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Abstract A family of parameter dependent elliptic optimal control problems with 
nonlinear boundary control is considered. The control function is sub
ject to amplitude constraints. It is shown that under standard coercivity 
conditions the solutions to the problems are Bouligand differentiable (in 
L s, s < oo) functions of the parameter . The differentials are character
ized as the solutions of accessory linear-quadratic problems. 
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1. Introduction 

In this paper, we analyse differentiability, with respect to the parame
ter, of solutions to a nonlinear boundary optimal control problern for an 
elliptic equation . Our aim is to show that, under a standard coercivity 
condition, the solutions to the optimal control problern are Bauligand 
differentiable functions of the parameter. Let us recall this concept of 
differentiability (see [3, 8, 9]). 

Definition 1 A functian cj;, fram an apen set g af a narmed linear space 
H inta anather narmed linear space X, is called Bauligand differentiable 
(ar B-differentiable) at a paint ho E g if there exists a pasitively hama
geneaus mapping Dhcj;(ho) : g--+ X, called B-derivative, such that 

cj;(ho + ßh) = cj;(ho) + Dhc/J(ho)ßh + a(llßhiiH ). {1} 

Clearly, if Dhcj;(ho) is linear, it becomes Fnkhet derivative. 
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As in [4] and in [5], the sensitivity, i.e., differentiability analysis for the 
original nonlinear problem is reduced to the same analysis for the acces
sory linear-quadratic problem. The starting point of the analysis is the 
Lipschitz stability result for the solutions to the linear-quadratic ellip
tic problems due to A. Unger [11]. Using this result, B-differentiability is 
proved in two steps. First, passing to the limit in the difference quotient, 
we show the directional differentiability and characterize the directional 
differential as the solution of an auxiliary linear-quadratic optimal con
trol problem. Using this characterization, in the second step we show 
that an estimate of the form (1) holds, i.e., the solutions are Bouligand 
differentiable. This result can be considered as a generalization of that 
obtained in [1], where a different methodology was used to prove the di
rectional differentiability of the solutions to parametric elliptic problem, 
under the assumption that the cost functional is quadratic with respect 
to the control. 

2. Preliminaries 
Let n c IRn denote a bounded domain with boundary r. As usu

ally, by and OvY we denote the Laplace operator and the co-normal 
derivative of y at r, respectively. Moreover, let H be a Banach space of 
parameters and G C H an open and bounded set of feasible parameters. 

For any h E G consider the following elliptic optimal control problem: 

(Oh) Find (yh, uh) E zoo := (W1•2 (n) n C(O)) x L00 (r) such that 

F(yh,uh,h) = min{F(y,u,h) 

.- In rp(y(x), h)dx + fr '1/J(y(x), u(x), h)dSx} (2) 

subject to 

+ y(x) = 0 inn, 
8vy(x) = b(y(x), u(x), h) on r, 

u E u := {v E L 00 (r) I ml:::; v(x):::; m2 a.e. in r}. 

(3) 

(4) 

In this setting, m1 < m2 are fixed real numbers, dSx denotes the surface 
measure induced on r, and the subscript x indicates that the integration 
is performed with respect to x. We assume: 

(Al) The domain n has C 1•1-boundary r. 

(A2) For any h E G, the functions rp(·, h) : 1R-+ IR, '¢(·,·,h) : 1R x 1R-+ 
lR and b( ·, ·, h) : lR x lR -+ lR are of class C 2 . Moreover, for any 
fixed u E lR and h E G, b( ·, u, h) : lR -+ 1R is monotonically 
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decreasing. There is a bound ca > 0 such that 

Jb(O, 0, h)J + ID(y,u)b(O, 0, h)J + JD[y,u)b(O, 0, h)J ca Vh E G. 

Moreover, for any K > 0 there exists a constant l ( K) such that 

IDfy,u)b(yl, u1, h)- Dfy,u)b(y2, u2, h)J l(K)(Jyl- Y2J + Ju1- u2J) 

for all Yi, Ui such that IYil K, Juil K, and all hE G. The same 
conditions as above are also satisfied by cp and '1/J. 

