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Abstract This paper is concerned with the numerical solution of multiobjective 
control problems associated with linear (resp., nonlinear) partial diffe
rential equations. More precisely, for such problems, we look for Nash 
equilibria, which are solutions to noncooperative games. First, we study 
the continuous case. Then, to compute the solution of the problem, 
we combine finite-difference methods for the time discretization, finite
element methods for the space discretization, and conjugate gradient 
algorithms (resp., a suitable algorithm) for the iterative solution of the 
discrete control problems. Finally, we apply the above methodology to 
the solution of several tests problems. 

Keywords: Partial differential equations, Heat equation, Burgers equation, opti
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1. Introduction 

In this paper we present some methods for the numerical computa
tion of the solutions of some multiobjective control problems associated 
with partial differential equations. The details about the results and 
algorithms showed here can be seen in [8], [9J. 

In a classical single-objective control problem for a system modelled 
by a Differential Equation, there is an output control v, acting on the 
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equation and trying to achieve a pre-determined goal, usually consisting 
of minimizing a functional J ( .). 

In a multiobjective control problem there are more than one goal and, 
possibly, more than one control acting on the equation. Now, in contrast 
with the single-objective case, there are several strategies in order to 
choose the controls, depending of the character of the problem. These 
strategies can be cooperative (when the controls cooperate between them 
in order to achieve the goals), non-cooperative, hierarchical, etc .. 

Nash equilibria define a noncooperative multiple objective optimization 
strategy first proposed by Nash [6J. Since it originated in game theory 
and economics, the notion of player is often used. For an optimization 
problem with G objectives (or functionals Ji to minimize), a Nash stra
tegy consists in having G players (or controls Vi), each optimizing his 
own criterion. However, each player has to optimize his criterion given 
that all the other criteria are fixed by the rest of the players. When no 
player can further improve his criterion, it means that the system has 
reached a Nash Equilibrium state. 

Of course there are other strategies for multi objective optimization, 
such as the Pareto (cooperative) strategy [7J and the Stackelberg (hie
rarchical) strategy [10], etc .. 

Some previous works about these strategies for the control of partial 
differential equations are the following: In the articles by Lions [3J-[4J the 
author gives some results about the Pareto and Stackelberg strategies, 
respectively. In the article by Dlaz and Lions [2J, the authors prove an 
approximate controllability result for a system following a Stackelberg
Nash strategy. In the article by Bristeau et al. [lJ, the authors compare 
Pareto and Nash strategies by using genetic algorithms to compute nu
merically the solutions corresponding to these strategies. 

2. Formulation of the problems 

2.1. A linear case 

Let us consider T > ° and n c lRd , d = 1 or 2. We define Q 
n x (0, T) and = an x (0, T). We define the control spaces UI = L2( WI x 
(O,T)) and U2 = L2(W2 x (O,T)), where WI,W2 en and WI nW2 = 0. 
Finally, we consider the functionals hand h given by 

(1) 
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for every (VI,V2) E UI x U2, where Wdi,WTi en (i = 1,2) and function 
Y is defined as the solution of 

{ 
8y 
8t - /).y = j + VIXWI + V2XW2 

y(x,O) = yo(x) 
y=g 

in Q, 

in n, 
on 

(2) 

with j, g, Yo, Yd,i and YT,i being smooth enough functions, (Yi > 0, 
ki,li 2': 0 and ki + li > 0 (i = 1,2). 

Remark 2.1 The following is also valid for more than two controls (and 
functionals), for more general linear operators, for different type of con
trols such as, for instance, boundary or initial controls and for different 
type of functionals. 

Now, for every W2 E U2 we consider the optimal control problem 
(CPl(W2)): Find UI(W2) E UI, such that 

JI(UI(W2),W2):::; JI(VI,W2), VVI E Uli 

similarly for every WI E UI we consider the optimal control problem 
(CP2(wd): Find U2(WI) E U2, such that 

h(WI, U2(WI)) :::; h(WI, V2), VV2 E U2. 

