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Abstract The paper deals with shape optimization of dynamic contact problern 
with Coulomb friction for viscoelastic bodies. The mass nonpenetra
bility condition is formulated in velocities. The friction coefficient is 
assumed to be bounded. Using material derivative method as weil as 
the results concerning the regularity of solution to dynamic variational 
inequality the directional derivative of the cost functional is calculated 
and necessary optimality condition is formulated. 
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1. Introduction 

This paper deals with formulation of a necessary optimality condition 
for a shape optimization problern of a viscoelastic body in unilateral dy
namic contact with a rigid foundation. lt is assumed that the contact 
with given friction, described by Coulomb law [2], occurs at a portion 
of the boundary of the body. The contact condition is described in 
velocities . This first order approximation seems to be physically real
istic for the case of small distance between the body and the obstacle 
and for small time intervals. The friction coefficient is assumed to be 
bounded. The equilibrium state of this contact problern is described by 
an hyperbolic variational inequality of the second order [2, 3, 5, 7, 17]. 

The shape optimization problern for the elastic body in contact con
sists in finding, in a contact region, such shape of the boundary of the 
domain occupied by the body that the normal contact stress is mini
mized. It is assumed that the volume of the body is constant. 
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Shape optimization of static contact problems was considered, among 
others, in [3, 8, 9, 10, 11, 16]. In [3, 8] the existence of optimal solutions 
and convergence of finite-dimensional approximation was shown. In 
[9, 10, 11, 16] necessary optimality conditions were formulated using the 
material derivative approach (see [16]). Numerical results are reported 
in [3, 11]. 

In this paper we shall study this shape optimization problem for a vis
coelastic body in unilateral dynamical contact. The essential difficulty to 
deal with the shape optimization problem for dynamic contact problem 
is regularity of solutions to the state system. Assuming small friction 
coefficient and suitable regularity of data it can be shown [6, 7] that the 
solution to dynamic contact problem is enough regular to differentiate it 
with respect to parameter. Using the material derivative method [16] as 
well as the results of regularity of solutions to the dynamic variational 
inequality [6, 7] we calculate the directional derivative of the cost func
tional and we formulate necessary optimality condition for this problem. 
The present paper extends the authors' results contained in [12]. 

We shall use the following notation : n E R2 will denote the bounded 
domain with Lipschitz continuous boundary r. The time variable will 
be denoted by t and the time interval I= {0, T), T > 0. By Hk(O), k E 
{0, oo) we will denote the Sobolev space of functions having derivatives in 
all directions of the order k belonging to £ 2 (0) [1]. For an interval I and 
a Banach space B £P(I; B), p E {1, oo) denotes the usual Bochner space 
[2]. Ut = dujdt and Utt = will denote first and second order 
derivatives, respectively, with respect to t of function u. UtN and UtT 

will denote normal and tangential components, respectively, of function 
Ut. Q =I X n, {i =I X ri, i = 1, 2, 3 where ri are pieces of the boundary 
r. 
2. Contact problem formulation 

Consider deformations of an elastic body occupying domain n E R2 . 

The boundary r of domain 0 is Lipschitz continuous. The body is 
subjected to body forces f = (h, f2). Moreover surface tractions p = 
{p1, P2) are applied to a portion r 1 of the boundary r. We assume that 
the body is clamped along the portion ro of the boundary r and that 
the contact conditions are prescribed on the portion r 2 of the boundary 
r. Moreover ri n rj = 0, i =f. j, i,j = 0, 1, 2, r = ro U r1 U r2. 

