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Abstract A Wiener system consists of a linear dynamic block followed by a static 
nonlinearity. The identification of a Wiener system means finding a 
mathematical model using the input and output data. The approach 
chosen for identification uses a state space representation for the linear 
part and a single layer neural network to model the static nonlinear
ity. Fast subspace identification algorithms are used for estimating the 
linear part, based on the available input-output data. Using the re
sulted state-space model, an approximate model of the nonlinear part 
is found by an improved Levenberg-Marquardt (LM) algorithm. Fi
nally, the whole model is refined using a specialized, MINPACK-like, 
but structure-exploiting LAPACK-based LM algorithm. The output 
normal form is used to parameterize the linear part. With a suitable 
ordering of the variables, the Jacobian matrices have a block diagonal 
form, with an additional block column at the right. This structure is 
preserved in a QR factorization with column pivoting restricted to each 
block column. The implementation is memory conserving and about one 
order of magnitude faster than standard LM algorithms or specialized 
LM calculations based on conjugate gradients for solving linear systems. 

Keywords: Conjugate gradients, least-squares approximation, Levenberg-Marquardt 
algorithm, optimization, system identification. 

1. Introduction 

A discrete-time Wiener system has a state space representation 

x(k + 1) = Ax(k) + BU(k), 
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z(k) 
y(k) 

= Cx(k) + Du(k), 
f (z(k)) + v(k), (1) 

where x(k) E lRn , u(k) E lRm , and y(k) E lRe are the state, input, and 
output vectors at time k, respectively, v(k) is a zero-mean stochastic 
disturbance term, A, B, C, and D are real matrices of appropriate di
mensions, and fO is a nonlinear vector function from lRe to lRe. Briefly 
speaking, a Wiener system consists of a linear dynamic block followed 
by a static nonlinearity. 

The Wiener system identification problem can be stated as follows: 
Given the input and output data sequences of the system (1), {u(i)}, 
and {y(i)}, i = 1, ... ,N, where the input sequence {u(k)} is assumed 
sufficiently persistently exciting, and statistically independent from the 
perturbation {v(k)}, find: (a) the order n; (b) an estimate of the quadru
ple (A, B, C, D) of the Wiener state space model and the initial condi
tions (up to a similarity transformation); (c) an approximation of f(·). 

The approach chosen to solve the above identification problem uses 
a state space representation for the linear part and a single layer neu
ral network to model the static nonlinearity. Fast subspace identifica
tion algorithms are used for estimating the linear part, based on the 
available input-output data. The resulted state-space model is used for 
finding an approximate model of the nonlinear part by a Levenberg
Marquardt (LM) algorithm. Finally, the whole model is refined using a 
specialized, MINPACK-like [6], [7J, but structure-exploiting LAPACK
based [lJ scaling-invariant LM algorithm. The output normal form is 
used to parameterize the linear part. The parameters corresponding to 
the nonlinear part come first in the global parameter vector. Using this 
ordering, the Jacobian matrices in the multi-output case (.e > 1) have 
a block diagonal form, with an additional block column at the right. 
This structure is preserved in a QR factorization with column pivoting 
restricted to each block column, which makes sense in the identification 
context. The rank deficient case is also covered. Incremental condition 
estimation is optionally used for finding the ranks of matrices. The ap
proach is implemented in a specialized toolbox of the freely available 
Subroutine Library In COntrol Theory (SLICOT). The Jacobian is 
computed analytically, for the nonlinear part, and numerically, for the 
linear part. The implementation is memory conserving and significantly 
faster than standard LM algorithms or specialized LM calculations based 
on conjugate gradients (without preconditioning) for solving linear sys
tems. 

A systematic approach for solving the Wiener system identification 
problem is given in [14J, and further developed in Section 2. Easy-to-
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use software components based on this approach are briefly described 
in Section 3. Finally, Section 4 presents part of the numerical results 
obtained using this software. 

2. Algorithmic Outline 

The Wiener identification problem can be solved in a systematic man
ner [14J, [10J. Algorithmic improvements are summarized below. 

Step 1: Estimating the linear part 

Given the sequences {u(k), y(k)}, and assuming that the function 10 
contains odd terms when evaluating its Taylor series expansion, the lin
ear time-invariant (LTI) part of the Wiener system is identified, using 
one of the subspace identification techniques [13J. If the static nonlin
earity 10 is even, a subspace solution has been provided in a similar 
way [15J. Therefore, it is possible to identify the linear dynamics as 
in case the nonlinearities were absent and extract information on the 
structure of the linear part. 

