Chapter 7

Benchmarking Models

7.1 Introduction

Gap analysis is often used as a fundamental method in performance
evaluation and benchmarking. However, gap analysis only deals one
measure at a time. It is rare that one single measure can suffice for the
purpose of performance evaluation (Camp, 1995). As a result, some multi-
factor based gap analysis methods have been developed. e.g., Spider charts,
AHP maturity index, and Z charts. Although gaps can be identified with
respect to individual performance measures, it remains a challenging task to
combine the multiple measures in the final stage. Therefore, benchmarking
models that can deal with multiple performance measures and provide an
integrated benchmarking measure are needed.

Benchmarking is a process of defining valid measures of performance
comparison among peer DMUSs, using them to determine the relative
positions of the peer DMUs and, ultimately, establishing a standard of
excellence. In that sense, DEA can be regarded as a benchmarking tool,
because the frontier identified can be regarded as an empirical standard of
excellence.

Once the frontier is established, we may compare a set of new DMUSs to
the frontier. However, when a new DMU outperforms the identified frontier,
a new frontier is generated by DEA. As a result, we do not have the same
benchmark (frontier) for other (new) DMUs.

In the current chapter, we present a number of DEA-based benchmarking
models where each (new) DMU is evaluated against a set of given
benchmarks (standards).
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7.2 Variable-benchmark Model

Cook, Seiford and Zhu (2004) develop a set of variable-benchmark
model. Let £~ represent the set of benchmarks or the best-practice identified
by the DEA. Based upon the input-oriented CRS envelopment model, we
have

mind
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CRS __new
> Ax, <0%x] (7.1)
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where a new observation is represented by DMU"™" with inputs x" (i =1,
..., m) and outputs y'" (r=1, ..., s). The superscript of CRS indicates that
the benchmark frontier composed by benchmark DMUs in set E~ exhibits
CRS.

Model (7.1) measures the performance of DMU™" with respect to
benchmark DMUs in set £~ when outputs are fixed at their current levels.
Similarly, based upon the output-oriented CRS envelopment model, we can
have a model that measures the performance of DMU™" in terms of outputs
when inputs are fixed at their current levels.

max 77
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Theorem 7.1 5" = 1/, where 6" is the optimal value to model
(7.1) and 7" is the optimal value to model (7.2).

[Proof]: Suppose A4, (j € E") is an optimal solution associated with &
in model (7.1). Now, let 77" =1/, and A7 = 4, §,"". Then 7" and
A/ are optimal in model (7.2). Thus, 5" =1/77" . m

Model (7.1) or (7.2) yields a benchmark for DMU"™" . The ith input and
the rth output for the benchmark can be expressed as
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> Ax, (ith input)

~E (7.3)
ZE Ay, (rth output)

JeE*

Note also that although the DMUs associated with set £ are given, the
resulting benchmark may be different for each new DMU under evaluation.
Because for each new DMU under evaluation, (7.3) may represent a
different combination of DMUs associated with set £~ . Thus, models (7.1)
and (7.2) represent a variable-benchmark scenario.

Theorem 7.2

(i) 6 <1 or " > 1 indicates that the performance of DMU" is
dominated by the benchmark in (7.3).

(i) 6 =1 or " =1 indicates that DMU"" achieve the same
performance level of the benchmark in (7.3).

(iii) 5" > 1 or 7" <1 indicates that input savings or output surpluses
exist in DMU" when compared to the benchmark in (7.3).

[Proof]: (i) and (ii) are obvious results in terms of DEA efficiency concept.
Now, 8" > 1 indicates that DMU"" can increase its inputs to reach the

benchmark. This in turn indicates that 5" - 1 measures the input saving

achieved by DMU"™". Similarly, 7" < 1 indicates that DMU" can

decrease its outputs to reach the benchmark. This in turn indicates that 1 -
CRS*

7% measures the output surplus achieved by DMU™". m
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Figure 7.1. Variable-benchmark Model
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Figure 7.1 illustrates the three cases described in Theorem 7.2. ABC
(A'B'C) represents the input (output) benchmark frontier. D, H and G (or D',
H', and G') represent the new DMUs to be benchmarked against ABC (or
A'B'C'). We have 6, > 1 for DMU D (7" < 1 for DMU D') indicating
that DMU D can increase its input values by 8, while producing the same
amount of outputs generated by the benchmark (DMU D' can decrease its
output levels while using the same amount of input levels consumed by the
benchmark). Thus, 85" > 1 is a measure of input savings achieved by
DMU D and 7,," < 1 is a measure of output surpluses achieved by DMU
D'

For DMU G and DMU G', we have ;™" =1 and 75 = 1 indicating
that they achieve the same performance level of the benchmark and no input
savings or output surpluses exist. For DMU H and DMU H', we have &5
<1 and 7, > 1 indicating that inefficiency exists in the performance of
these two DMUs.

Note that for example, in Figure 7.1, a convex combination of DMU A
and DMU B is used as the benchmark for DMU D while a convex
combination of DMU B and DMU C is used as the benchmark for DMU G.
Thus, models (7.1) and (7.2) are called variable-benchmark models.

From Theorem 7.2, we can define " - 1 or 1 - 7% as the
performance gap between DMU"™" and the benchmark. Based upon &
or 7", a ranking of the benchmarking performance can be obtained.

It is likely that scale inefficiency may be allowed in the benchmarking.
We therefore modify models (7.1) and (7.2) to incorporate scale inefficiency
by assuming VRS.
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Similar to Theorem 7.2, we have

Theorem 7.3

(i) ™" <1 or 7 > 1 indicates that the performance of DMU"™" is
dominated by the benchmark in (7.3).

() 6™ =1 or " =1 indicates that DMU"" achieve the same
performance level of the benchmark in (7.3).

(iii)) 8™ > 1 or 7" <1 indicates that input savings or output surpluses
exist in DMU"™" when compared to the benchmark in (7.3).

Note that model (7.2) is always feasible, and model (7.1) is infeasible
only if certain patterns of zero data are present (Zhu 1996b). Thus, if we
assume that all the data are positive, (7.1) is always feasible. However,
unlike models (7.1) and (7.2), models (7.4) and (7.5) may be infeasible.

Theorem 7.4

(i) If model (7.4) is infeasible, then the output vector of DMU"" dominates
the output vector of the benchmark in (7.3).

(i1) If model (7.5) is infeasible, then the input vector of DMU™" dominates
the input vector of the benchmark in (7.3).