We denote by u = (ul, u2), u = u(t, x), X En, t E [0, 7], T > 0 the 
displacement of the body and by a= {aij(u(t,x))},i,j = 1,2, the stress 
field in the body. We shall consider elastic bodies obeying Hooke's law 
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[2, 3, 5, 17] : 

i,j,k,l = 1,2, uk,l = 8uk/8xt. We use here the summation convention 
over repeated indices [2]. c?jkl(x) and cfjkl(x), i,j, k, l = 1, 2 are com
ponents of Hooke's tensor. It is assumed that elasticity coefficients c?jkl 

and c[jkl satisfy usual symmetry, boundedness and ellipticity conditions 
[2, 3, 5]. In an equilibrium state a stress field (j satisfies the system 
[2, 3, 6, 7]: 

Utti- (jij(x),j = fi(x), (t,x) E (0, T) X n i,j = 1,2 (2) 

where (jij(x),j = a(jij(x)j8xj, i,j = 1,2. There are given the following 
boundary conditions : 

Ui(x) = 0 on (0, T) X ro i = 1, 2, 

(jij(x)nj =Pi on (0, T) X r1 i,j = 2; 

UtN 0, (jN 0, UtN(jN = 0, on (0, T) X r2; 

UtT = 0 => I (jT F I (j N I; 
UtT 

UtT # 0 => (jT = -F I (jN I -1 -1. 
UtT 

(3) 
(4) 

(5) 

Here we denote: UN= uini, (jN = (jijninj, (ur)i = Ui- uNni, ((jr)i = 
(jijnj- (jNni i,j = 1, 2, n = (n1 , n2) is the unit outward vector to the 
boundary r. There are given the following initial conditions: 

Ui(O,x) = uo Uti(O,x) = u1, i = 1,2, X E !1. (6) 

We shall consider problem (2)-(6) in the variational form. Let us 
assume, 

f E H 114 (I; (H1(!1; R2))*) n L2 (Q; R 2 ), 

p E L2(I; (H112(rl; R2))*), 

uo E H 312(!1; R2) Ul E H 312(!1; R2), Uljr2 = 0, (7) 

FE L 00 (r2; R2 ) F(., x) is continuous for a.e. X E r2 

be given. The space L 2 (Q;R2 ) and the Sobolev spaces 
H 114 (I; (H1 (!1; R2))*) as well as (H112(rl); R 2 ) are defined in [1, 2]. 
Let us introduce : 

F = {z E L 2(J;H1 (!1;R2)) : Zi = 0 on (0, T) X ro ,i = 1,2} (8) 
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K = {z E F : ZtN 0 on (0, T) X r2 }. (9) 

The problem (1)- (6) is equivalent to the following variational problem 
[6, 7]: find u E L00 (I; H 1(0; R 2 ))nH112 (I; L 2(0; R2))nK such that UtE 

L00 (I; L 2 (0; R 2 )) nH112 (I; L2 (0; R 2 )) nK and uu E L00 (I; H-1(0; R 2 )) 

n(H112 (I; L2 (0; R2)))* satisfying the following inequality [6, 7], 

k Uttidxdr + k erij(u)eij(Vi- Uti)dxdr+ 

r F I erN(u) I (I vr I - I Utr l)dxdr r fi(vi- Uti)dxdr+ (10) 172 1Q 
{ Pi(vi- uti)dxdr Vv E H 112 (I; H 1 (0; R2 )) n K. 

171 
Note, that from (2) as well as from Imbedding Theorem ofSobolev spaces 
[1] it follows that uo and u1 in (6) are continuous on the boundary of 
cylinder Q. The existence of solutions to system (1) - (6) was shown in 
[6, 7]: 

Theorem 2.1 Assume : (i) The data are smooth enough, i.e. (2) is 
satisfied. (ii) f2 is of class C1•1. (iii) The friction coefficient is small 
enough. Then there exists a unique weak solution to the problem (1) -
(6). 

Proof. The proof is based on penalization of the inequality {10), friction 
regularization and employment of localization and shifting technique due 
to Lions and Magenes. For details of the proof see [7]. 

