfc} since r\ tends faster to 0 than r& as k —> oo. 

Nevertheless, the condition 0 < D < 1/2 ensures that {Xk} remains long-range dependent, that is, one has 
not only YlT=i ^^o^fc = °° ̂ u t a^ s o ^2T=i ^XQX^ = oo. This would not be the case anymore if D were to 
be greater than 1/2. 

4 The joint characteristic function of the Rosenblatt process 
What if one considered not random variables Zn as defined in (6), but a stochastic process 

\nt\ 

where |_-J denotes the integer part. Observe that our previous Zn is Zn(l). We shall then choose a as in (9) 
so that lim^^oo KZn(l)2 = 1. The limiting characteristic function of the vector (Zn(ti),..., Zn(tp)) is given 
in Taqqu [32]. Denoting it as the characteristic function of the limiting vector ( Z ( t i ) , . . . , Z(tn))1 it is2 

ip(Ou . . . , dp) = ^eWiZ^)+-+0pZW) 

= e x P U E ^ E esl...eSksD{tslJ...1tSk)Y (12) 
V k=2 si,...,Sfee{i,...,p} / 

where 
rtSl rtS2 rtSk 

SD(tSl,...,t8k)= / dxi I dx2... dxk\xi-x2\~D\x2-x3\~D ...\xk-i-Xk\~D\xk-x1\~D. 
Jo Jo Jo 

(13) 
As noted in [32], since we have by the Cauchy-Schwarz inequality, 

( l 1 1 / 2 f i i "1 1 / 2 f i 1 k/2 

SD<U^yr^dyi \j^dy1->.j^dyk-1\y1\-2D---\yk-1\-2D\ =\ [ \y\-2Ddy\ 

then for \6i\ < e, i = 1, • • • ,p, 

(2aCpe)k 

\^,...,ep)\<e,P(lj:^L). (14) 

Thus the series in (12) converges for small values of e, and this is enough to characterize the distribution 
(see [5], Theorem 30.1). 

It is also convenient to consider the cumulants Kk of the random variable "52? 0iZ(ti). These are K,I = 0 
and 

nk = 2k-\k-l)\ak Yl 6Sl...6SkSD(tSl,...,tSk), k>2, (15) 
s i , . . . , s f cG{l, . . . ,p} 

and they characterize the finite-dimensional distribution of the vector (Z(ti),..., Z(tp)) uniquely. 
In fact, the sequence Zn(t) converges to Z(t), not only in terms of the finite-dimensional distributions, 

but also as weak convergence of the probability measures in the space D[0,1] endowed with the Skorohod 
topology (see [33]). In [32], the limiting process Z(t) was called the Rosenblatt process and this name has 
been used since then. 

2Replace the expression in [32] by the one given here. 
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5 Wiener-Ito stochastic integrals 
The Rosenblatt process can be represented in terms of Wiener-Ito stochastic integrals. We shall now introduce 
them. 

Let {B(t), t e M.} be a standard Brownian motion with B(0) = 0. A Wiener-Ito stochastic integral of 
order m is an integral of the form 

, ( / ) = / f(x1,...,xrn)dB(x1)...dB(xm), (16) 

where / is a non-random kernel and dB(x) can be interpreted as Gaussian noise with mean 0 and variance dx 
with EdB(xi)dB(x2) = 0 if x\ ^ x^ and E(dB(x))2 = dx. The prime indicates that one does not integrate 
over the diagonals, that is, one always supposes x\ ^ X2 ̂  • • • ̂  xm. This ensures that EdB(xi)... dB(xm) = 
0 and thus that Im(f) has mean 0. Moreover, 

Im{f)=Im{fsym} (17) 

where fsyrn denotes the symmetrized version of / and where ' = ' means equality in distribution (either of the 
marginal or joint distributions, depending on the context). The integral (16) is defined for all / satisfying 

II / I IL2(R-) = / \f(x1,...,xm)\2dx1...dxm <oc, 

that is, for all / G L 2 (R m ) . To define the integral precisely, one first defines it for simple functions. Then 
one takes a limit in L 2 (R m ) , while ensuring that the isometry 