(A3) The functions b(y, u, ·), Dyb(y, u, ·)and Dub(y, u, ·)are Fnkhet dif
ferentiable in h. Similar properties posses functions cp and '1/J. 

By the following lemma, proved in [6], problem (Oh) is well posed. 

Lemma 1 If (Al) - (A3) hold, then for any u E U and any h E G 
there exists a unique weak solution y(u, h) E W 1•2 (0) n C(O) of {3). 
Moreover, there exists c > 0 such that 

JJy(u',h')- y(u",h")llc(n) c(llu'- u"IIL=(r) + llh'- h"IIH)· {5) 

Define the following Hamiltonian and Lagrangian 

1-l : IR3 x G--+ IR, c: w 1•2(n) x £<Xl(r) x W 1•2(n) x G--+ IR, 

1-l(y, u,p, h) := '1/J(y, u, h)+ pb(y, u, h), (6) 

C(y, u,p, h) := F(y, u, h) -In p( -fly+ y)dx 

= k[cp(y, h)- (Vp, Vy)- (p, y)]dx + lr 1-l(y, u,p, h)dSx. (7) 

We assume: 

(A4) For a given reference value ho E G of the parameter, there exists 
a local solution (yo, u0 ) E zoo of (Oh0 ) and an associated state 
p0 E W 1•2(0) n C(O), such that the following first-order necessary 
optimality conditions hold 

DyC(yo, uo,po, ho)z = 0 

DuC(yo, uo,Po, ho)(u- uo) 2:: 0 

for all z E W 1•2 (0), 

for all u E U. 

(8) 

(9) 

In a standard way, conditions (8) and (9) yield the adjoint equation and 
the pointwise stationarity of the Hamiltonian: 

-!:lpo(x) + po(x) = Dycp(yo(x), ho), in 0, } (lO) 
8vPo(x) = Dy1-l(yo(x), uo(x),po(x), ho), on r, 
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Du1l(yo(x),uo(x),po(x),ho)(u- uo(x)) 2:0 } 
for all u E [m1, m2] and a.a. X E f. 

(11) 

Conditions (10) and (11) together with the state equation (3) constitute 
the optimality system for (Oh0 ). It will be convenient to rewrite this 
optimality system in the form of a generalized equation. To do that, 
define the spaces 

xs := W1•8 (!1) X Y(r) X W1•8 (!1), 
Ll8 = Y(S1) x Y(f) x Y(S1) x L 8 (f) x L 8 (f), s E [2, oo] 

(12) 

and the following set-valued mapping with closed graph: 

N(u) = { E {L00 (r) I fr >.(v- u) dSx ::::; 0 Vv E U} if u E U, 
if u ¢ u. 

(13) 
Denote = (y, u, p) E X 00 • Let the function :F : X 00 x G --+ Ll 00 , as 
well as the multivalued mapping r: X 00 --+ be defined as follows 

OvY- b(y, u, h) on r {0} I -Lly + y 

h)= -Llp + p- Dycp(y, h) 
inn I 
in n ' 
on r I {0} I 

= {0} . 
Ovp-Dytl(y,u,p,h) 
Du1l(y, u,p, h) on r 

{0} 
N(u) 

(14) 
Then the optimality system (3), (10), (11) for (Oh0 ) can be expressed in 
the form of the following generalized equation: 

3. Application of abstract theorems for 
generalized equations 

(15) 

We are going to investigate conditions under which there exists a 
neighborhood Go of ho such that, for each h E Go, the generalized 
equation 

(16) 

has a locally unique solution = (yh, uh,Ph), which is Bouligand dif
ferentiable function of h. We will follow the same scheme as in [4, 5]. 
Namely the proof will be in two steps. First, we show existence, lo
cal uniqueness and Lipschitz continuity of the solutions to (16). In the 
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second step, we use these properties, to show differentiability of the solu
tions. In both steps we need the following auxiliary generalized equation, 
obtained from (16) by linearization of :F(·, ho) at the reference solution 
and by perturbation: 

where o E 00 is the perturbation. Clearly, for o = 0, is a solution to 
(17). We will denote by BJ(xo) := {x EX lllx- xollx p} the closed 
ball of radius p centered at xo in a Banach space X. 