0 

For the sake of brevity we shall consider the contact problem with 
prescribed friction, i.e., we shall assume 

F I erN I= 1. {11) 

The condition ( 4) is replaced by the following one, 

Utrerr+ I Utr I= 0, I err 1 on I X r2. {12) 

Let us introduce the space 

A= {A E L2 (I; L00 {f2)) : I A 1 on I x r2}. (13) 

Taking into account {12) the system {10) takes the form : Find u E K 
and A E A such that 

{ UttidXdT + { erij(u)eij(Vi- Uti)dxdT- { Ar(vr- Utr)dxdT 
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2:: r fi(vi- Uti)dxdT + r Pi(Vi- Uti)dxdT (14) 1Q 111 

Vv E H 112 (J; H 1(0; R2 )) n K 

r arUtrdsdT r >..rutrdsdT vAT E A. 112 112 

3. Formulation of the shape optimization 
problem 

(15) 

We consider a family { 0 8 } of the domains 0 8 depending on parameter 
s. For each 0 8 we formulate a variational problem corresponding to (10). 
In this way we obtain a family of the variational problems depending on 
s and for this family we shall study a shape optimization problem , 
i.e., we minimize with respect to s a cost functional associated with the 
solutions to (10). 

The domain 0 8 we shall consider as an image of a reference domain 
n under a smooth mapping T 8 • To describe the transformation T 8 we 
shall use the speed method [16]. Let us denote by V ( s, x) an enough 
regular vector field depending on parameter s E [0, '!?), '!? > 0 : 

V(., .) : [0, '!?) x R2 -+ R2 

V(s, .) E C2 (R2 , R2 ) \:Is E [0, '!?), V(., x) E C([O, '!?), R2 ) Vx E R2 . 

(16) 
Let T 8 (V) denotes the family of mappings : T 8 (V) : R2 3 X -+ 
x(t, X) E R2 where the vector function x(., X) = x(.) satisfies the sys
tems of ordinary differential equations : 

d 
drx(r,X) = V(r,x(r,X)),r E [0,'1?), x(O,X) =X E R. (17) 

We denote by DT 8 the Jacobian of the mapping T 8 (V) at a point X E 
R2. We denote by DT-;1 and *DT-;1 the inverse and the transposed 
inverse of the Jacobian DT8 , respectively. J8 = detDT8 will denote 
the determinant of the Jacobian DT8 • The family of domains {08 } 

depending on parameter s E [0, '!?), '!? > 0, is defined as follows : Oo = 0 

0 8 = T 8 (0)(V) = {x E R2 : 3X E R2 s. th. x = x(s,X), 
where the function x(., X) satisfies (17) for 0 T s }. (18) 

Let us consider problem (14) - (15) in the domain 0 8 • Let F8 , K 8 , As 
be defined, respectively, by (8, (9), (13) with 0 8 instead of 0. We shall 
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write Us = u(Ds), as = a(Ds)· The problem (14) - (15) in the domain 
ns takes the form : find Us E Ks and As E As such that, 

1 UttsiVidxdr + 1 aij(us)eij(Vi- Utsi)dxdr-
Q. Q. 

1 Asr(vr- Utsr)dxdr 21 fi(vi- Utsi)dxdr + (19) 
/s2 Qs 

1 Pi(vi- Utsi)dxdr 'Vv E H 112(I; H 1(Ds; R2)) n K 
/sl 

1 asTUtsrdsdr :S 1 AsTUtsrdsdr 'VAsT E As. (20) 
'Ys2 /s2 

We are ready to formulate the optimization problem. By 0 C R 2 we 
denote a domain such that Ds C 0 for all s E [0, -a), -a > 0. Let ¢; E M 
be a given function. The set M is determined by : 

M = { ¢ E L 00 (J; H'J(O; R2) : ¢ ::; 0 on I X n, II ¢ llv"'(/;H5(ll;R2) ::; 1} 
(21) 

Let us introduce, for given ¢ E M, the following cost functional : 

(22) 

where ¢tNs and asN are normal components of ¢ts and as, respectively, 
depending on parameter s. Note, that the cost functional (22) approx
imates the normal contact stress [3, 8, 11]. We shall consider such a 
family of domains {Ds} that every Ds, s E [0, -a), -a > 0, has constant 
volume c > 0, i.e. : every Ds belongs to the constraint set U given by : 

U = {Ds : { dx = c}. 
ln. 