E ( / m ( / ) ) 2 = m ! | | / | | | 2 ( R r o ) 

holds. 
In the case m = 2, the distribution of 12(f) is determined by its cumulants. If / is symmetric, these are 

Kk(f) = 2k 1(k-l)\ / f(xllX2)f(x2,x3)...f(xk-llxk)f(xk,x1)dx1...dxk 
JRk 

(18) 

(see [15]). Circular integrals of this type appear in (8) and (13). See [24] for more information about multiple 
integrals including formulas for moments and cumulants. 

It is also possible to view the integral (16) from the perspective of Parseval's formula, and write 

Im(f)= f / ( A i , . . . , A m ) d 5 ( A i ) . . . d B ( A m ) , (19) 

where 
/ ( A i , . . . , A m ) = / eiT<T=ixixJ f(Xlj... ,xm)dx1... dxm 

is the Fourier transform of / in L 2 (R m ) and dB(X) is viewed as the complex-valued Fourier transform of 
dB(x). Since dB(x) is real, dB(X) will satisfy dB(\) = dB(—X) and thus, in the integral (19), the double 
prime on fRm means that one excludes integration of Ai = ±A2 = • • • = ±A m . This is made precise in [33] 
where the equality in distribution between (16) and (19) is established as well as the relation 

mm{f)2=m\ [ | /~ (A 1 , . . . ,A m ) | 2 dA 1 . . . r fA m <oo. 

If one interprets the x's in (16) as "time" and the A's in (19) as "frequency", then one has two representations 
for J m ( J ) , one in time, and the other in frequency. 
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6 Stochastic representations of fractional Brownian motion 
To better understand the representations of the Rosenblatt process which involve double integrals (ra = 2) 
in (16) and (19), it is best to describe first the representation of fractional Brownian motion, since it involves 
only a single integral (ra = 1). 

Fractional Brownian motion {£#(£), t > 0} is characterized by the following properties: 

• It is Gaussian with mean zero. 

• It has stationary increments with BH(0) = 0. 

• It is self-similar with index H G (0,1), that is for any a > 0, {5jf(ot), t > 0} and {aHBn(t), t > 0} 
have the same finite-dimensional distributions. 

For more details, see for example [34]. These three characterizing conditions are very handy because in order 
to check that a given single Wiener-Ito stochastic integral (ra = 1) represents fractional Brownian motion, it 
is sufficient to verify that the three conditions mentioned above are satisfied. Self-similarity and stationary 
increments imply moreover that 

EB%(t) = a2t2H (20) 
2 

EBnMBHfo) = RH(hM) = y {if + if - \tx - t2\2H} . (21) 

This process is "standardized" if a2 = 1. 
If one sets 

Yk = BH{k + l)-BH{k), / c > 0 , 

then {Y&} is Gaussian, stationary and has long-range dependence if 1/2 < H < 1 because 

rk = EY0Yk - a2H{2H - l)k2H~2, 

and hence 
oo 

y^rk = oo. 
fc=i 

Observe that D = 2 — 2H £ (0,1). The increments {Yk} are called fractional Gaussian noise (see [31] and 
[34]). 

6.1 Time representat ion of fractional Brownian motion 
The following time representation of fractional Brownian motion is the most familiar one: 

BH(t) = C\(H) f ((t - x)l~112 - (-x)^-1/2)dB(x), t > 0, 
JR V J 

(22) 

where3 

C (H) V ^^^ + ^ S l n ( ^ ) ) l / 2 J S l n (^ g ) 1 V2 f 2JL "l/2 
U j ' T(H+l/2) \/3{H + 1/2, H +1/2) j \ (H - l/2)j3(H - i / ^ , ^ - z,n} j 

(23) 
3The constant C\(H) here is the inverse of the constant C\(H) in [31] and [34]. 
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ensures that EBJj(t) = t2H, that is, a2 = 1. For the value of the constant Ci(H), see relation (9.3) in [34], 
Appendix A in [21] and also (25) below. Here 

[3(a b) = / xa-1(l-x)b-1dx= / x a - 1 ( l + ̂ ) - a - 6 d x = r ( a ) r ( 6 ) / r ( a + 6), a , 6 > 0 , 
Jo Jo 

denotes the Beta function. Since there is a single integral in (22), the process BH(t) is Gaussian. Moreover, 
the form of the integrand is (22) also ensures that the process has stationary increments. 