The (unique) solution UI(W2) (respectively U2(WI)) of (CPI(W2)) (re
spectively (CP2(WI))) is characterized by = 0 (respec-

tively U2(WI)) = 0). 
A Nash equilibrium is a pair (UI,U2) E UI x U2 such that UI = UI(U2) 
and U2 = U2(UI), i.e. (UI' U2) is a solution of the coupled system: 

{ 
(UI' U2) = 0 

8fz 
8V2 (UI' U2) = O. 

(3) 

We show that system (3) has a unique solution. Furthermore, we give 
a numerical method for the solution of this problem and present the 
results obtained with this method on some examples. 

Remark 2.2 A special case is when WTlnWT2 =1= 0 and/or WdInWd2 =1= 0. 
This case is a competition-wise problem, with each control (or player) 
trying to reach (possibly) different goals over a common domain. In some 
sense this is the case where the behavior of the solution Y associated to 
the equilibrium (UI' U2) is most difficult to forecast. 
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It is obvious that the mapping 

(4) 

is an affine mapping of V := UI X U2 . Therefore, there exist a linear 
continuous mapping A E £(V, V) and a vector b E V such that 

( OJI oh ) 
OVI (VI,V2), OV2 (VI,V2) = A(VI,V2) - b. 

Let us identify mapping A: For every (VI, V2) E V, the linear part of the 
affine mapping in relation (4) is defined by 

where Pi, i = 1,2, is the solution of 

in Q, 
in S1, 
on 

and Y is the solution of (2) with f == 0, Yo == 0 and 9 == o. 

Proposition 2.1 Mapping A is linear, continuous, symmetric and 
strongly positive. 

Let us identify b: The constant part of the affine mapping (4) is the 
function b E V defined by b = (PIXw p P2XW2)' where Pi, i = 1,2, is the 
solution of 

{ 
- _ tlPi = ki(Y - Yd,i)XWdi in Q, 
Pi(X, T) = li(Y(T) - YT,i)xWTi in S1, 
Pi = 0 

and Y is the solution of (2) with VI = 0 and V2 = O. 
Now, if we define a(·,·) : V X V 1R by 

a(v,w) = (A(v),w)v V v,w E V, 

and L : V 1R by 

L(v) = (b,v)v, V V E V, 



Numerical methods for Nash equilibria .. 337 

Proposition 2.1 proves that mapping a(-, .) is bilinear continuous, sym
metric and V-elliptic; mapping L is (obviously) linear and continuous. 
Thus, system (3) has a unique solution, which can be computed by the 
following conjugate gradient algorihtm: 

Step 1. (u?, ug) is given in V. 

Step 2.a. yO is the solution of (2) with VI = u? and V2 = ug. 

{
UP? A 0 ( 0 ) . -7it - LJ.Pi = ki Y - Yi,d XWdi 

Step 2.h. For z = 1,2, O( T) - l.(( O(T) _ . ) p, x, -, Y Y"T XWTi 

p? = ° 
Step 2.c. (g?, gg) = (al u? + p? XWl , a2ug + phW2) E V. 

in Q, 
in n, 
on L:. 

For k :2: 0, assuming that are known, we 
compute and (if necessary) as 
follows: 

Step 4.a. 'f/ is the solution of (2) with f == 0, yo == 0, 9 == 0, VI = wr 
and V2 = 

{ 
A-k k-k . -7it - LJ.Pi = iY XWdi 

Step 4.h. For z = 1,2, -k( T) -l.-k(T) Pi x, - ,Y XWTi 

p7 = ° 

II 
Step 7. "'/k = II (gt, 

Step 8. = 

Step 9. Do k = k + 1, and go to Step 4.a. 

2.2. A nonlinear case 

in Q, 

in n, 
on L:. 

We shall consider the Burgers equation with pointwise controls. All 
the results to follow are also valid for more than two control points but 
for simplicity we shall consider the case of only two control points al 

and a2. Let Q = (0,1) x (0, T). The state equation is 



338 ANALYSIS AND OPTIMIZATION OF DIFFERENTIAL SYSTEMS 

{ 
Yt - VYxx + YYx = f + vI8(x - aI) + v28(x - a2) 
YX(O, t) = 0, y(l, t) = ° 
Y(O) = Yo 

in Q, 
in (0, T), 
in (0,1). 