The following Robinson's implicit function theorem (see, Theorem 2.1 
and Corollary 2.2 in [7]) allows to deduce existence and local Lipschitz 
continuity of the solutions to the nonlinear generalized equation (16), 
from the same properties of the solutions to the linearized equation ( 17). 

Theorem 1 If there exist PI > 0 and P2 > 0 such that, for each o E 
B:i;_= (0) there is a unique solution (a in of {17}, which is Lipschitz 
continuous in o, then there exist 0'1 > 0 and 0'2 > 0 such that, for each 
h E (ho) there is a unique solution in of {16}, which is 
Lipschitz continuous in h. 

Similarly, the following theorem due to Dontchev (see, Theorem 2.4 and 
Remark 2.6 in [2]) allows to reduce differentiability analysis for the so
lutions to (16) to the same analysis for the solutions to (17). 

Theorem 2 If the assumptions of Theorem 1 are satisfied and, in addi
tion, the solutions (a E ( of ( 17) are Bouligand differentiable func
tions of o in a neighborhood of the origin, with the differential (Da(o; 1J), 
then the solutions of {16) are Bouligand differentiable in a neighbor
hood of ho. For a direction g E H, the differential at ho is given by 

{18} 

Remark 1 In Theorem 1, Lipschitz continuity of is understood 
in the sense of that norm in the space X, in which :F( ·, h) is differentiable. 
On the other hand, Theorem 2 remains true, if B-differentiability of (a 
is satisfied in a norm in the image space X weaker than that in which 
Lipschitz continuity in Theorem 1 holds (see, Remark 2.11 in [2]); e.g., 
in L 8 , (s < oo), rather than in L00 • This property will be used in Section 
4. 

In order to apply Theorems 1 and 2 to (Oh), we have to find the form 
of the linearization (17) of the optimality system (16), for :F and r given 
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in (14). To simplify notation, the functions evaluated at the reference 
point will be denoted by subscript "0", e.g., <po := r.p(yo, ho), 1io := 
1i(yo, uo,po, ho). Moreover, we denote := (yo, uo,Po). 

Let 8 = ( 81, 82 , 83, 84, 85) E 00 be a vector of perturbations. By 
simple calculations we obtain the following form of (17): 

} (19) 
8vz - Dyboz = e2 + 82 + Dubov, 

+ q = e3 + 83 + n;y<poz, } (20) 
8vq- Dyboq = e4 + 84 + n;y1ioz + n;u1iov, 

+ + Duboq- e5 -85 E -N(v), (21) 

where e = ( e1, e2 , e3, e4, e5) E 00 is a given vector. 
Note that 

(zo, vo, qo) = (yo, uo,po) (22) 

is a solution to (L00) for 8 = 0. An inspection shows that (L00) can 
be treated as an optimality system for the following linear-quadratic 
accessory problem: 

(LP 0) Find (z0 , v0 ) E zoo such that 

I(z0,v0 ,8) = mini(z,v,8) 

subject to 

+ z(x) = 81 (x) inn, 

where 

8vz(x) = Dybo(x)z(x) + Dubo(x)v(x) (23) 
+e2 (x) + 82 (x) on r, 

v EU, 

I(z, v, 8) := v), D 2 .C0 (z, v)) + Jn(e3 + 83 )zdx+ 

+ fr[(e4 + 84)z + (e5 + 85)v]dSx, 

with the quadratic form 

((z, v), D 2 .Co(z, v)) := k n;y<p(yo, ho)z2dx 

t [ n;y1io n;u1io l [ z J + [z,v] 2 2 v dSx. 
r Duy 1io Duu 1io 

(24) 