The self-similarity follows from the fact that the integrand scales and so does dB{x) because dB(ax) = 
a}'2dB(x). Thus the representation (22) is that of fractional Brownian motion, but it is far from unique and 
different time representations are possible. 

If 1/2 < H < 1, one can express the kernel in (22) as an integral and obtain 

BH{t) = d ( t f )(ff - 1/2) / (j\s - x)^-3/2ds\ dB(x). (24) 

This is a useful expression. Firstly, with (41) below, it can be used to verify that 

EBH(l)2 = d(H)2(H - 1/2)2 / / (si - x) + " 3 / 2 ( 5 2 - x)*-3/2dSlds2dx 
Jo Jo 

= d(H)2(H - 1/2)2H~1(2H - l ) - 1 / 3 ( # - 1/2,2 - 2H) = 1, (25) 

that is, the constant C\(H) ensures standardization. 
Secondly (24) suggests a heuristic way of representing fractional Brownian motion. Although it is strictly 

speaking incorrect, it can be made precise by using "generalized functions". The idea is as follows. Since 
Bn(t) has stationary increments, let us represent it as the integral of its "derivative". To do this, suppose 
1/2 < H < 1 and interchange the integral signs in (24), writing 

BH(t)u = "Ci(tf)( tf - 1/2) I ( f(s- x)H-V2dB(x)) ds (26) 

= d ( H ) ( # - l / 2 ) / B'H{s)ds. (27) 
Jo 

The change of order of integration in (26) is not justified and neither is the derivative B'H(t) well-defined 
because the integrand (s — x) + ~ ' in (26) is not square integrable. Nevertheless (26) and (27) provide 
a physical interpretation of the time representation (22) and a better understanding of the corresponding 
representation for the Rosenblatt process. 

6.2 Spectral representation of fractional Brownian motion 

The spectral representation4 for Bn(t) is 

BH{t)±C2(H)l^wL^dB(X) (28) 

where5 

_ f H(2H - 1) 11/2 _ (tfr(2tf)sintf^1/2 
2 1 >' \2r(2-2H)sm[(H-l/2)ir] 

4In [31], the spectral representation is called the harmonizable representation. 
5The constant CQ,(H) here is the inverse of the constant C2(-£/") in [31] and [34]. 
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(see [33], Theorem 6.3 and [34], relation (9.8)). The term (etXt — l)/(zA) is the Fourier transform of l[o,t]? 
yielding stationary increments and the term c(A)|A|_^-ff_1/2)|, with |c(A)| = 1, can be viewed heuristically 
and up to a multiplicative constant as the Fourier transform of the kernel s+ in (26) (see the proof of 
Lemma 6.2 in [33]). The equivalence between the time representation (22) and the spectral representation 
(28) follows from the discussion in Section 5. 

6.3 Finite time interval representation of fractional Brownian motion 
There is a third representation for fractional Brownian motion which involves only an integral from 0 to 
t. It is related to the so-called Molchan martingale and can be found in [23] and [27] where it is used for 
prediction. See Molchan [22] for a brief history and a discussion of the prediction problem. See also Mishura 
[21] who treats the case 0 < H < 1/2 as well. We suppose here 1/2 < H < 1. The representation is: 

BH(t) L / KH 

Jo 
(t,x)dB(x), (29) 

where 

H(t, x) = C3(H)x^2-H f\u - x)H-^2uH-^2du, 0 < x < t, 

= C3(H)x^2-H f\u - x)l-Z/2uH-^2du, 0 < x < t, 
Jo 

and 

(see [35]). Since 

C3(H) := 
H(2H - 1) 