The most time consuming calculation for this step is devoted for find
ing an upper triangular factor of a QR factorization for a large matrix 
built from two block-Hankel matrices (with input and output data). Sev
eral algorithmic options are available for performing these computations: 

• Structure-exploiting correlation calculations and Cholesky factor
ization [11 J; 

• Fast QR factorization [5J; 

• Standard QR factorization. 

The first two approaches could be one-two orders of magnitude faster 
than the third approach. 

Step 2: Estimating the parameters of f(·) 
The nonlinear part is modelled as a set of single layer neural networks, 

Is (z(k)) = Js (z(k)) + Es(k) , s = 1, ... ,£, (2) 

j, (z(k)) ,= t, (a(s, il<;l (t, 11(8, i, j)Zj(k) +b(s, i)) ) +b(s, v + 1). 

The vector E(k) is the approximation error. The coefficients a(s, i), 
(3(s,i,j), b(s,i) and b(s,v + 1) are real numbers to be estimated, and 
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the integer 1/ represents the number of neurons. These constants are 
stacked in the parameter vector 0 E IR£((C+2)v+1), 

( T T T)T o = 01 102 I ... 10£ := 

(,8(1,1,1), ... , ,8(1,1/, g), a(l, 1), ... , a(l, 1/), b(l, 1), ... , b(l,1/ + 1) 

1,8(2,1,1), ... I ... 1,8(£,1,1), ... f , 
and are estimated by solving the nonlinear least squares (NLS) problem 

N 

min L 
() k=l 

[ 
Y1 (k) - (1 (z( k)) 12 , 

y£(k) - f£ (i(k)) 

(3) 

where 11.11 denotes the Euclidean norm, and the sequence {i( k )}f=l is an 
estimated output sequence of the linear part, computed using estimates 
of the quadruple (A, B, C, D) determined in Step 1. Since the parameters 
appearing in a row of the vector in the square brackets in (3) do not 
appear in any other row, the above NLS problem can be split into £ 
separate NLS problems, one for each output of the system. Actually, 
the Jacobian J of the problem (3) is a block diagonal matrix, 

[

h 

J= 0 

o 

o 

II o 
where Js are full matrices of equal size, which can be computed analy
tically, if the basis functions were chosen (for instance, <j;(.) = tanh(·)). 

This step is referred to as the (nonlinear) initialization step. 

Step 3: Estimating all parameters 

The estimated system matrices from Step 1 and the estimated pa
rameters in the vector 0 from Step 2 are used as initial estimates to 
compute the parameters in a fully parameterized Wiener system with a 
fixed order of the state vector. To reduce the number of parameters for 
the linear part, the so-called output normal form parameterization [8], 
is used; that is, the pair (A, C) is transformed to satisfy 

(4) 

where In E IRnxn denotes the identity matrix of order n. The con
dition (4) requires that the system matrix A be asymptotically stable. 
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Defining 

(5) 

where, for k = 1,2, ... , n, 

Tk = [Ik-l Uk 1 E IR(n+1') x (nH) , 

In-k 

rk = )1- tk, 

then the pair (A, C) satisfies the condition (4). Each unitary matrix 
Tk is completely defined by a matrix Uk which is parameterized by the 
entries of the vector Sk E IR1'. Hence, the total number of parameters 
needed for the pair (A, C) equals n£. From the formulas above, it follows 
that the parameter vectors Sk must satisfy Ilskll < 1. To avoid solving a 
constrained NLS, a bijective mapping, 

h : IR1' f-+ U1 (0) C IR1', Sk = h(Sk), U 1 (0) = {s Illsll < I}, (6) 

is used. Then, it is possible to perform the optimization with respect 
to the unconstrained vectors Sk := h-1(Sk). The mapping used in the 
codes, and its inverse, are 

(7) 

If the vectors Sk together with the entries of the matrix pair (B, D), 
stored column-wise, are stacked in the vector Bon, then the parameter 
estimation problem of a fully parameterized Wiener system can be stated 
as 

N 

min :L Ily(k) - y(k, B, Bon, x(1))112, 
e,eon,x(l) k=l 

(8) 

where y(k, B, Bon, x(l)) is the output of the Wiener model 

x(k + 1) A(Bon)x(k) + B(Bon)u(k), x(l) = x(l), 
i(k) = C(Bon)x(k) + D(Bon)u(k) , 

ys(k,B,Bon ,x(l)) = is (i(k)) , S = 1, ... ,£. 