[Proof]: The proof follows directly from the necessary and sufficient
conditions for infeasibility in super-efficiency DEA model provided in
Seiford and Zhu (1999).m
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Figure 7.2. Infeasibility of VRS Variable-benchmark Model

The implication of the infeasibility associated with models (7.4) and (7.5)
needs to be carefully examined. Consider Figure 7.2 where ABC represents
the benchmark frontier. Models (7.4) and (7.5) yield finite optimal values for
any DMU™ located below EC and to the right of EA. Model (7.4) is
infeasible for DMU™" located above ray E"C and model (7.5) is infeasible
for DMU™" located to the left of ray E'E.

Both models (7.4) and (7.5) are infeasible for DMU"™" located above E"E
and to the left of ray EF. Note that if DMU"™" is located above E"C, its
output value is greater than the output value of any convex combinations of
A, Band C.

Note also that if DMU™ is located to the left of E'F, its input value is
less than the input value of any convex combinations of A, B and C.

Based upon Theorem 7.4 and Figure 7.2, we have four cases:

Case I: When both models (7.4) and (7.5) are infeasible, this indicates that
DMU™" has the smallest input level and the largest output level
compared to the benchmark. Thus, both input savings and output
surpluses exist in DMU"™" .
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Case II: When model (7.4) is infeasible and model (7.5) is feasible, the
infeasibility of model (7.4) is caused by the fact that DMU"™" has
the largest output level compared to the benchmark. Thus, we use
model (7.5) to characterize the output surpluses.

Case III: When model (7.5) is infeasible and model (7.4) is feasible, the
infeasibility of model (7.5) is caused by the fact that DMU™" has
the smallest input level compared to the benchmark. Thus, we use
model (7.4) to characterize the input savings.

Case IV: When both models (7.4) and (7.5) are feasible, we use both of them
to determine whether input savings and output surpluses exist.

If we change the constraint > 4, =1to ¥4, <1 and X4, > 1, then we
obtain the NIRS and NDRS variable-benchmark models, respectively.
Infeasibility may be associated with these two types of RTS frontiers, and
we should apply the four cases discussed above. Table 7.1 summarizes the
variable-benchmark models.

We next use 22 internet companies to illustrate the variable-benchmark
models. Table 7.2 presents the data. We have four inputs: (1) number of
website visitors (thousand), (2) number of employees (person), (3) marketing
expenditure ($ million), and (4) development expenditure ($ million), and
two outputs: (1) number of customers, and (2) revenue ($ million).

Table 7.1. Variable-benchmark Models

Frontier Type Input-Oriented Output-Oriented
minéantier max ,Z.Frantier
subject to . subject to
CRS Z ljxij S 5Fronuerxinew Z ljxij S xinew
JEE* JEE*
new Frontier new
A,20,je E A,20,je E°
VRS Add Zﬂ‘/ =1
NIRS Add ¥4, <1

NDRS Add Y1, >1
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Table 7.2. Data for the Internet Companies

Company Visitors Employee = Marketing  Develop- Customers Revenue
ment
Barnes&Noble 64812 1237 111.55 21.01 4700000 202.57
Amazon.com 177744 7600 413.2 159.7 16900000 1640
CDnow 79848 502 89.73 23.42 3260000 147.19
eBay 168384 300 95.96 23.79 10010000  224.7
1-800-Flowers 11940 2100 92.15 8.07 7800000 52.89
Buy.com 27372 255 71.3 7.84 1950000 596.9
FTD.com 11856 75 29.93 5.29 1800000 62.6
Autobytel.com 12000 225 44.18 14.26 2065000 40.3
Beyond.com 17076 250 81.35 10.39 2000000 117.28
eToys 13896 940 120.46 43.43 1900000 151.04
E*Trade 29532 2400 301.7 78.5 1551000 621.4
Garden.com 16344 290 16 4.8 1070000 8.2
Drugstore.com 19092 408 61.5 14.9 695000 34.8
Outpost.com 7716 164 41.67 7 627000 188.6
iPrint 42132 225 8.13 3.54 380000 3.26
Furniture.com 10668 213 33.949 6.685 260000 10.904
PlanetRX.com 17124 390 55.18 12.95 254000 8.99
NextCard 46836 365 24.65 22.05 220000 26.56
PetsMart.com 18564 72 33.47 243 180000 10.45
Peapod 2076 1020 7.17 3.54 111900 73.13
Webvan 1680 1000 11.75 15.24 47000 13.31
CarsDirect.com 15612 702 33.43 2.14 12885 98.56

Suppose we select the first seven companies (Barnes & Noble,
Amazon.com, CDnow, eBay, 1-800-Flowers, Buy.com, and FTD.com) as
the benchmarks. If we apply the output-oriented CRS envelopment model to
the seven companies, the top three companies (Barnes & Noble,
Amazon.com, and CDnow) are not on the best-practice frontier, and
therefore can be excluded. However, if we include them in the benchmark
set, the benchmarking results will not be affected. Because /1/ related to the
three companies must be equal to zero.

The spreadsheet model of the variable-benchmark models is very similar
to the context-dependent DEA spreadsheet model. In fact, the evaluation
background now is the selected benchmarks. Figure 7.3 shows the
spreadsheet model for the output-oriented CRS variable-benchmark model
where the benchmarks (evaluation background) are entered in rows 2-8.

Cell F2 is reserved to indicate the DMU under benchmarking. Cell F4 is
the target cell which represent the 7% in model (7.2). Cells 12:I8 represent
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the A, for the benchmarks. Cell B9 contains the formula “=SUMPRODUCT
(B2:B8,$1$2:81$8)”. This formula is then copied into cells C9:E9. Cell G9
contains the formula “=SUMPRODUCT(G2:G8,$1$2:$1$8)”. This formula
is then copied into cell H9.