/3{2-2H,H - 1/2) 

1/2 

(30) 

(31) 

KH(t,x) =KH(t1x) -KH{x,x) = / —— (u , x )du , 0<x<t, 
J x ^^ 

we can express (29) as 
rt r rt B»it)ll if. dKL 

(u,x)du dB(x), (32) 
Jo Ux 9u 

a form which will be handy when we will consider the corresponding extension to the Rosenblatt process. 
Observe that we are proceeding as in (24) by involving the derivative of the original kernel. Here 

dKH /x\1/2~H M 1/9 
^-(u,x) = C3(H){^) (u-x)f-3/2, 0<x<u, 

1/2-H H-3/2 du 

so that one has 

BH(t)±C3(H) f\f'[-)■ (u-x)% 
JO Ux Ku/ 

The self-similarity follows from 

KH(at, ax) = aH~1/2KH(t, x) for any a > 0. 

dB(x). 

(33) 

(34) 

(35) 

The stationarity of the increments is not obvious, and since the process is Gaussian, it is best to compute 
the covariance directly. The relation 

(uv)1*-1/2 

0{2-2H,H-l/2)Jo 
(u — x)+ (v — x)+

 / x1 2Hdx (36) 
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for u,v > 0 is very handy (see (3.4) in [27]), because it shows that 

/•tlAt2 

EBH^BH^) = / KH(tux)KH(t2,x)dx 
Jo 

given in (21). Hence, the choice of C^,{H) does ensure that E i ^ ( l ) = 1. 

7 Stochastic representations of the Rosenblatt Process 
The Rosenblatt process {Z(t), t > 0} is if-self-similar with 1/2 < H < 1, has zero mean and has stationary 
increments. It has therefore the same second order properties as fractional Brownian motion, namely, 

EZ2(t) = a2t2H, ¥.Z(h)Z(t2) = RH(h,t2) = ̂  {t\H + t2H - \h - t2\2H) ■ 

It is, however, non-Gaussian and is expressed as a Wiener-Ito stochastic integral of order m = 2. 

R e m a r k . It is important to distinguish between the self-similarity index of fractional Brownian motion 
which we now call HQ (instead of H), and the self-similarity index of the Rosenblatt process which we will 
denote by H. 

7.1 Time representation of the Rosenblatt process 
The time representation of the Rosenblatt process is 

Z(t) = ai{HQ) f ( f ( s - ^ i ) + ° - 3 / 2 ( S - x2)f°-3/2ds) dB{x1)dB{x2) (37) 

pf / ft 2 — H 2 — H \ 

= A^H) I (s-x1)~~(s-X2)+~ds)dB(x1)dB(x2), (38) 

where 
V ( f f o - l / 2 ) ( 4 g 0 - 3 ) y / ( f f / 2 ) ( 2 g - l ) . 

0 1 ( ^ o ) ' P(H0-1/2,2-2H0) P(H/2,1-H) ' M{H) ( 3 9 ) 

ensures that KZ2(1) = 1 (see relation (1.6) together with (6.1) in [33]6 ). I have expressed the time 
representation in two ways: one, involving iio to indicate the analogy with the corresponding representation 
of fractional Brownian motion in (24), the other involving ii", the self-similarity index of the Rosenblatt 
process. The relation between HQ and H is 

Ho = ^ (40) 

obtained by comparing the exponent iio — 3/2 in (24) with the exponent —(2 — H)/2 in (38). Observe also 
that 

1/2 < H < 1 ^ ^ 3/4 < i i 0 < 1. 
6One sometimes replaces the integral J R 2 by the integral J\ -, which is smaller by a factor of 2!. This affects the 

normalization constants. 
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Moreover, the relation between the H in (38) and the D in (6) and (11) is 

H = l-D. 