(5) 

Let us consider Wdi, WTi C (0,1) (i = 1,2) and the target functions 
Ydi E L2(Wd X (O,T)) and YTi E L2(WT) (i = 1,2). We take as the control 
space UI = U2 = U = L2(0, T). 

The goal of each control Vi (i = 1,2) is to drive the solution Y close 
to Ydi in Wdi X (0, T) and y(T) close to YTi in WTi at a minimal cost for 
the control Vi. To do this, we define again two cost functions Ji ( VI, V2) 
as in (1). 

For every WI E UI and W2 E U2 we consider the optimal control 
problems (CPI(W2)) and (CP2(WI)) as before. A Nash equilibrium is a 
pair (UI,U2) E UI x U2 such that UI = UI(U2) and U2 = U2(UI). 

The algorithm we propose is the following: 

Step 1. ug) is given in Ul x U2. 
Step 2. We get ui as the solution of (CPl(ug)). 
Step 3. We get as the solution of (CP2(Um. 

Then, for k ;::: 1, assuming that E Ul X U2 is known, we compute 
as follows: 

Step 4. If = then = 

else get as the solution of 
Step 5. If = then = 

else get as the solution of (CP2 (un). 
Step 6. = and = then take (Ul,U2) = 

else do k = k + 1 and go to Step 4. 

Most of the descent methods for the numerical solution of (CPi(uj)) 
will require the solution of the corresponding gradient, which we can be 
easily determined by a suitable adjoint system as in the previous linear 
case. 

The following Remark is valid for both linear and nonlinear cases. 

Remark 2.3 If Yd,I = Yd,2 = Yd, YT,1 = YT,2 = YT, (Xl = (X2 = (X, 

kl = k2 = k and h = l2 = l, then the Nash Equilibria problem (3) is 
equivalent to the classical control problem (CP): Find (UI' U2) E UI XU2, 
such that 

where 
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3. Time discretizations 

For simplicity, we consider from now on the special competition-wise 
control problem (see Remark 2.2) given by the case where kl = k2 = k, 
h = 12 = I, Wdl = Wd2 = Wd and WTI = WT2 = WT· 

3.1. Linear case 

We point out that, for the special case specified above, the mapping 
.A. defined in Section 2.1 is .A. ( VI, V2) = (CYI VI + PXWll CY2V2 + PXW2)' with 
P = PI = P2 (since PI and P2 are solution of the same equation). Further, 
the functions and defined in the Step 4. b of the Conjugate Gradient 
algorithm are solution of the same equation and therefore = = pk. 

We consider the time discretization step 6.t, defined by 6.t = T / N, 
where N is a positive integer. Then, if we denote n6.t by tn, we have 
0< t l < t2 < ... < tN = T. For simplicity, we assume that j, g, Yd,1 and 
Yd,2 are continuous functions, at least with respect to the time variable 
(if not we can always use continuous approximations of these functions). 
Now, we approximate Ui by = (L2(Wi))N, i = 1,2. Then, for 
every W2 E U ,t we approximate problem (CPI(W2)) by the following 
minimization problem (CPI(W2))b.t: Find uft(W2) E uft , such that 

Jft(uft(W2) , W2) Jft(VI, W2), '\IvI E uft , 

with 

N 

L J /yn - Yd,1(tn )/2dx + J /yN - YT,I/2dx, 
n=1 Wd WT 

where {yn is defined by the solution of the following semi-discrete 
parabolic problem: 

and for n = 1, ... , N, 

in n, 
in an. 

(6) 

(7) 

Similarly, for every WI E uft , we approximate problem (CP2(WI)) by 
a minimization problem (CP2(wi))b.t. Now, it can be proved that 

(8) 
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for i = 1,2, where pf'+1 = l(yN(Vl,V2) - YT,i)XWT' and for n = N, ... , 1, 

{ pi _ !::::.pi = k(yn(Vl' V2) - Yd,i(tn))XWd in n, 
pi = ° on an. 