P -

|24 ]
2%

[26]

A
Company
Barnes&Noble
Amazan.com
Cdnow
eBay
1-800-Flowers
Buy.com
FTD.com
Benchmarks

DMU under evaluation
Autobytel com
Beyond com
eToys

E*Trade
Garden.com
Drugstare.com
Qutpost.com
iPrint
Furniture.com
PlanetRx.com
NextCard
PetsMart.com
Peapod
Vebvan
CarsOirect.com

Figure 7.3. Output-oriented CRS Variable-benchmark Spreadsheet Model
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Cells B11:E11, and Cells G11:H11 contain the formulas for the DMU
under benchmarking — the right-hand-side of model (7.2). The formula for
B11 is “=INDEX(B12:B26,$F$2,1)”, and is copied into cells C11:E11. The
formula for cell G11 is “=$F$4*INDEX(G12:G26,$F$2,1)”, and is copied
into cell H11.
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Figure 7.4. Solver Parameters for Output-oriented CRS Variable-benchmark Model

Figure 7.4 shows the Solver parameters for the spreadsheet model shown
in Figure 7.3. A VBA procedure “VariableBenchmark” is used to record the
benchmarking scores into cells 112:126.

Sub VariableBenchmark ()
Dim i As Integer
For i = 1 To 15

Range ("F2") = i

SolverSolve UserFinish:=True
Range ("I" & 1 + 11) = Range("F4")
Next

End Sub

Because the model in Figure 7.3 is an output-oriented model, a smaller
score (7™") indicates a better performance. Thus, Peapod is the best
company with respective to the specified benchmarks. The non-zero optimal
/1/ indicates the actual benchmark for a company under benchmarking. For
example, Buy.com is used as the actual benchmark for CarsDirect.com (see
cell I7 in Figure 7.3).

If we use the input-oriented CRS variable-benchmark model, we need
change the formula for cell B11 in Figure 7.3 to “=$F$4*INDEX
(B12:B26,$F$2,1)”. This formula is then copied into cells C11:E11. The
formula for cell G11 is changed to “=INDEX(G12:G26,$F$2,1)” and is
copied into cell H11. All the other formulas in Figure 7.3 remain unchanged.

We also need to change the Solver parameters shown in Figure 7.4 by
selecting “Min”, as shown in Figure 7.5. Figure 7.6 shows the spreadsheet
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model for the input-oriented CRS variable-benchmark model and the
benchmarking scores. It can be seen that Theorem 7.1 is true.

Solver Parameters

Set Target Cell: $FE4 B Solve

s
X

EqualTo: CpMax ®Mn © vaueof | Close I
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Figure 7.5. Solver Parameters for Input-oriented CRS Variable-benchmark Model

B A ] 5 = i 1 e i
_ 1 |Company Visitars Employee  Marketing Developrment Customers Revenue A

2 |Barnes&Noble 64812 1237 111.85 21.M 15 4700000 20257 0

.3 |Amazon.com 177744 7600 413.2 150.7 Score 16900000 1640 0

4 |Cdnow 79848 502 8973 2342 [ 5250000 14719 0

. 6 |eBay 168384 300 95.96 23.79 10010000 2247 0

_ B |1-800-Flowers 11940 2100 9215 8.07 7800000 5289 1]

T |Buy.com 27372 255 71.3 7.84 1950000 5969 0.165119786
- 8 |[FTD.com 11856 75 28.93 5.29 1800000 628 0

8 Benchmarks 4519.65877 42.1055453 11.77304 1.294538119 32198358 9856  input-oriented
oog 1A 1A |4 1A v v Benchmarking
11 |DMU under evaluation 94440868319 424 857225 2022264 1234539119 12885 98.56 Score
12 | Autobytel.com 12000 225 44.18 14.26 2065000 403 0.912592425
13 |Beyond.com 17076 250 81.35 10.39 2000000 11728 0.753442676

14 |eToys 13806 840 120 46 4343 Varabian| 1900000 151.04 0.624702615

15 E"Trade 29532 2400 307 78.5 Berichmark | | 1221000 6214 0.96459023

16 |Garden.com 16344 290 18 48 1070000 82 0.700703287
17 |Drugstore.com 19092 408 61.5 14.9 695000 348 0.206087527

Eoutpost.com 7718 164 41.87 7 627000 1886 1.122624702
19 |iPrint 42132 225 8.13 3.54 380000 326 0448073452

EFurnlturE com 10668 213 33843 6685 260000 10804 0.135680371

21 |PlanetRX.com 17124 390 55.18 12.95 254000 B899 0.077312505

22 |NexiCard 46636 365 24.65 22,08 220000  26.56 0.168880899

23 PetsMart com 18564 72 3347 243 180000 1045 0.180183681
24 Peapod 2076 1020 717 3.54 111800 7313 1615374328

EW&bvan 1680 1000 11.75 15.24 47000 1331 0.365318085

26 |CarsDirect.com 15612 702 3343 2.14 12885 98.56 0.604924822

Figure 7.6. Input-oriented CRS Variable-benchmark Spreadsheet Model

We now consider the input-oriented VRS variable-benchmark model. We
need to add a cell representing >’ A, in the spreadsheet shown in Figure 7.6.
We select cell 19, and enter the formula “=SUM(12:18)”. We also need to add
an additional constraint on >4, = 1 in the Solver parameters shown in
Figure 7.5. This constraint is “$1$9 = 17, as shown in Figure 7.7.
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Figure 7.7. Solver Parameters for Input-oriented VRS Variable-benchmark Model

A | B | (o] e E | B | G | H | |
_1 |Company Visitors Employee  Marketing Development Customers Revenue A
2 |Barnes&Naoble 64812 1237 111.85 210 15 4700000 20257 a
-3 |Amazon.com 177744 7600 413.2 1897 Score 16900000 1840 a
4 |Cdnow 79848 502 8973 2342 [EEEEEE] 2c0000 14719 0
5 |eBay 168384 300 95 96 2379 10010000 2247 o
B |1-800-Flowers 11940 2100 92.15 8.07 7800000 52.89 a
7 |Buy.com 27372 285 71.3 7.84 1980000 5968 0.087303013
_8 |[FTD com 11856 75 2993 529 1800000 626 0.932696387
9 |Benchmarks 12900.27355 B7.1145424 32.71433 5461622684 18100855  98.56 il |
o] In In I In 'l v
11 |DMU under evaluation 3884432333 179161641 8531871 5461622684 12885 98.56 Score
12 |Autobytel.com 12000 225 44.18 14.26 2065000 403 0988309167
13 |Beyond.com 17076 250 81.35 10.39 2000000 11728 0.787957227
14 |eToys 13896 340 12048 4343 VB Varapie| 1900000 151.04 1.038346917
15 [E"Trade 20532 2400 301.7 785 FrEE 1551000 6214 095011279
186 |Garden.com 16344 290 16 48 1070000 82 Infeasible
17 |Drugstore.com 19092 408 B1.5 149 695000 348 Infeasible
18 |Qutpost com 7716 164 4167 7 627000 1886 Infeasible
19 |iPrint 42132 225 8.13 3.54 30000 326 Infeasible
20 |Furniture .com 10668 213 33.948 6.685 260000 10.904 Infeasible
21 |PlanetRX .com 17124 380 55.18 12.85 254000 849 Infeasible
122 |NextCard 46836 365 24.B5 2205 220000 2696 Infeasible
23 |PetsMart.com 18564 72 3347 243 180000 1045 Infeasible
24 |Peapod 2078 1020 717 3.54 111800 7313 5.8682680241
25 |Webvan 1680 1000 11.75 1524 47000 1331 Infeasible
|26 |CarsDirect.com 15612 702 3343 2.14 12885 9856 2.552160133