To verify assumptions of Theorems 1 and 2, we have to show that 
there exist constants Pl, P2 > 0 such that for each 8 E oo ( 0) there is a 

unique stationary point ( 0 := (z0,v0 ,q0) in B:Zoo(eo) of (LP0 ), which is 
a Lipschitz continuous and Bouligand differentiable function of 8. 
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As in [4], the starting point in the proof of differentiability of the 
solutions to (LP a) is the Lipschitz continuity property for these solutions. 
To this end, we will need a coercivity assumption (see, [6]). Let us define 
the sets of those points, at which the reference control is active: 

I= {x E r I uo(x) = m1}, J = {x E r I uo(x) = m2}. (25) 

Moreover, for any a 2: 0 define the sets 

= {x E r I Du1i(yo,uo,po,ho)(x) >a}, 
J 0 = {x E r I - Du1i(yo,uo,po,ho)(x) >a}. 

As in [6], we assume: 

{AC) (coercivity) There exist a > 0 and"(> 0 such that 

((z, v), D 2 Co(z, v)) 2: 'YIIvlli2(r) 

for all pairs ( z, v) satisfying 

-Llz(x) + z(x) = 0 inn, 
8vz(x)- Dybo(x)z(x)- Dubo(x)v(x) = 0 in r, 

and such that v E {L2 (r) I v(x) = 0 for a.a. x E I 0 U J 0 }. 

(26) 

(27) 

Note that {AC) implies the following pointwise coercivity condition 
(see, e.g., Lemma 5.1 in [10]). 

D;u1io(x) 2: "( for a.a. x E r \ (I0 U J 0 ). (28) 

By a slight modification of Satz 18 in [11] we get the following Lips
chitz continuity result for (LP a): 

Proposition 1 If (AC) holds, then there exist constants Pl > 0 and 
P2 > 0 such that, for all 8 E (0) there is a unique stationary point 
(o := (zo, va, qa) in (eo) of (LPa). Moreover, there exists a constant 
.e > 0 such that 

llza' - zo,llwl,s(n), llvo' - Vo"IIL"(r)' llqo' - qo"llwl,s(n)':::; .e 118' - 8"IIA· 
for all 8', 8" E (0) and all s E [2, oo] 

{29) 
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The proof of B-differentiability of the stationary points of (LP 8) is in 
two steps. In the first step, directional differentiability is proved and the 
directional differential is characterized. This characterization is used in 
the second step to show that the differential is actually Bouligand. Let 
us start with the directional differentiability. The proof of the following 
result is very similar to that of Proposition 4.3 in [5]. 

Proposition 2 Let (Al)-(A3) as well as (AC) be satisfied and let 
Pl, P2 > 0 be as in Proposition 1. Then the mapping 

(a:= (za,Va,qa): X 2 , 

where (8 E (eo) denote a unique stationary point of (LP 8), is direc
tionally differentiable. The directional differential at 8 = 0, in a direc
tion rt E b. 00 , is given by ( Wrp w71 , r 71 ), where ( w 71 , w71 ) is the solution and 
r71 the associated adjoint state of the following linear-quadratic optimal 
control problem: 

Find (w71, w71) E W1•2 (0) X L2 (r) that minimizes 

J 71 (w,w) = +I rt3wdx 
n +I (rt4w + rt5w) dSx 

r 
subject to 
-b.w+w 

{ 
=0 
>0 

w(x) 0 

free 

= 'T/1 

= Dybow + Dubow + rt2 

for X E (I0 U J 0), 

for X E (I \ I 0), 

for X E ( J \ J0), 

for x E r \(I U J). 

inn, 
on r, 

(30} 

(31} 

(32} 

Note that, by the same argument as in Proposition 1, we find that 
the stationary points of (LQ71 ) are Lipschitz continuous functions of "1· 
Since (wo,wo,ro) = (0,0,0), we have 

JJw77JJwl,•(n), JJw77JIL•(r)' JJr77JJwl,•(n)::; s E [2, oo]. (33) 

We are now going to show that ( w 71 , w71 ) and r 71 are actually B
differentials at 8 = 0 of (za, v8) and qa, respectively. 