3.2. Nonlinear case 

We approximate U by Uf>.t = JRN and problem (CPl(W2)) by the 
following finite-dimensional minimization problem (CPl(W2))f>.t: Find 
uf"t(W2) = {ul}n=I ... N E Uf>.t, such that 

Jft(uf"\ W2) ::; Jft(Vl, W2), \:j VI = {vf}n=I ... N E Uf>.t, 

N N 
f>.t !::::.t"" n 2 k!::::.t"" n 2 

J 1 (VI, V2) = 0:12 L.."lvll + -2- L.." II Y - Yd,l(n!::::.t) 11£2(wdl) 
n=1 n=1 

+ ((1- 0) II yN- 1 - YT,1 IIh(wTl) +0 II yN - YT,1 Ili2 (wTl)) , 

where 0 E (0, IJ and {yn};{=1 is defined from the solution of the following 
second order accurate time discretization scheme of (5): 

a:: (0) = 0, yl(I) = 0, 

and for n::::: 2, 

in (0,1), 

3yn 2yn- 1 + lyn-2 a2 a 
"2 -"2 n + (2 n-l n-2) (2 n-l n-2) - V-V Y - Y - Y - Y 

!::::.t ax2 ax 
2 

= jn + L - am) in (0,1), 
m=1 

ayn 
ax (0) = 0, yn(I) = 0. 

Similarly, we approximate (CP 2 (WI)) by (CP 2 (WI) )f>.t . Again, the 
corresponding gradients can be computed by suitable adjoint systems. 

4. Numerical experiments 

In order to carry out numerical experiments we fully discretize the 
problems by adding a Finite Element Method to the time discretizations. 
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4.1. Linear case 

We consider n = (0,1) x (0,1), WI = (0,0.25) x (0,0.25), W2 = 
(0.75,1) x (0,0.25), WT = nand Wd = (0.25,0.75) x (0.25,0.75) (see 
Figure 1). The space discretization step h is defined by h = 1/ (I - 1), 
where I is a positive integer. Then, for every i, j E {I, ... I}, we take the 
triangulation 7h with vertex Xi,j = ((i -l)h, (j - l)h) and the triangles 
as in the typical case showed in Figure 2. 

wd 

wI w2 

Figure 1. Control and observ-
ability domains of the problem. 

Figure 2. Typical finite element 
triangulation of D. 

For the data of the problem we take f == 1, Yo == 0 and 9 = O. In the 
conjugate gradient algorithm we take the initial guess ug) = (0,0) 
and the stopping criterion E: = 

We consider the Stabilization Type Test Problem k = 1, 1 = 0 with 
finite horizon time T = 1.5, b.t = 1.5/45 and h = 1/36. In order to see 
how the non-controlled solution behaves, we have visualized in Figure 3 
the computed solution of the non-controlled equation at time t = 1.5. 

We consider the case of Different Goals: Yd,! = 1, Yd,2 = -1. In 
Figure 4 we have visualized the graph of the computed solution of the 
controlled equation with CYI = CY2 = 10-6 . 

In Figures 5-6 we have visualized the graph of " y(t) -1 1112(wd) and 

II y(t) - (-1) Ilh(wd) for different cases. In Table 1 we give some further 
results about our solution. 

Remark 4.1 We point out (see Figures 5-6 and Table 1) that, when 
the goals are different, the controlled solution can be worse, with respect 
to both goals, than the uncontrolled solution. 
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Solution at time t=1.5 

X2 o 0 

Figure 3. Noncontrolled solu-
tion at time t=1.5. 

0.7 
, 

0.6·: 

1'51, 

;;=-0.4 

0.2 

, , , 

Solution at time t:1.5 

0.5 
0.5 

X2 o 0 

Figure 4. Computed solution of 
the controlled equation with 0:1 = 
0:2 = 10-6 at time t = 1.5. 