(23) 

We shall consider the following shape optimization problem : 

For given¢; EM, find the boundary f2s 

of the domain ns occupied by the body, (24) 
minimizing the cost functional (22) subject to Ds E U. 

The set U given by (23) is assumed to be nonempty. (us, As) E Ks x As 
satisfy (19)- (20). Note, that the goal of the shape optimization problem 
(24) is to find such boundary r2 of the domain n occupied by the body 
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that the normal contact stress is minimized. Remark, that the cost 
functional (22) can be written in the following form [3, 17] : 

1 O'sNc/JtNdsdT = { Uttsc/JtsdxdT + { O'sij(Us)ekl(c/Jts)dxdT- (25) 
/'2s }Qs }Q8 

1 fc/JtsdxdT -1 Psc/YtsdsdT -1 O'sTc/JtrsdsdT. 
Qs /'ls /'2s 

We shall assume there exists at least one solution to the optimization 
problem (24). It implies a compactness assumption of the set (23) in 
suitable topology. For detailed discussion concerning the conditions as
suring the existence of optimal solutions see [3, 16]. 

4. Shape derivatives of contact problem 
solution 

In order to calculate the Euler derivative ( 44) of the cost functional 
(22) we have to determine shape derivatives ( u', A1) E F x A of a solution 
(us, A8 ) E K 8 X As of the system (19)-(20). Let us recall from [16] : 

Definition 4.1 The shape derivative u' E F of the function Us E Fs is 
determined by : 

(26) 

where II o(s) IIF /s -t 0 for s -t 0, u = uo E F, Us E F(R2 ) is 
an extension of the function Us E Fs into the space F(R2 ). F(R2 ) is 
defined by {8) with R 2 instead of 0.. 

In order to calculate shape derivatives ( u', A1) E F x A of a solution 
(us, As) E Ks x As of the system (19),(20) first we calculate material 
derivatives (u, E F x A of the solution (us, As) E Ks x As to the 
system (19),(20). Let us recall the notion of the material derivative [16]: 

Definition 4.2 The material derivative u E F of the function Us E Ks 
at a point X E n is determined by : 

lim II [(us o Ts)- a]js- u IIF= 0, 
s-+0 

(27) 

where u E K, Us o T s E K is an image of function Us E Ks in the space 
F under the mapping T s. 

Taking into account Definition 4.2 we can calculate material deriva
tives of a solution to the system (19),(20) : 

Lemma 4.1 The material derivatives (u, E K 1 x A of a solution 
(us, As) E Ks x As to the system {19)-{20) are determined as a unique 
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solution to the following system : 

k {(uu1J + Utti! + Utt1JdivV(O)(DV(O)u)uTJ + uu(DV(O)TJ) 

- j17- fi! + (aij(u)ekl(TJ)- fTJ)divV(O)}dxdr- (28) 

1 (P17 + pr, + p1JD)dxdr -1 {().TJtT + Ai!tT + 
71 72 

+ ATJtrD}dxdr 0 \:117 E K1, 

1 ().- fL)UtT + (>.- fi,)utT + (>.- fL)UtT + AutrD}dxdr \:lfL E L1, (29) 
72 

where V{O) = V{O,X), DV{O) denotes the Jacobian matrix of the matrix 
V{O). Moreover: 

K1 = {e E F : e = u- DVu on 'Yo, nDV(O)u on A1, 

en = nDV(O)u on A2 }, (30) 

Ao = { x E 'Y2 UtN = 0}, A1 = { x E B : O"N = 0}, 
A2 = {x E B O"N < 0}, (31) 

Bo = {x E 'Y2 : >.r = 1, UtT =/= 0}, 
B1 = {x E 'Y2 : >.r = -1, UtT = 0}, (32) 
B2 = {x E 'Y2 : Ar = 1, : UtT = 0}. 