Theorem 3 Let (Al)-(A3) as well as (AC) be satisfied and let Pl, P2 > 
0 be as in Proposition 1. Then the mapping 

(a := (z8, v8, q8) : (0) --+ XS, (34} 
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where (6 E (eo) denote a unique stationary point of (LP6), is B
differentiable for any s E [2, oo). The B-differential at 8 = 0 in a direc
tion is given by {)'TJ := (w'TJ,w'TJ,r'TJ), where (w'TJ,w'TJ) is the solution 
and r'TJ the associated adjoint state of problem (LQ'f/). 

Proof The optimality system for (LQ'f/) takes the form: 

} (35) 
8vw - Dybow = ry2 + Dubow, 

+ r = ry3 + D;y<pow, } (36) 
8vr- Dybor = ry4 + D;y1low + D;u1low. 

-Dubor-ry5 ,v-w) 2':0} 
(37) 

for all v E L 2 ( Q) satisfying ( 32). 

We have to show that the solution (w'TJ,w'TJ,r'TJ) of (35)-(37) are B
differentials of the solution to (L06)· Clearly, (w'TJ, w'TJ, r'TJ) is a positively 
homogeneous function of ry, so, by Definition 1, it is enough to show that 

z'TJ = zo + w'TJ + ai(ry), v'TJ = vo + w'TJ + a2(ry), q'TJ = qo + r'TJ + ai(TJ), 

h /lai(TJ)/Iwl.•(f!) O 
w ere -+ , as -+ 0, 

for any s E [2, oo). 
(38) 

Denote 

(z'TJ- zo) = iil'TJ, (v'TJ- vo) = w'TJ, (q'TJ- qo) = r'TJ" (39) 

It follows from (19) and (20) that ( iil'TJ, w'TJ, r'TJ) satisfies equations identical 
with (35) and (36): 

+ iiJ = ryl, } (40) 
8viil- Dyboiil = ry2 +Dubow, 

+ r = ry3 + D;yc.poiil, } 
8vr- Dybor = ry4 + D;y1loiil + D;u1l0w. (41) 

To characterize (iil'TJ, w'TJ,r'TJ), we still need a condition analogous to 
(37). To this end, let us choose (3 E (0, a), where a is given in {AC}. 
Define the sets 

Kf = {x E 1° I E (0, (3)}, 

Kg = {x E J 0 I - E (0, (3)}, (42) 

£!3 = {x E r I uo(x) E (ml,ml + (3) u (m2- (3,m2)}. 
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Note that 
meas (Kf U L/3) -+ 0 as (3 -+ 0. 

Let us split up the set r into the following subsets 

A = r \ (I U J U Lf3), 

C =(I\ I 0 ) U (J \ J 0 ), 

B = (I0 \ Kf) U (J0 \ 

'D = Kf U U Lf3. 

(43) 

We will analyze conditions analogous to (37) on each of these subsets 
successively. 
Subset A Choose Q((3) = e-1(3. Then by (22) and (25), as well as by 
Proposition 1, for all 'f} E (0) we get 

vry(x) E (m1, m2) for a.a. x E A, (44) 

i.e., by (21) 

Zry(x) + + Dubo(x, t) qry(x, t) 

-e5(x)- 'f/5 (x) = 0 for a.a. x EA. 
(45) 

Subtracting from (45) the analogous equation for (z0 , v0 , q0 ) and using 
notation (39), we obtain 

wry(x) + - Duao(x) rry(x) 

-'f}5 (x) = 0 for a.a. x EA. 
(46) 

Subset B It follows from Proposition 1 that, shrinking Q((3) > 0 if nec
essary, for all 'f} E (0) we obtain 

which, by (21) implies 

I.e., 

for a.a. x E I 0 \ Kf, 

for a.a. x E J 0 \ 

for a.a. x E I 0 \ Kf, 

for a.a. x E J 0 \ 

for a.a. x E B. 