The initial estimates used in this NLS problem are obtained by Steps 1 
and 2. The Jacobian matrix for (8) has the structure 

o Ji I o E IR1'Nx(1'((1'+2)v+l)+n(1'+m+l)Hm) , 

;1' ;J 
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where the last block column, with full submatrices, corresponds to the 
linear part. This block column is computed using a forward-difference 
approximation. The Cholesky factor R of JT J, or the R factor of a 
QR factorization of J have a similar structure. The implementation 
stores J and R in a compressed form, using only two block columns. 

The numerical optimization 

The NLS problems (3) and (8) are solved using Levenberg-Marquardt 
algorithm [6], [7], [9], which iteratively finds a local minimum of the 
nonlinear cost function. These problems have the general structure 

(9) 

where 8 is the stacked vector of unknown parameters, y is a given vector 
(e.g., vec([y(k)Jk'=l)) and y(8) is a given function. Define e(8) = y -
y(8), the residual vector, whose components are the error functions. 

Denoting 8(l) the value of the parameter vector in the l-th iteration 
of the Levenberg-Marquardt algorithm, then this algorithm computes 

8(l + 1) = 8(l) + ,6.8(l) , 

with ,6.8(l) the solution of the positive definite set of linear equations 

(10) 

The regularization coefficient f-t E (0,00), called Levenberg factor, is 
essential for the convergence of the algorithm. If f-t is too small, the 
algorithm may diverge. For big values of f-t, the convergence is very 
slow. The algorithm tries to keep f-t as small as possible. If the cost 
function decreases, the current step is accepted, and the ratio of the 
actual decrease compared to the predicted decrease is checked. Then 
f-t is decreased if the ratio was acceptable and increased otherwise. If 
the cost function increases, the step is rejected and the calculations are 
repeated with an increased f-t. The algorithm convergence close to a local 
minimizer is quadratic for analytically computed Jacobian matrices, and 
linear for numerically computed Jacobian matrices [4J. 

Two versions of the Levenberg-Marquardt algorithm have been imple
mented: a MINPACK-like implementation, and a standard implemen
tation. The first scheme uses a structure-exploiting QR decomposition 
with block-column pivoting of the' matrix J(l), while the second scheme 

uses either a Cholesky decomposition of the matrix [JT(l)J(l) + f-tI], 
built using its structure, or a CG algorithm [3J to solve (10). 
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3. Software Components 

The current version of the SLICOT Wiener system identification tool
box consists of over 30 driver and computational routines, six MATLAB 
interfaces (MEX-files), and associated M-files. Many details are given 
in [10]. 

The MEX-files correspond to the Fortran drivers and other essential 
routines, and are listed in Table 1. The M-files call the MEX-files and 
are included for user's convenience. The same interfaces could also be 
used in a Scilab environment [2]. 

Table 1. Wiener system identification: MEX-file interfaces to MATLAB/Scilab. 

MEX-file 

wident 

widentc 

Wiener 
Idsim 

onf2ss 

ss20nf 

Function 

Computes a discrete-time model of a Wiener system using a neural net
work approach and a MINPACK-like Levenberg-Marquardt algorithm. 
Computes a discrete-time model of a Wiener system using a neural net
work approach and a Levenberg-Marquardt algorithm, based on either 
a Cholesky, or a conjugate gradients algorithm for solving (10). 
Computes the output of a Wiener system. 
Computes the output response of a linear discrete-time system (much 
faster than the MATLAB function lsim). 
Transforms a linear discrete-time system given in the output normal 
form to a state-space representation. 
Transforms a state-space representation of a linear discrete-time system 
into the output normal form. 

The main MEX-files are wident and widentc, but the remammg 
MEX-files offer additional flexibility. Their calling sequences are 

[xopt(,peri,ni,rcnd)]=wident(job,u,y,nn(,s,n,x,iter,nprint, 
tol,seed,printw,ldwork»; 