The self-similarity with index H and the stationarity of the increments can be readily verified. To check 
that the process in (38) represents the Rosenblatt process, it is sufficient to show that the cumulants of 
Y^QiZ^i) are given by (15). This is easily done using (18) and the relation 

/ 
Jm 

(u - x)l~\v - xY^dx = (3(a, 1 - 2a)\u - v ^ ' 1 (41) 

valid for 0 < a < 1/2. 
Interchanging the integrals in (37), we could write heuristically, 

Z(t) = ai{H0)J (l'2(s-x1)f'-3/2(s-x2)f'-3/2dB(x1)dB(x2))ds. (42) 

This is not well-defined because the function fs{x\,X2) = (s ~ xi)+ 2 (s — x^) ~ is not in L 2(R 2) . If we 
ignore this fact and also suppress the prime in JR2 which would have ensured mean 0 (if the process were 
well-defined), then we could view the Rosenblatt process as 

Z(t)=ai(H0) f {B'Ho(s)fds (43) 
Jo 

where B'H denotes the "derivative" of fractional Brownian motion with self-similarity index given by (40). 

7.2 Spectral representation of the Rosenblatt process 
The corresponding spectral representation of the Rosenblatt process is 

= MH) L t r + l " ) ' | A ^ | A 2 ; g / 2 ^^(A 2 ) , (45) 
where 

, H , I ( 2 f f o - l ) ( 4 f f 0 - 3 ) / H(2H-i) 
a2{Ho> - V 2[2T(2-2H0)sm(MH0-l/2W " V 2[2r(l - f f ) s m ( ^ / 2 ) ] 2 " ' M ' ( 6 ) 

with (40) ensures that EZ2(1) = 1 (see [33], Theorem 6.3 and Section 5). Compare this spectral represen
tation with the one of fractional Brownian motion in (28) and note that in view of (40), the powers of Aj, 
i = l ,2 are H/2 = H0 — 1/2. Thus one has in the spectral domain, a structure consistent with the heuristic 
interpretation (43). 

7.3 Finite time interval representation of the Rosenblatt process 
Let us now turn to the third representation involving integration over the finite range [0, t] only. We have 
seen that fractional Brownian motion has the representation (32). The corresponding representation of the 
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Rosenblatt process is 

Z(t) 

A3(H) 

J[0,t}2 \JXl\ 

f (f 
J[o,t}2 \JXlv 

dKH° dKH° 
-(u,xi)—-—{u,X2)du I dB{xi)dB(x2) , du 

oK 2 
du 

( l t , X i ) 

du 

oK 2 
du (u,X2)du ] dB(xi)dB{x2), 

where KH° is defined in (30), H0 = (H + l ) / 2 as in (40) and where 

1 /2(4^0 - 3) 1 l2(2H-l) a3(H0) := 
2H0 2H0-1 H + l H 

--■• A3(H) 

(47) 

(48) 

(49) 

with (40) ensures that KZ2(1) = 1 (see [35]). The self-similarity follows from (35) which yields 

-(au,ax) = a °~ 7
 Q, K ^ ) , <9w <9w 

and hence one gets 2(if0 — 3/2) + 1 + 1/2 + 1/2 = 2H0 — 1 = H by applying (40). Again, the stationarity 
of the increments is not obvious. But it will follow by showing that Z(t), as defined in (47), has the same 
distribution as the Rosenblatt process defined through the time representation (22). We will show in fact 
that they share the same cumulants. But let us compute first the covariance of Z(t). Observe that 

' dKH° 
du 

(u,x) 
dKH° 

dv 
(v,x)dx Q « > ■ ! " ( : 

UAV / a ^ l / 2 - H o / x x l / 2 - H o 

C3(H0)2(3(2 - 2H0l H0 - l/2)\u - v\2H°~2 

H0{2H0-l)\u-v\2H°-2
1 

(u - x)3_/2-Ho(v - xfl2~Hodx 

(50) 

by (31) and (36). Hence the covariance equals 

EZ(ti)Z(*2) 

: 2(a3(H0))2 / dx! 
Jo 

pt2 r pt 
/ dx2\ 

JO Ux1 

dKH0 

uAv dKH° 

du 
(u,xi) 

dKH0 

du 
(u,X2)du 

/ 

t2 dKH° . . dKHo . 
(v,£i) —— (v 1 X2)du dv dv 

dKH0 pti r^2 r ru 
(v,x)dx 

= 2{H0(2H0 - l)]2(a3(H0))2 / du / dv\u - v\H°~4 

Jo Jo 

= H(2H -1) f1 du f2 dv\u - v\2H~2 

Jo Jo 
= Rlf(ti,t2), 

by (47), (50) and (49). Thus, Z(t), as defined in (47), has the same covariance as standard fractional 
Brownian motion, and in particular, we have EZ2(t) = 1. 