Figure 7.8. Input-oriented VRS Variable-benchmark Spreadsheet Model

Figure 7.8 shows the spreadsheet for the input-oriented VRS variable-
benchmark model and the benchmarking scores in cells 112:126. The button
“VRS Variable Benchmark” is linked to the VBA procedure
“VRSVariableBenchmark™.

Sub VRSVariableBenchmark ()
Dim i As Integer
For i = 1 To 15
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Range ("F2") = i

SolverSolve UserFinish:=True

If SolverSolve (UserFinish:=True) = 5 Then
Range ("I" & i + 11) = "Infeasible"

Else

Range ("I" & i + 11) = Range("F4")

End If

Next

End Sub

Because of the VRS frontier, the model may be infeasible. The
SolverSolve function returns an integer value that indicates Solver’s
“success”. If this value is 5, it means that there are no feasible solutions. This
is represented by the statement “SolverSolve(UserFinish:=True) = 5. In the
procedure, if the Solver returns a value of 5, then the procedure records
“infeasible”. Otherwise, the procedure records the optimal value in cell F4 of
Figure 7.8.

7.3 Fixed-benchmark Model

Although the benchmark frontier is given in the variable-benchmark
models, a DMU"™" under benchmarking has the freedom to choose a subset
of benchmarks so that the performance of DMU™" can be characterized in
the most favorable light. Situations when the same benchmark should be
fixed are likely to occur. For example, the management may indicate that
DMUs A and B in Figure 7.1 should be used as the fixed benchmark. i.e.,
DMU C in Figure 7.1 may not be used in constructing the benchmark.

To couple with this situation, Cook, Seiford and Zhu (2004) turn to the
multiplier models. For example, the input-oriented CRS multiplier model
determines a set of referent best-practice DMUs represented by a set of
binding constraints in optimality. Let set B = {DMU, : j € I} be the
selected subset of benchmark set £".i.e., I, < E". Based upon the input-
oriented CRS multiplier model, we have

5CRS* — maxzﬂry:ew
r=I1
subject to

gl;ury»j - ;Vixij =0 jE IB (7 6)
§¥h}%'_§?4xyg() jeIB

i=1
u.,v, 20.



144 Benchmarking Models

By applying equalities in the constraints associated with benchmark
DMUs, model (7.6) measures DMU™"’s performance against the
benchmark constructed by set B. At optimality, some DMU; j ¢ I, may
join the fixed-benchmark set if the associated constraints are binding.

Note that model (7.6) may be infeasible. For example, the DMUs in set B
may not be fit into the same facet when they number greater than m+s-1,
where m is the number of inputs and s is the number of outputs. In this case,
we need to adjust the set B.

Three possible cases are associated with model (7.6). > 1 indicating
that DMU"™" outperforms the benchmark. 6““" = 1 indicating that
DMU"™" achieves the same performance level of the benchmark. & < 1
indicating that the benchmark outperforms DMU ™" .

By applying RTS frontier type and model orientation, we obtain the fixed-
benchmark models in Table 7.3

~ CRS*
o

Table 7.3. Fixed-benchmark Models

Frontier Input-Oriented Output-Oriented
Type
max ZY; My +u min i VX" +v
r=1 i=1
subject to subject to

;ﬂryrj_gvixij+ﬂ:0 jEIB ;Vixij_;ﬂryrj-i_vzo jEIB
LMYy, — 2V + S0 jely  2vix, =2y, +v20 jel,

Sy =1 Suy =1

1.V, >0 1.V, >0
CRS where 1 =0 where v=10
VRS where u free where v free
NIRS where £ <0 where v >0
NDRS where 11> 0 where v <0

DMU™ is not included in the constraints of >4y, - 2Lv.x, +u=<
0(jely) (XhLvx, - 21y, +v=0(j¢ly)). However, other peer
DMUs ((j¢ I5) are included.

Figure 7.9 shows the output-oriented CRS fixed-benchmark spreadsheet
model where 1-800-Flowers and Buy.com are two fixed benchmarks. Cells
B5:E5 and G5:HS5 are reserved for input and output multipliers, respectively.
They are the changing cells in the Solver parameters.

Cell C7 is the target cell and contains the formula “=SUMPRODUCT
(B5:ES5,INDEX(B10:E24,C6,0))”, where cell C6 indicates the DMU under
evaluation — Autobytel.com.

Cell C8 contains the formula representing > 1, v

new
r
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Cell C8=SUMPRODUCT(G5:H5,INDEX (G10:H24,C6,0))
The formula for cell 12 is “=SUMPRODUCT(B2:E2,$B$5:$E$5)-

SUMPRODUCT(G2:H2,$G$5:$H$5)”, and is copied into cells 13 and
110:124.