[xopt(,peri,ni,rcnd)]=widentc(job,u,y,nn(,s,n,x,alg,stor, 
iter,nprint,tol,seed,printw, 
ldwork» 

where the parameters put inside the brackets are optional, and have 
default values. The parameters u and y denote the input and output 
trajectories, each row containing all input and output values, respec
tively, measured at the same time moment. The parameter job specifies 
which part of the Wiener parameterization must be initialized: the lin
ear part only (job = 1); the static nonlinearity only (job = 2); both 
linear and nonlinear parts (j 0 b = 3); nothing, x already contains an 
initial approximation for e (job = 4). The parameters nn, s, and n de
note the number of neurons, the number of block rows in the input and 
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output block-Hankel matrices processed for estimating the linear part 
(if job is 1 or 3), and the order of the linear part (or an option on how 
to compute it), respectively. The value of n should be given if job is 2 
or 4. If job =I- 3, the parameter x must contain the part of the vector 
of initial parameters specified by job. The parameters iter and tol 
are vectors with two elements, giving the maximal number of iterations 
and the tolerances for the initialization step, and the whole optimiza
tion. The parameter nprint specifies the frequency of printing the error 
norm in the iterative process. If job is 2 or 3, the parameter seed is a 
vector of length 4 containing the random number generator seed used to 
initialize the parameters of the static nonlinearity. Using seed enables 
to obtain reproducible results. The parameter printw is a switch for 
printing the warning messages. The parameter ldwork allows the user 
to specify other sizes than the default ones for working arrays. The pa
rameters alg and stor specify the algorithm for solving (10) (Cholesky 
or CG), and how the matrix JT (I) J (I) is stored for Cholesky algorithm 
(full or packed), respectively. 

The parameter xopt returns the optimized values of the parameters 
describing the Wiener system. The optional output parameters perf, 
nf, and rend contain: various performance results, e.g., the maximum 
residual error norm, the total number of iterations (and CG iterations, 
if any) performed, the final Levenberg factor; the (total) number of 
function and Jacobian evaluations; and the reciprocal condition number 
estimates (if job is 1 or 3) for estimating the linear part, respectively. 

There are four computational M-files which call some of the MEX
files. Their calling sequences are listed below: 

y 
[y(,x)] 
[sys ,xO] 
theta 

NNout(nn,l,wb,u); 
dsim(sys,u(,xO)); 
o2s(n,m,1,theta(,apply)); 
s2o(sys,xO(,apply)); 

NNout computes the output of a set of neural networks, and the re
maining M-files correspond to the last three MEX-files in Table 1. The 
argument wb contains the weights and biases of the neural network. 
The parameters xO and x are the initial state (default xO = 0) and the 
final state of the system, respectively. The parameter sys is a discrete
time ss MAT LAB system object, consisting in a state-space realization 
sys = (A, B, C, D). It may alternately be replaced by the matrix tuple. 
The parameter theta denotes the parameters of the linear part, in the 
output normal form parameterization, and apply specifies if the bijec
tive mapping (7) should be used or not (default: the mapping is not 
used). The other arguments have already been defined before. 
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4. Numerical Results 

The first example is also included in the compressed Wiener system 
identification toolbox file, WidentJnex. zip, available from the SLICOT 
ftp site ftp: Ilwgs . esat . kuleuven. ac. bel, directory 

pub/WGS/SLICOT/MatlabTools/Windows/SLToolboxesl 

This example has 3 inputs, 2 outputs, and t = 5000 input and output 
data samples. The first 1000 samples were used to estimate the Wiener 
system, but all samples serve for validating the identified system. The 
linear system order and the number of neurons in the hidden layer were 
chosen as n = 4 and nn = 12. The corresponding optimization problem 
has 1000 error functions and 128 unknown variables. The MEX-file 
wident solved the problem in less than 30 seconds on a 500 MHz PC with 
128 Mb memory, for tolerances set to 0.0001. It required 61 iterations 
for the initialization step, and 12 iterations for the whole optimization. 
The total number of function and Jacobian evaluations was 431, and 70, 
respectively. The Euclidean norm of the error was 3.5299 for the linear 
model, but 1.2914 for the Wiener model. The MEX-file widentc, option 
CG, solved this example in 324 seconds, and the error norm was 1.3066. 

Many numerical tests have been performed using the DAISY identi
fication collection (http://www.esat.kuleuven.ac . bel sistal daisy). 
The results enable to compare the implemented algorithms and their 
options. All algorithms have been initialized with the same seed for the 
random number generator. Also, the same tolerances (usually, 0.0001) 
have been used in all compared computations. The most efficient algo
rithm is problem dependent, but the MINPACK-like approach should 
be preferred from a numerical point of view. It was almost always the 
most accurate, and often the most efficient algorithm in our tests. 

Some typical results are described below. Table 2 summarizes com
parative performance results when using SLICOT MEX-files wident and 
widentc on a set of applications defined in the first three columns of the 
table. The same numbering scheme for applications as in [12] has been 
used. The estimation set consisted of the first half of each data set, 
nn was taken as 12, and the data were detrended. The original DAISY 
Application 16 has 28 outputs, but the first 7 outputs only have been 
considered, since the calculations are very time consuming. Even with 
this size reduction, the number of error functions is 4261, and the num
ber of unknown parameters is 977. 