Moreover, the cumulants of X]f=i 0iZ(ti) are the same as the cumulants of the corresponding time 
representation (22), namely they are given by (15). To see that this is the case, apply again (18) and the 
relation (50), using computations similar to those performed in the computation of the covariance. 
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The Rosenblatt process is not different iable, but as for fractional Brownian motion, one could view it 
heuristically as the integral of its derivative. One merely has to interchange the integrals in (47) and write 

Z(t)±a3(H0) \ -^(u,x1)^^(u,x2)dB(x1)dB(x2) 
JO \J[0,u]2 °U du 

du. (51) 

8 Some properties of the Rosenblatt process 
The equalities in the previous sections hold in the sense of finite-dimensional distribution. In fact, the 
Rosenblatt process {Z(t), t > 0} has an almost sure continuous path version since 

nz(h)-z{t2)\2 = \h-t2\2H 

with 2H > 1 and thus Kolmogorov's criterion holds (see [4], Theorem 12.4). But the Rosenblatt process is 
not differentiable in mean square since 

h m E f ^ V = n i n ^ - 2 = oc. 
t->o \ t J t^o 

In fact, it is almost surely non differentiable. The argument is based on self-similarity and is identical to the 
one for fractional Brownian motion (see [19] and Proposition 1.7.1 in [3]). 

We have seen that the Rosenblatt process is self-similar with index 1/2 < H < 1 and has stationary 
increments. Therefore its increments 

AZ(k) = Z(k + 1) - Z(k), k > 0 

have long-range dependence, that is, 

^E[ (AZ(0) )AZ( fc ) ] = o o . 
k=0 

In fact, they have the exact same covariances as the increments of fractional Brownian motion, namely 
2 

E[(AZ(0))AZ(fc)] = °-\\k + l | 2 - 2\k\2H + |ife - l | 2 } - a2H(2H - l)k2H~2, 

as k —> oo, and where 1/2 < H < 1. 
In Section 7, we presented several representations of the Rosenblatt process. While representations 

are very physical, they do not provide immediate information about the distributions. However, since the 
Rosenblatt process is represented as a double Wiener-Ito stochastic integral (ra = 2), one can use a general 
result due to Major [17] on probability bounds for double integrals. Namely, there is a universal constant 
C > 0 such that 

P [ Z ( l ) > w ] < C e x p j - i ( - H u>0, (52) 

where a2 = EZ(1)2 . The result is proved in [18]. Observe, for example, that if Y is N(0,1), then P[Y2 > 
u] = P[\Y\ > uxl2\ which is consistent with (52). 

Albin [2] focuses on extreme values. One has clearly P[sup tGr01i Z(t) > u] > P[Z(1) > u], but Albin also 
shows that 

r
 p [ s u Pte[o , i ]^W >u] 
hmsup —7-—„. /„*.—— < oo. 

u^oo u^-H)/HV[Z{l) >u] 
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Observe that the factor u^~H^H tends to infinity with u. Observe also that the exponent (1 — H)/H 
decreases from 1 to 0 as H increases from 1/2 to 1. Hence the greater H, the greater the similarity between 
P[sup£Gr01i Z(t) > u] and P[Z(1) > u] for large values of u. 

The marginal distribution of Z(t) has a probability density function. This follows from a general result 
on multiple integrals (see for example [12]). 