L1 = {e E A : e 0 on B2, e::; 0 on B1, e = 0 on Bo } (33) 

and D is given by 

D = div V(O)- (DV(O)n, n). (34) 

Proof: It is based on approach proposed in [16]. First we transport 
the system (19)-(20) to the fixed domain n. Let us = Us 0 Ts E F, 
u = uo E F, ;.s = As o Ts E A, ).. = Ao E A. Since in general 
u 8 tf. K(n) we introduce a new variable z 8 = DT-;1u 8 E K. More
over i = u- DV(O)u [7, 15]. Using this new variable zs as well as the 
formulae for transformation of the function and its gradient into refer
ence domain n [15, 16] we write the system (19)-(20) in the reference 
domain n. Using the estimates on time derivative of function u [7] the 
Lipschitz continuity of u and ).. satisfying (19) - (20) with respect to s 
can be proved. Applying to this system the result concerning the differ
entiability of solutions to variational inequality [15, 16] we obtain that 
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the material derivative (u, E K 1 x A satisfies the system (28)-(29). 
Moreover from the ellipticity condition of the elasticity coefficients by 
a standard argument [15] it follows that (u, E K 1 x A is a unique 
solution to the system (28)-(29). 

0 

Recall [16], that if the shape derivative u' E F of the function Us E Fs 
exists, then the following condition holds : 

u' = u- \i'uV(O), (35) 

where u E F is material derivative of the function Us E Fs. 
From regularity result in [7] it follows that : 

vuV(O) E F, \7ArV(O) E A, (36) 

where the spaces F and A are determined by (8) and {13) respectively. 
Integrating by parts system (28),(29) and taking into account {35),(36) 

we obtain the similar system to (28),(29) determining the shape deriva
tive (u', .Afy,) E F XL of the solution (us, AsT) E Ks X Ls of the system 
(19) - (20) : 

£ + Uttrt' + (DV(O) +* DV(O))uurtdxdT + h UttrtV(O)n 

r aij(u')eklrt -1 A1'fltT + }dxdT + 
JQ 72 

h(ut,rt) +I2(.A,u,rt) 2:0 Vrt E N1, (37) 

1 .A)- Utr.A']dxdT + h(u,p,- .A) 2: 0 Vp, E L1, (38) 
12 

N1 = {rt E F : rt =.A- DuV(O), .A E KI}, (39) 

h(r.p, ¢) = h {aij(r.p)ekl¢- f¢-

((\i'pn)¢ + (p\i'¢)n + p¢H)V(O)n}dxdT, (40) 

J2(p,, r.p, ¢) = 1 {(\i'p,)n\7¢ + p,(\7(\i'r.pn))r.p + 
12 

p,\7 'PtTH + p,\7 r.pn} V(O)ndxdT, ( 41) 

h(r.p,JL- .A)= 1 (r.pn)(p,- .A)+ r.p(\i'p,n)- r.p(\i'.An) + 
12 

r.p(p,- .A)H]V(O)ndxdT, (42) 

where H denotes a mean curvature of the boundary r [16]. 
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5. Necessary optimality condition 
Our goal is to calculate the directional derivative of the cost functional 

(22) with respect to the parameter s. We will use this derivative to 
formulate necessary optimality condition for the optimization problem 
(24). First, let us recall from [16] the notion of Euler derivative of the 
cost functional depending on domain n : 

Definition 5.1 . Euler derivative dJ(O; V) of the cost functional J at 
a point n in the direction of the vector field v is given by : 

dJ(O; V) = limsup[J(Os)- J(O)]js. (43) 
s-+0 

The form of the directional derivative dJ¢(u; V) of the cost functional 
(22) is given in : 