Subset C By (22) and (25) we have 

vo(x) = uo(x) = { 
m1(x) 

m2(x) 

for a. a. x E I\ I 0 , 

for a. a. x E J \ J 0 

(47) 

(48) 

(49) 
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and 

D?ty1io(x) zo(x) + D?tu1io(x)vo(x) + Dubo(x) qo(x) = 0 

for a.a. x E (I\ I 0) U (J \ JD). 
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(50) 

Proposition 1, together with ( 49) implies that, shrinking e(f3) if neces
sary, for any 'fJ E (0) we get 

v (x) E { [r.n1,r.n2) 
"' ( T.nl' r.n2] 

for a. a. x E I \ I 0 , 

for a.a. x E J\ J 0 . 

Hence, in view of (21) we have 

D?ty1io(x) z"'(x) + D?tu1io(x) v"'(x) + Dubo(x) q"'(x) 

5 ( ) { 2: 0 for a. a. x E I \ I 0 , 
-rJ x :::; 0 for a. a. x E J \ J 0 . 

Conditions (49)-(52) imply: 

and 

for a. a. x E I \ I 0 , 

for a.a. x E J \ J0 ' 

for a. a. x E I \ I 0 , 

for a. a. x E J \ J 0 , 

(D?ty1io(x) w"'(x) + D?tu1io(x) w"'(x) + Dubo(x) r"'(x) 

_ 3 (x))(w _ {jj (x)) > 0 { for all w 2: 0 on I\ I 0 , 
'fJ "' - for all w :::; 0 on J \ J 0 . 

(51) 

(52) 

(53) 

(54) 

(55) 

Subset 'D The analysis of subset 'D is the most difficult, because we do 
not know a priori if for x E 'D the constraints are active or not at v"', 
no matter how small 'fJ is chosen. Without this information, we can say 
very few about w"'(x) = v"'(x)- vo(x). Let us denote 

(i75 )'(x) = D?ty1io(x) (z"'(x)- zo(x)) + D?tu1io(x)(v"'(x)- vo(x)) 
+Dubo(x) (q"'(x)- qo(x)) for a.a. x E 'D. 

By definition (39) we have 

D?ty1io(x) w"'(x) + D?tu1io(x)v"'(x) + Dubo(x) r"'(x) 
-(ry5 )'(x) = 0 for a.a. x E 'D. 

(56) 

(57) 
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for x E V, 
otherwise. 

(58) 

It is easy to see that (40) and (41) together with (46), (48), (53)-(55) 
and (57) can be interpreted as an optimality system for the optimal 
control problem (LQ17, ), where (LQ17 ) is the following slight modification 
of (LQ17 ): 

(LQ17 ) Find (w11 , w11 ) E W 2 x L2 (f) that minimizes 

:F11 (w, w) subject to 

+ ro(x) = "71 (x) inn, 
8vro + Dybo ro = Dybo(x)w(x) + Dubo(x)w(x) + "72 onr, 

= 0 for x E (!0 \ Kf) U (J0 \ 

0 for x E (I \ ! 0 ), 
w(x) 

0 for X E (J \ J0), 

free for x E f \ (JU J)) U (Kf 

Similarly ( ro17 , w11 , r 11 ) can be interpreted as a stationary point of (LQ17,), 

where "711 = ("7\'f72 ,'f73 ,'f74, ("75)"), with 

for x E V, 

otherwise, 

(1]5 )"(x) = w 11 (x) + + Dubo(x) r17 (x). 
(59) 