A R | E R | I \
| 1 |Company Visitors Employee Marketing Development Customers Revenue Constraints
| 2 |1-BO0-Flowers 11840 2100 9215 B.07 7800000 52.89 4.885E-15
| 3 Buy.com 27372 285 71.3 7.84 1950000 596.9 4.5519E-15
i Equality
| 5 |Multipliers 34E-06 0.001489 0.006619 0O 4.843E-07 0 |constraint

6 OMU under evaluation 1 Weighted Input on benchmark

= Target cell -

| 7 |Score 0668082 |win Constraint not
| 8 \Weighted output 1~ [Weighted Output sclutes

g =

| 10 |Autobytel.com 12000 225 44.18 14.26 2065000 403 -0.3319178
| 11 |Beyond.com 17076 250 81.35 10.39 2000000 Eomatants SSATOE-TS
| 12 |eToys 13886 940 12046 4343 1900000 For other 132392744
| 13 |E*Trade 29532 2400 301.7 785 1551000 PMUs 91842618
| 14 |Garden.com 16344 290 16 48 1070000 8.2/ 0.07493194
| 15 Orugstore.corn 19082 408 61.5 149 695000 34.8) 0.74265895
| 16 |Outpost.com 7716 164 41.67 7 627000 188.6) 0.24250252
| 17 [iPrint 42132 225 8.13 3.54 380000 3.26) 0.34747683
| 18 |Furniture .com 10668 213 33848 6685 260000  10.804 045207709
| 19 PlanetR}.com 17124 330 55.18 12.85 254000 8.99 0.88092163
| 20 |NextCard 46836 365 24 .85 22.05 220000 26.56 0.75969065
| 21 |Petsiart cam 18564 72 3347 243 180000 1045 0.30443706
| 22 |Peapod 2076 1020 717 3.54 111800 73.13 1.519068364
| 23 Webvan 1680 1000 1.75 15,24 47000 13.31) 154968667
| 24 |CarsDirectcom 15612 702 3343 2.14 12885 98.56) 1.31316454

Figure 7.9. Output-oriented CRS Fixed-benchmark Spreadsheet Model

X

Solver Parameters 2|x|

Set Target Cell: $CH7 % Solve

!

Equal To: CMax ' Mn  Valueof: |

Close |
~By Changing Cells:
[+8$5:5E45, 5685565 A ges |
—Subject to the Constraints: Options

[scea =1 - Add
$1$11:41624 == 0 =l ;I
$1$2:41$3 =0 Change I
Delete
T

Reset All

!

Help

Figure 7.10. Solver Parameters for Output-oriented CRS Fixed-benchmark Model
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Figure 7.10 shows the Solver parameters for Autobytel.com. Note that we
have “$1$2:81$3 = 0” for the two benchmarks. Note also that “$I$11:$1$24
>=(" does not include the DMU under evaluation, Autobytel.com.

To solve the remaining DMUs, we need to set up different Solver
parameters. Because the constraints change for each DMU under evaluation.
For example, if we change the value of cell C6 to 15, i.e., we benchmark
CarsDirect.com, we obtain a set of new Solver parameters by removing
“$1$24>=0" from the Solver parameters shown in Figure 7.10 and then
adding “$1$10>=0", as shown in Figure 7.11.

Because different Solver parameters are used for different DMUs under
benchmarking, a set of sophisticated VBA codes is required to automate the
calculation. We here do not discuss it, and suggest using the “DEA Excel
Solver” — a DEA Add-In for Microsoft Excel described in Chapter 12 to
obtain the scores (see cells J10:J24 in Figure 7.11).

A | B [Ime| b | E l[Fl 6 | H ] I | J
1 |Company Visitors Employee Marketing Development Customers Revenue Constraints
2 |1-800-Flowers 11940 2100 9215 807 7800000 5289 -2 B93E-12
3 |Buy.com 27372 |255 713 784 1950000 5968 -1 043E-12
4
5 |Multipliers 0 0 0 1.004370042 8.712E-07| 0.010018
6 DMU under evaluation 15
7 |score | EREEEA |
_8 Weighted output 1
9 score
10 |Autobytel com 2| x]119130192 0.66E0A2
11 |Beyond.com 5 7.31796191 0871018
12 |eToys el | S R
13 |E*Trade EualTor  Cmaxc  SMn O yakeof: | Close | [11.1108268 1468518
14 |Gardencom [ Changing Cells: 5 6O9B3E00 1.11924
15 |Drugstore.com | [$B35:$E45,5GES:$HES 7| Guess 13.8414642  4.08022
16 | Outpost.com , ‘ 153203922 0.901962
Eiprir?t [ A T _ovtos | b 15375195 1783684
18 |Furniture.com i&ﬁ% 1&23 - [ F.35245326 5438747
18 |PlanetRX.com || 0 «i 27 0 = 12.6698354 10.14226
e
20 |NextCard pesetall | 216065873 5279439
21 |PetsMart.com Delete 016110336 3.234535
22 |Peapod —I Help 27140933 0.6B362
23 Webyan 151275984 4758114
24 |CarsDirectcom 15612 702 3343 214 12885  9B.58) 114835189 2.149352
Figure 7.11. Output-oriented CRS Fixed-benchmark Scores for Internet Companies
7.4 Fixed-benchmark Model and Efficiency Ratio

A commonly used measure of efficiency is the ratio of output to input. For
example, profit per employee measures the labor productivity. When
multiple inputs and outputs are present, we may define the following
efficiency ratio



Fixed-benchmark Model and Efficiency Ratio 147

S

Zuryro

r=1

m
;vt‘x[o
i=

where v, and u, represent the input and output weights, respectively.

DEA calculate the ratio efficiency without the information on the weights.
In fact, the multiplier DEA models can be transformed into linear fractional
programming problems. For example, if we define v, =tv, and . = tu,,
where t = 1/Xv,x,, the input-oriented CRS multiplier model can be
transformed into

io

(7.7)

The objective function in (7.7) represents the efficiency ratio of a DMU
under evaluation. Because of the constraints in (7.7), the (maximum)
efficiency cannot exceed one. Consequently, a DMU with an efficiency
score of one is on the frontier. It can be seen that no additional information
on the weights or tradeoffs are incorporated into the model (7.7).

If we apply the input-oriented CRS fixed-benchmark model to (7.7), we
obtain

S
new
2u,y,
r=1

i v[x[ﬂ(’w

i=1
subject to (7.8)
;ulyl/

m
2V,
i=1

max

=1 jel,

Zury;j
20l el
2V X;

i=1

u,,v, 20 Vr,i
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It can be seen from (7.8) that the fixed benchmarks incorporate implicit
tradeoff information into the efficiency evaluation. i.e., the constraints
associated with I, can be viewed as incorporation of tradeoffs or weight
restrictions in DEA. Model (7.8) yields the (maximum ) efficiency under the
implicit tradeoff information represented by the benchmarks.

As more DMUs are selected as fixed benchmarks, more complete
information on the weights becomes available. For example, if we add
FTD.com to the fixed-benchmark set, the benchmarking score for
Autobytel.com becomes 1.1395, as shown in Figure 7.12. As expected, the
performance of those internet companies becomes worse when the set of
fixed benchmarks expands.