We also remarked in Section 7, that the Rosenblatt process can be viewed heuristically as the integral of 
its derivative. However, as noted in Tudor [35], one can use this point of view to show that the Rosenblatt 
process can be approximated by a sequence of semi-martingales. Indeed, define Z^ (t) by replacing each 
KH°(u,x) in (51) by KH°(u + e,x) where e > 0, that is, 

A C1 \ C' 8KH° r)KH° 
zU(t)±a3(H0) / / ——(u + e,x1)-^—(u + e,X2)dB(x1)dB(x2) 

JO \J\0,u}2 °U °U 
du. (53) 

We can express the integral L, ,2 as 2 Jx by using (17). We then observe that Z^e\t) is the integral 
over [0,£] of an adapted process and hence Z^e\t) is a semi-martingale. Since K\Z^(t) — Z(t)\2 —>■ 0 as 
e —► 0, one obtains that the Rosenblatt process can be approximated by a sequence of semi-martingales. 
Because Z^ (t) is well-defined as the integral of its derivative, the semi-martingales are in fact processes 
with bounded variation. 

9 Appendix 
We provide here a proof of Rosenblatt's result, that the random sequence Z n , n > 1 in (6) converges in 
distribution to a random variable Z(l) with characteristic function given by (7) and (8). 

Let dn = n 1 _ D and let Rn denote the covariance matrix of the Gaussian vector (Yi , . . . ,Yn). Each 
component has mean 0 and unit variance. Let y' = (? / i , . . . , yn) denote the row vector and | • | a determinant. 
Then the characteristic function of Zn is 

r n i 
®ei9Zn = / n exp {iOad-1 $>? ~ l)}-===e-^'R^y^y 

3 = 1 V^\Rn\ 

expi-iOad-'n} J—^ f exp f -^[R'1 - 2i6(rd-1I\y} dny 
^2n\Rn\ JRn I z J 

exp {-iOcrd^n} l i ^ l " 1 / 2 ^ " 1 - 2z0crd"1 J I " 1 / 2 

exp {-idad^n} \I - 2i6ad-1Rn\-1/2 

^jy-^ad-1 - ln(l - 2i0ad-1Xjin)]} ■ exp 
3 = 1 

1 n 

■ exp 
i=l 

where the Aj>n, j = 1 , . . . , n denote the eigenvalues of Rn. Let Tr denote the trace. Expanding the logarithm, 
we get 

Hi-™od-%,n) = -±{™°dlX^\ 
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and hence 
n n n oo M . / , , - n \fc 

- J2 M l - 2i0<7d"1 A;,n) = ^ d " 1 ^ Ai>n + J2 E fe 
j = l j = l j = l fc=2 

Since i?n has 1 in its diagonals, Y^j=\ A J > = n, a n d thus 

■lit'-
( k=2 

Ee^=eW{^^dnkf^,n\, (54) 

where 
n 

d-kJ2Xln=d-kTr(Rk
n) 

n 

= dnk E r d ^ ~i<2^ r(\i<2 -h\)---r{\ik-i -ik\) r{\ik - h\) -► ck 
« l , « 2 , - - - j * f c = 

as n —► oo. The expansion (54) converges absolutely for |0| < e, e small enough, as in (14). This proves (7) 
and (8). □ 

Observe that the k — 1 term, d"1 J^?=i ^j> = d~lrTi{Rn) — nD~ln — nD —> oo, but this term has been 
canceled and creates no trouble. The k = 2 term provides the variance and hence the normalization dn. 
Observe also that the expression (7) for the characteristic function is not valid for all values of 6 G R, but 
only for small values of 9. This, however, is enough to characterize the distribution. 

This also suggests the following representation for the limiting random variable Z( l ) (see [28]). Let 
Cj, 3' > 1 be i.i.d. N(0,1) and let Aj, j > 1 be such that 

E A * = c*> (55) 
for k > 2, where c& is given by (8). Then one has 

oo 

Z O L ^ ^ A ^ - l ) , (56) 
i=i 

because they both have the same characteristic function (7). Moreover, 

oo oo 
V a r { a E A i ( s 2 - ! ) } = 2(J2J2X2J = 2(j2c2 < °°' 

and therefore the sum in (56) converges almost surely. 
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