It can be easily checked that, as in the case of (LQ17 ), the stationary 
points of (LQ17 ) are Lipschitz continuous functions of "7· Hence, in view 
of (58) and (59), we have 

llw11- ro7JIIwl,•(n), llw17 - w17 IIL•(r), IW17 - r17 llwl,•(n) 
1 

f! 11"7'- "l"lb• = f! { J 1(1]5)'(x)- (1]5 )"(x)!BdSx} 
8 

(60) 
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Using the definitions (56), (59) and taking advantage of (29) and of (33) 
we get 

1(1]5 )'(x)- (i]5 )''(x)l ::; 1(775)'(x)l + 1(775)"(x)l 

= (z17 (x)- zo(x)) + vo(x)) 

+Dubo(x) (q17 (x)- qo(x))l (61) 

w 11 (x) + + Dubo(x) r17 (x)l 

::; c II'TJib= for a. a. x E Kf U £f3. 

Substituting (61) to (60) we obtain 

In view of (39) and(43), we find that for any E > 0 and any s E [2, oo) 
we can choose (3(E, s) > 0 and the corresponding e(f3(E, s)), so small that 

llz11- zo- ro7711w1·•(n), llv11- vo- w7711£B(r), llq11- Qo- r7711wl,•(n) 

::; E for all 'T] E (0). 

This shows that (38) holds and completes the proof of the theorem. 

Remark 2 The proof of Theorem 3 cannot be repeated for s = oo and 
the counterexample in [4] shows that B-differentiability of (34) cannot 
be expected for s = oo. 

5. Differentiability of the solutions to nonlinear 
problems 

By Theorems 2 and 3, for any h in a neighborhood of ho, (Oh) has a 
unique stationary point (yh, uh,Ph), which is a B-differentiable function 
of h. On the other hand, by Theorem 3.7 in [6], for h sufficiently close 
to ho, condition (AC) implies that (y0, u0) is a solution to (Oh)· Thus, 
we obtain the following principal result of this paper: 

Theorem 4 If (Al)-(A7) and (AC) hold, then there exist constants 
a1, a2 > 0 such that, for any h E (ho), there is a unique stationary 
point (yh, uh,Ph) in of (Oh), where (yh, uh) is a solution of 
(Oh)· The mapping 

(63} 
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is B-differentiable, and the B-differential evaluated at ho in a direction 
g E H is given by the solution and adjoint state of the following linear
quadratic optimal control problem 

(L9 ) Find (z9 , v9 ) E W 2 x L2 (f) that minimizes 

JC9 (z,v) = +In 

+ k 1logz dSx + fr 1logv dSx 

subject to 

=0 inn, 
8vz = Dybo z + Dubo v + Dhbo g on r, 

and 
=0 for X E (1° U J0 ), 

v(x) 
forxE(I\I 0 ), 

:::;o for X E {J \ J 0 ), 

free for x E f \ (I U J)). 

As it was noticed in Introduction, Bouligand differential becomes Frechet 
if it is linear. Hence from the form of (L9), we obtain immediately: 

Corollary 1 If meas (I\ I 0 ) = meas (J \ J 0 ) = 0, then the mapping 
{63) is Frechet differentiable. 

In sensitivity analysis of optimization problems an important role is 
played by the so-called optimal value function, which on (ho) is de
fined by: 

:f'J(h) := :h(yh, uh), 

i.e., to each h E (ho), :F0 assigns the (local) optimal value of the 
cost functional. In exactly the same way as in Corollary 5.3 in [5), we 
obtain the following result showing that Bouligand differentiability of 
the solutions implies the second order expansion of :F0 , uniform in a 
neighborhood of ho. 

Corollary 2 If assumptions of Theorem 4 hold, then for each h = ho + 
g E (ho) 

:F0 (h) = :F0 (ho) + (Dh.Co,g) 

(64) 
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where (z9, v9) is the B-differential of (yh, uh) at ho in the direction g, 
i.e., it is given by the solution to (L9 ). 
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