A | B | ¢ | 0 | E [F| & | H | I [ g ]
1 |Company Visitors Employee Marketing Development Customers Revenue Constraints
2 |1-B00-Flowers (11940 2100 9215  8.07 7800000  52.88 -7.887E-13
3 |Buy.com 27372 255 713 7.84 1950000 5868 -2.38E-13
4 |FTD.com 11856 75 2983 5.29 1800000 B26 2.1216E-13
5
EMuitipliers 7.1E-05 0.001284 0 0 4.38E-07 0.002368
7 |DMU under evaluation 1
_8 [Score I 1 139478!
9 |Weighted output 1
0 Score
12 |Beyond.com 0.37757704 1327241
13 [eToys StTargetCall:  Jscp8 % Soe | f 00171041 1841802
14 |[E™Trade EqualTe:  Cmax  ©wmn O vabeofi | Cise | [/02325222 2405563
15 |Garden.com By Changing Cells: 04272258 1.205891
16 |Drugstore.com . i =, 49026898 4.852307
117 |cutpost.com flatoisiataboss A e | h 03621911 1.050216
18 |iPrint -Subject to the Constraints: options | p.10130905 1.874837
19 |Furniture com | [sceg = 1 | Add 088993592 7.36872
20 |PlanetRX.com | [f1512:$1625 >=0 58195356 12.93452
21 [NextCard Flb2:5154 =0 Changs ) 52038734 5520421
22 |PetsMart.com ekt _Resetall | I 047097 4854163
23 |Peapod =2 — kelp 23426584 2 620785
24 |webvan 35060778 13.70537
25 |CarsDirect.com 15612 702 X R TJ995] U956 176877373 5330558
Figure 7.12. Spreadsheet Model and Solver Parameters for Fixed-benchmark Model

Similarly, the output-oriented CRS fixed-benchmark model is equivalent

to

< new
z vi xi
i=1

Zl ury:ew
subject to

m
2V X

i=1

s
Z‘iuryrj
r=

min

=1 jel,
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iv[x[j
21 jel,
Uy,
u,v 20  Vri

Note that we may define an ideal benchmark whose rth output y““ is the
maximum output value across all DMUs, and ith input x“” the minimum
input value across all DMUs. If we replace the fixed-benchmark set by the
ideal benchmark, we have

i=l
subject to
z ur y ideal
 EE (7.9)
Z Vl- x;deal

i=1

z uryyj
r=1

m
2 VX
i=1

u,v,20 Vr,i

<1

Because the ideal benchmark dominates all DMUs (unless DMU; is one of
the ideal benchmark), the optimal value to (7.9) must not be greater than

one. Further, Zuryrj/ >vx, =1 are redundant, and model (7.9) can be
simplified as

S
new
2u.y
r r
r=1
maX 2 new
gvi'xi
i=

subject to

(7.10)
i uryideal
r=1 — 1

Z vix;‘detzl

LI[:, v, 20 Vr,i

Model (7.10) is equivalent to the following linear programming problem
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max Zﬂ ynew

subJ ect to

Zﬂ yldeal Zslvix;'deal — 0 (71 1)
i=1

m

ZV xVIffH =1
ﬂ, v, 20.

Model (7.10) or (7.11) calculate the maximum efficiency of a specific
DMU under evaluation given that the efficiency of the ideal benchmark is

set equal to one. If we introduce RTS frontier type and model orientation
into (7.10), we obtain other ideal-benchmark models, as shown in Table 7.4.

Table 7.4. 1deal-benchmark Models

Frontier Input-Oriented Output-Oriented
Type

max Z,u e+ u mmZv X" +v

subj ect to subj ect to

z m yldeal Zsivi xiideal +u=0 21/[ x;’deal 2 i ytdeal -0

ZV,X, gﬂry;w =1

ﬂ,,v =>0. Mu.,v, =0
CRS where 4= 0 where v=10
VRS where u free where v free
NIRS where £ <0 where v >0
NDRS where 4> 0 where ¥ <0

7.5 Minimum Efficiency Model

Note that the fixed-benchmark models yield the maximum efficiency
scores when the tradeoffs are implicitly defined by the benchmarks. If we
change the objective function of model (7.8) into minimization, we have

s
new
Z ur y r

r=1
o new
Z VX,

subjelzlt o (7.12)

min
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Zury;j
=<1 jel,
2V X;

i=1

u,,v, 20 Vr,i

We refer to (7.12) as the input-oriented CRS minimum efficiency model.
Although the benchmarks implicitly define the tradeoffs amongst inputs and
outputs, the exact tradeoffs are still unavailable to us. Thus, the optimal
value to (7.12) gives the lower efficiency bound for DMU ™" . The optimal
value to (7.8) yields the upper efficiency bound. The true efficiency of
DMU"™ lies in-between the bounds.

In fact, model (7.12) describes the worst efficiency scenario whereas
model (7.8) describe the best efficiency scenario. The minimum efficiency
for the original input-oriented DEA models (e.g., model (7.7)) is zero, and
for the original output-oriented DEA models is infinite.

Similarly, we can obtain the output-oriented CRS minimum efficiency
model,

z new
DV.X,
i=1

Sy
51m1b] ect to (7.13)

max

u.,v, 20 Vr,i

Recall that a smaller score indicates a better performance in the output-
oriented DEA models. Therefore, the output-oriented CRS minimum
efficiency score (optimal value to model (7.13) is greater than or equal to the
efficiency score obtained from the output-oriented CRS fixed-benchmark
model.

The linear program equivalents to (7.12) and (7.13) are presented in Table
7.5 which summarizes the minimum efficiency models.