Lemma 5.1 The directional derivative dJ¢(u; V) of the cost functional 
{22), for¢ E M given, at a point u E K in the direction of vector field 
V is determined by : 

dJ¢(u; V) = + uur/ + (DV(O) +* DV(O))uu'f/]dxdr + 

i Utt'f!V(O)n + k + 

{ (aijekt(¢)- f<f;)V(O)nds- f ('VP¢V(O) + k kl 
p 'V ¢V(O) + p<f;D)ds- f ar¢rds + h(u, ¢)- !2(>-., u, ¢), (44) lr2 

where a' is a shape derivative of the function a8 with respect to s. This 
derivative is defined by {26). 'VP is a gradient of function p with respect 
to x. Moreover V(O) = V(O,X), <Pr and ar are tangent components of 
functions¢ and a, respectively, as well as D is given by (34). DV(O) de
notes the Jacobian matrix of the matrix V(O) and div denotes divergence 
operator. 

Proof: Taking into account (22),(25) as well as formulae for transfor
mation of the gradient of the function defined on domain ns into the 
reference domain n [16] and using the mapping (16)- (17) we can ex
press the cost functional (22) defined on domain ns in the form of the 
functional J¢(u 8 ) defined on domain n, determined by : 

J¢(u8 ) = k (DT 8u 8 )uDTs<P:detDT8 dxdT + 
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k[aijDTsekl(DTs</JD- r DTs</J)detDTsdx-

r psDTs</J II detDT/DT;1n II ds- (45) 1-n 
r AsrDTs</JT II detDT/DT;1n II ds, 1"(2 

where us= Us o Ts E F, u = uo E F and>..= >..o EA. By (43) we have: 

dJ¢(u; V) = limsup[J¢(us)- J¢(u)]js. 
t-tO 

(46) 

Remark, it follows by standard arguments [3] that the pair (as, us) E 
Qs x Ks, s E [0, '!?), '!9 > 0, satisfying the system (19)-(20) is Lipschitz 
continuous with respect to the parameter s. Passing to the limit with 
s --+ 0 in ( 46) as well as taking into account the formulae for derivatives 
of DT,;-1 and detDTs with respect to the parameters [16] and (26) we 
obtain (44). 

D 

In order to eliminate the shape derivative (u', >..') from (44) we intro
duce an adjoint state (r, q) E K2 x £2 defined as follows : 

with 

k ru(dxdT + k CJij(()ekl(¢ + r)dxdT + 

{ (tr(q- >..)(dxdT = 0 V( E K2, 1"(2 

r(T, x) = 0, rt(T, x) = 0, 

r (rtT + <PtT - UtT )6dxdT = 0 \16 E £2, 1"(2 
K2 = { ( E K1 : ( n = 0 on Ao}, 

£2 = { 6 E A : 6 = 0 on A0 n Bo } . 

(47) 

(48) 

(49) 

(50) 

Since ¢ E M is a given element, then by the same arguments as used to 
show the existence of solution (u, >..) E K x L to the system (19)-(20) 
we can show the existence of the solution {r, q) E K2 x £2 to the system 
(47),(48). 

From (44),(37),(38), (47),(48) we obtain: 

dJ¢(u; V) = I1(u, ¢ + r) + !2(>.., u, ¢ + r) + h(u, q- >..). (51) 
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The necessary optimality condition has a standard form : 

Theorem 5.1 There exists a Lagrange multiplier Jl E R such that for 
all vector fields V determined by ( 16), ( 11) the following condition holds 

dJct>(u; V) + Jl £ V(O)nds 2: 0, 

where dJct>(u; V) is given by (51). 

Proof: It is given in [3, 4, 5, 16, 17]. 

6. Conclusions 

(52) 

In the paper the necessary optimality condition for the shape opti
mization problem for the dynamical contact problem was formulated. 
Preliminary numerical results can be found in [13] where the continuous 
optimization problem was discretized by piecewise linear and piecewise 
constant functions on each finite element. The discretized problem was 
numerically solved by an Augmented Lagrangian Algorithm combined 
with active set strategy and updating of the dual variables. 
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