As illustrations, the mean values of errors for linear and Wiener iden
tification (computed for a moving window of 40 samples) are plotted 
in Figure 1 and Figure 2 for Applications 13 and 16, respectively. The 
improvement when using a nonlinear model is clearly visible. 
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Table 2. Comparative results for DAISY applications using wident and widentc. 

# 

2 
5 
6 
7 
9 

10 
11 
12 
14 
15 
16 
19 
20 
21 

Problem size Execution time (sec.) Sum of squares 

t n,m,1! wident Chol. CC wident Chol. 

1247 5,3,6 479.72 1158.98 10505.32 1.50e+1 8.3ge+0 
2001 6,2,1 25.26 32.79 44.27 1.30e+1 1.30e+1 
867 10,3,3 360.36 40.43 108.86 5.46e+0 8.5ge+0 

4000 6,1,1 8.73 17.25 46.57 1.30e+1 1.28e+1 
7500 5,1,2 1338.92 211.58 662.45 6.95e+0 1.34e+1 
9600 9,4,4 1471.29 588.85 3606.03 6.57e+2 2.10e+3 
1000 1,1,1 4.18 0.77 0.83 8.21e-1 9.53e-1 
1000 4,1,1 4.28 0.72 0.77 1. 75e+0 1.7ge+0 
1024 6,1,1 4.89 4.23 7.30 3.47e+0 3.3ge+0 
1024 4,1,1 2.58 9.23 11.54 1.78e-1 1.71e-1 
8523 20,2,7 7956.51 3481.84 98595.72 1.55e+2 1.7ge+2 
1680 3,2,1 6.04 3.63 6.76 3.87e+0 3.82e+0 
801 7,1,1 4.89 36.20 86.67 2.06e+1 1.04e+2 

99999 2,0,1 25.43 18.29 14.28 75532.0 75533.0 

Mean value of errors for linear and Wiener identification 
0.45 

- Linear identification error 

0.4 - . - Wiener identification error 

0.35 

Samples 

CC 

8.42e+0 
1.31e+1 
8.81e+0 
1.28e+1 
1.30e+1 
1.91e+3 
9.53e-1 
1.7ge+0 
3.38e+0 
1.71e-1 
1.55e+2 
3.82e+0 
6.20e+1 
75533.0 

Figure 1. The mean values of errors for linear and Wiener identification, Applica-
tion 13; all data samples used for estimation. 

Finally, Table 3 summarizes comparative performance results when 
using SLICOT MEX-files wident and widentc for Application 16 for 
the first 7 outputs only. The numbers appearing in parantheses are the 
performance results corresponding to the initialization step. 

5. Summary 

Algorithmic, implementation and numerical details concerning nonlin
ear, multivariable Wiener systems identification have been investigated. 
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Mean value of errors for linear and Wiener identification 

16 

14 

12 

10 

8 

00 1000 2000 3000 4000 5000 6000 7000 8000 9000 
Samples 

Figure 2. The mean values of errors for linear and Wiener identification, Applica
tion 16 (the first 7 outputs only); the first half of the data set used for estimation. 

Table 3. Comparative results for Application 16 using wident and widentc. 

Performance parameter wident widentc, Cholesky widentc, CC 

Execution time (sec.) 7956.51 3481.84 98595.72 
Sum of squares 154.7 179.34 155.33 
Number of iterations 31 (157) 19 (178) 64 (214) 
Number of CG iterations o (0) o (0) 96206 (19769) 
Total number of 

function evaluations 6658 4392 14155 
Total number of 

Jacobian evaluations 184 197 278 
Euclidean norm of the 

error for a Wiener model 225.08 249.03 225.7 

A systematic three-step procedure for solving this problem has been 
used. Either a conjugate gradients algorithm or a direct, Cholesky-based 
algorithm is used for solving the linear systems of equations appearing 
in the computational process. Alternately, a MINPACK-like, specialized 
LAPACK-based Levenberg-Marquardt algorithm can be used, which 
proved to be very accurate and fast. The techniques are implemented in 
the new nonlinear system identification toolbox for the SLICOT Library. 
This toolbox includes interfaces (MEX-files and M-files) to the MATLAB 

and Scilab environments, which improve the user-friendliness of the col
lection. The results obtained show that the algorithms included in the 
toolbox are operational, and very fast. 
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