The spreadsheet models for the minimum efficiency models are similar to
the fixed-benchmark spreadsheet models. We only need to change the
“Max” to “Min” in the Solver parameters for the input-oriented models, and
change the “Min” to “Max” for the output-oriented models. For example,
consider the output-oriented CRS fixed-benchmark model shown in Figure
7.9. Figure 7.13 shows the corresponding minimum efficiency spreadsheet
model.
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Table 7.5. Minimum Efficiency Models

Frontier Input-Oriented Output-Oriented
Type
min Z Wy + u max Y VX" +v
r=1 i=l
subject to subject to

Zﬂryr/_zvixy+ﬂ:0 jEIB zvixjf_z/'lryrj-i-l/:o jEIB
=1 i=1 i=1 =1

DUy, =D vx,+us0 jel, DV, =D 1y, +v=20 jel,
=1 i-1 i=1 =1

m

r=1

i=1

/ur’vizo lur’ViZO

CRS where #=0 where v=10
VRS where / free where v free
NIRS where £ <0 where v >0
NDRS where 1> 0 where v <0

A | B | ¢ | D0 | E [fF| & | H | I [ 4
1 |Company Visitors Employee Marketing Development Customers Revenue Constraints
2 [1-BOD-Flowers 11840 2100 92.15 8.07 7800000 5289 -1.272E-12
3 |Buy.com 27372 255 713 7.4 1950000 5069 -44B0E-13
4
EMultipliers 0 1} 0 0.416872546 4.031E-07  0.004159
6 |DMU under evaluation 1
7 |Score | 5.944603 _|
8 |Weighted output 1
9] score
11 |Beyond.com 0.03738392 3.347425
12 |eTays Set Target Cell: $CE7 E Solve | 16.7107713 12.98761
13 |E*Trade Equal To: G Max O Mn C Vaueof | Closs | 295151689 1227707
14 |Garden com By Changing Calls: 1 53558623 B5B729
15 |Drugstore.com - . 5. 78652631 1461837
98| Outpostcom | | 1F2HSiSEES S5 S H _oes | 18810824 2813867
17 |iPrint rSubject to the Constraints: Options | 1.30899221 574527
18 |Furniture.com £CE8 = 1 :I Add 2 63664113 18.55883
19 |FlanetRX.com $1$2:51$2 =0 5.25872569 3862312
20 |NextCard $1511:43624 >= 0 Change 799290604 46.16017
21 |PetsMart.cam BesetAll | [0 aoposss 25.73647
22 |Peapod El _Dokte | hop || 1126081 333607
23 |Webvan = £.27884164 1144767
24 |CarsDirect.cont TooT o 3543 T TZ569 g0 047704853 2124081

Figure 7.13. Output-oriented CRS Minimum Efficiency Spreadsheet Model

Under the tradeoffs characterized by the two benchmarks, the true
efficiency of Autobytel.com lies in [0.6681, 5.9446]. Cells J10:J24 report the
“minimum efficiency” for the 15 internet companies. The scores are
calculated by the DEA Excel Solver discussed in Chapter 12.
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If we introduce the ideal benchmark into the minimum efficiency models,
we obtain, for example, the input-oriented VRS ideal-benchmark minimum
efficiency model

miny 4,y + p

subj ect to

zlﬂ pieal — ;zlvix;d@“f + =0 (7.14)
Sy =1

:L:zl,,,vl. 20 and y freeinsign

Table 7.6 presents the ideal-benchmark minimum efficiency models.

Table 7.6. 1deal-benchmark Minimum Efficiency Models

Frontier Input-Oriented Output-Oriented
Type

min iﬂry:‘ew +u maxivix;’ew +v

subj rezclt to subj é:clt to

ilﬂr)’:dwl _ i;V,xfdeal +u=0 ivix;deaz _ Z‘:llury:‘deaz +v=0

S =1 Sy =1

er,v,. =0. ,Zl,,,vl. =0
CRS where 1=0 where V=10
VRS where u free where v free
NIRS where £ <0 where v >0
NDRS where 4> 0 where v <0

7.6 Buyer-seller Efficiency Model

As pointed out by Wise and Morrison (2000), one of the major flaws in
the current business-to-business (B2B) model is that it focuses on price-
driven transactions between buyers and sellers, and fails to recognize other
important vendor attributes such as response time, quality and customization.
In fact, a number of efficiency-based negotiation models have been
developed to deal with multiple attributes — inputs and outputs. For example,
DEA is used by Weber and Desai (1996) to develop models for vendor
evaluation and negotiation. The fixed-benchmark models and the minimum
efficiency models can better help the vendor in evaluating and selecting the
vendors.
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Talluri (2002) proposes a buyer-seller game model that evaluates the
efficiency of alternative bids with respect to the ideal target set by the buyer.
Zhu (2004) shows that this buyer-seller game model is closely related to
DEA and can be simplified as the models presented in Tables 7.4 and 7.6.

We next use the data in Table 5.1 to demonstrate the use of DEA
benchmarking models. A Fortune 500 pharmaceutical company was
involved in the implementation of a Just-in-Time manufacturing system.
Therefore, price, delivery performance, and quality were considered to be
the three most important criteria in evaluating and selecting vendors. In
Weber and Desai (1996), the price criterion is measured by the total
purchase price based on a per unit contract delivered price, the delivery
criterion is measured by the percentage of late deliveries, and the quality
criterion is measured by the percentage of units rejected. Obviously, the
measures for delivery and quality are bad outputs. Therefore, we re-define
the delivery and quality by percentage on-time deliveries and percentage of
accepted units, respectively. (Otherwise, we should use the method
described in Chapter 5.)

Table 7.7. Data for the Six Vendors

Vendor Price ($/unit) % accepted units % on-time deliveries
1 0.1958 98.8 95
2 0.1881 99.2 93
3 0.2204 100 100
4 0.2081 97.9 100
5 0.2118 97.7 97
6 0.2096 98.8 96

Table 7.8. Input-oriented CRS Efficiency and Efficient Target for Vendors
Vendor Efficiency Price ($/units) % acceptance % on-time deliveries

1 0.981 0.192145 101.3333 95
2 1 0.1881 99.2 93
3 0.918 0.202258 106.6667 100
4 0.972 0.202258 106.6667 100
5 0.926 0.19619 103.4667 97
6 0.926 0.194168 102.4 96

The results are based upon the input-oriented CRS envelopment model.

Table 7.7 presents the data for six vendors that are obtained from the data
presented in Table 5.1. The second column reports the input, and the third
and forth columns report the two outputs. We next need to determine the
frontier type. Because the outputs are measured in percentages, we assume
the vendors form a VRS frontier. Otherwise, unreasonable results may be
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obtained if we assume CRS frontier. For example, Table 7.8 reports the
input-oriented CRS efficiency scores (second column) with the efficient
targets. It can be seen that the efficient targets on percentage of accepted
units are impossible to achieve.

If we use the input-oriented VRS envelopment model, vendors 2, 3, and 4
are efficient, and can be selected. However, if we specify an ideal
benchmark by the minimum input value and the maximum output values, as
shown in Figure 7.14, we can further characterize the six vendors.