0.9 

0.8 + + 

i" I 

0.7 fI' 

'+ ' 
0.6 i 

, 
0.5 : 

04 

, , 

0.1 + + 0.3 __ 
+ + + + ++++++++ ++ + + + + +++++ + + + ++ ++ + + + ++ + ++ +++ + 

Figure 5. II y(t) - 1 lIi2(wdl' Y is 
the computed solution for the follow
ing cases: uncontrolled equation (-), 
0:1 = 0:2 = 10-4 (00),0:1 = 0:2 = 10-6 

(- -), 0:1 = 10-8 and 0:2 = 10-2 (++). 

4.2. Nonlinear case 

Figure 6. II y(t) + 1 Ili2(wdl' Y is 
the computed solution for the follow
ing cases: uncontrolled equation (-), 
0:1 = 0:2 = 10-4 (00),0:1 = 0:2 = 10-6 

(- -), 0:1 = 10-8 and 0:2 = 10-2 (++). 

We consider T = 1, al = 1/5, a2 = 3/5, 1= 128, N = 256, v = 10-2 , 

f(x, t) = { - x) 
if (x, t) E (0,1/2) X (0, T), 
if (x, t) E [1/2,1) X (0, T), 

Yo == ° and e = 3/2. On each minimization problem of the algorithm, 
we get the sequence uk (k = 1,2,· .. ) by using a quasi-Newton algorithm 
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Table 1. Computational results for Yd,l = 1, Yd,2 = -1. 

No C¥l = 10-4 C¥l = C¥l = 10 
control C¥2 = 10-4 C¥2 = 10-2 C¥2 = lO-

II y(t) - 1 x(D,1.5)) 0.330592 0.343811 0.0763473 1.07423 

II y(t) + 1 x(D 1.5)) 0.422275 0.420292 1.20273 1.09692 

ala BFGS (see [5]). We stop iterating after step k if either 

II (uk) 1100:::; 10-5 , or 

Jb..t(uk- 1) _ Jb..t(uk) 
h h < 2.10-9 

max{IJtt(uk- 1) I, IJtt(uk)l, I} - . 

We consider the Controllability Type Test Problem C¥l = C¥2 = 1, k = 0, 
l = 8. For the case YT1(X) = x3), YT2(X) = 1- x3, Figure 7 shows 
the uncontrolled state solution y(T) ( ... ), the target functions YTI (- - -), 
YT2 (- . -), and the controlled state solution y(T) (-), when controlling 
with a Nash strategy. Figure 8 shows the computed controls. In Table 
2 we give some further information about several tests. 

....... 
", ", ,.: ................................ . 

0.8 

0.6 

0.4 

0.2 

x 

Figure 7. The target functions YTI 

(- -), YT2 (-. - ), the uncontrolled 
( .. ) and controlled (-) states, for the 
Nash strategy, at time T. 
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Table 2. Computational results for the Nash strategy. NQNM= Number of times 
the Quasi-Newton Method has been used for each functional. NPES= Number of 
parabolic equations solved for each functional. Test 1: YT1 (x) = YT2 (x) = 1 - x 3. 
Test 2: YTl(x) = - x 3) and YT2(X) = 1 - x 3. Test 3: YTl(x) = 1 - x 3 and 
YT2(X) = x 6). Test 4: YTl(x) = - x 6) and YT2(X) = 1 - x 3 . 

Test 1 Test 2 Test 3 Test4 

NQNM J1 / J2 19 / 18 5 / 4 6 / 6 55 / 55 
NPES J1 / h 286 / 232 188 / 54 78 / 76 1576 / 700 

II y(O;T) - YTl " 0.2522 1.3308 0.2522 0.1001 
JLYTriL 

llYlu;Tl-YT111 0.0241 0.4921 0.2288 0.1702 
II YT1 II 

" T) - YT2 " 0.2522 0.2522 0.1001 0.2522 
II YT2 II 

"y(u;T) - YT2 " 0.0241 0.4110 0.1445 0.2395 II YT2 II 
II U1 II 0.0540 0.3371 0.1334 1.1486 
II U2 II 0.0944 0.0850 0.0849 0.9983 
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