A e s e B e
Price % accepted % on-time free variable=
1 {$/units) units deliveries constraint [F4-G4
2 |ldeal target 0.1831 100 100 T 0
= free variable 0.897424
4 multipliers 4 770992 0 0 0.8974237 0
5 |DMU under evaluation 6
6 |Score "0.8974
T Weighted input 1 Maximurm
8 Efficiency
9 [Vendor 1 0.1958 98.8 95 0.9606742
10 |WVendor 2 0.1881 99.2 93 1
11 |Vendor 3 0.2204 100 100 0.8534483 I
12 \Wendor 4 0.2081 979 100 0.9038924
13 |Vendor 5 0.2118 97.7 97 0.888102
14 |Vendor 6 0.2096 98.8 96 0.8974237

Figure 7.14. Input-oriented VRS Ideal-benchmark Spreadsheet Model

Figure 7.14 shows the spreadsheet for the input-oriented VRS ideal-
benchmark model. Cell C4 and cells D4:E4 are reserved for the input and
output multipliers. The free variable is represented by cell G3 which
contains the formula “=F4-G4”. Cells F4:G4 are specified as changing cells
in the Solver parameters (see Figure 7.15).
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Solver Parameters i,_[

Set Target Cell: HCE6 % Solve

Equal To: G pMax M Valeof: |
By Changing Cells:

[s8$4,$D84:5G44 A ces |

~Subject to the Constraints: Options
$CE7 =1 - Add I
$FE2 =0 :I
Change |
Delete I
=

X

]

Close

Reset all

di

Help

Figure 7.15. Solver Parameters for Input-oriented VRS Ideal-benchmark Model

Cell F2 contains the formula for the ideal benchmark, that is
Cell F2=SUMPRODUCT(D2:E2,D4:E4)-B2*B4+G3

Cell C5 is reserved to indicate the vendor under evaluation. The
(maximum) efficiency is presented in cell C6 which contains the formula

Cell C6=SUMPRODUCT(D4:E4,INDEX(D9:E14,C5,0))+G3
Cell C7 is the weighted input and contains the formula
Cell C7=B4*INDEX(B9:B14,C5,1)
The Solver parameters shown in Figure 7.15 remain the same for all the

vendors, and the calculation is performed by the VBA procedure
“IdealBenchmark”.

Sub IdealBenchmark ()
Dim i As Integer
For i = 1 To 6

Range ("C5") = 1

SolverSolve UserFinish:=True
Range ("F" & i + 8) = Range("Ce")
Next

End Sub

Based upon the scores in cells F9:F14 in Figure 7.14, vendor 2 has the
best performance.
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Solver Parameters

Set Target Cell: $C$6 % Solve

Equal To: CMax  “ Mn C Valueof: I
~By Changing Cells:

[se54, 5054 5754 A Guess |

~Subject to the Constraints: Options

= A e
Change
;I Delete I

e
X

Close

Reset All

Help

i

Figure 7.16. Solver Parameters for VRS Ideal-benchmark Minimum Efficiency Model

Next, we turn to the ideal-benchmark minimum efficiency model (7.14).
The spreadsheet is the same as the one shown in Figure 7.14. However, we
need to change “Max” to “Min” in the Solver parameters shown in Figure
7.15. Figure 7.16 shows the result. Figure 7.17 shows the minimum
efficiency scores in cells F9:F14. The minimum efficiency model also
indicates that vendor 2 is the best one.

s e e e
Price % accepted % on-time
S {$/units) units deliveries constraint
. 2 |ldeal target 0.1881 100 100 | -1.11E-16
i free variable 0
_ 4 |multipliers 4770992 0 0.008974 0 0
5 |DMU under evaluation 6
6 |Score "0.8615
7 |Weighted input 1 Minimum
| & Efficiency
.9 |Vendor 1 0.1958 98.8 95 0.9126404
10 |Vendor 2 0.1881 99.2 93 0.93 Min
|11 |Vendor 3 0.2204 100 100 0.8534483
_12_Vendor4 0.2081 97.9 100 0.8849106
18 |Vendor 5 0.2118 97.7 97 0.8614589
14 |Vendor 6 0.2096 98.8 96 0.8615267

Figure 7.17. Minimum Efficiency Scores for the Six Vendors
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7.7 Solving DEA Using DEAFrontier Software

7.7.1 Variable-benchmark Models

To run the variable-benchmark models presented in Table 7.1, we need
set up the data sheets. Store the benchmarks in a sheet named “Benchmarks”
and the DMUs under evaluation in a sheet named “DMUs”. The format for
these two sheets is the same as that shown in Figure 12.3. Then select the
Variable Benchmark Model menu item. You will be prompted a form for
selecting the model orientation and the frontier type as shown in Figure 7.18.
Note that if you select a frontier type other than CRS, the results may be
infeasible. The benchmarking results are reported in the sheet
“Benchmarking Results”.

ariable Benchmark Modlel

Ix

nce the data (OMUs, inputs, & outputs) are entered in the
orksheets "Benchimarks" and "DiMUs", please specify:

— Model Orientation

(i“‘InputOm‘enfed " Qutput-Oriented

— Frontier Type - Returns to 5cal —

@ (RS C vgs
C NIRS C NDRS Concol

Developed by Jae Zha l

Figure 7.18. Variable Benchmark Models

7.7.2 Fixed-benchmark Models

To run the fixed-benchmark models presented in Table 7.3, we store the
benchmarks in a sheet named ‘“‘Benchmarks” and the DMUs under
evaluation in a sheet named “DMUs”. Then select the Fixed-Benchmark
Model menu item. You will be prompted a form for selecting the model
orientation and the frontier type. The results are reported in the “Efficiency
Report” sheet. If the benchmarks are not properly selected, you will have
infeasible results and need to adjust the benchmarks.

The Ideal-benchmark Models in Table 7.4 should be calculated using the
Fixed-Benchmark Model menu item. The data for the ideal benchmark is
stored in the “Benchmarks” sheet.
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7.7.3 Minimum Efficiency Models

To run the minimum efficiency models presented in Table 7.5, we store
the benchmarks in a sheet named “Benchmarks” and the DMUs under
evaluation in a sheet named “DMUs”. Then select the Minimum Efficiency
Model menu item. You will be prompted a form for selecting the model
orientation and the frontier type. The results are reported in the “Minimum
Efficiency” sheet.

The Ideal-benchmark Minimum Efficiency Models in Table 7.6 should
be calculated using the Minimum Efficiency menu item. The data for the
ideal benchmark is stored in the “Benchmarks” sheet.
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