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Abstract A class of continuous-discrete time-variable linear control systems is 
considered, whose state space representation is a system of differential 
equations with respect to one variable and of difference equations with 
respect to the second one. The fundamental concepts of reachability 
and observability are analysed in this framework. In the case of time
invariant systems the structure of the transfer matrix is obtained and 
some properties of minimal realizations are emphasized. The connection 
between reach ability, observability and minimality is established. An 
algorithm is proposed which provides a minimal realization for multi
input-multi-output systems. This method generalizes to 2D systems the 
celebrated Ho-Kalman algorithm. 
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1. Introduction 

Last years proved an increasing interest in the study of multivariable 
systems, determined by their wide range of applications in domains like 
image processing, geophysics and seismology, computer tomography etc. 

One of the most important problems in this approach is that of the 
minimal state-space realization of nD transfer matrices. As it was em
phasized in B. De Schutter's overview [1], the notion of minimality plays 
a powerful role in the analysis and design of nD digital signal processing. 
It has been proved that minimal state space realizations are possible only 
in special cases of rational 2D transfer functions with separable denomi
nator, separable numerator, for the all-pole and all-zero systems or for 
the continued fraction expansions (see [2], [3] and [4]). The disadvantage 
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of the existing algorithms is their restriction to single-input-single-output 
(SISO) systems. 

In this paper an algorithm is proposed which determines a minimal 
realization for separable 2D multi-input-multi-output (MIMO) systems. 
This method generalizes to 2D systems the celebrated Ho-Kalman algo
rithm (see [5]) which gave rise to many interesting developments (see [1] 
and [6]). A similar procedure was proposed in [7] in Kalman's module 
theoretic approach. 

The basic concepts of controllability and observability are discussed 
in the general case of time-variable systems and suitable Gramians and 
matrices are defined. The connection between the controllability matrix, 
the observability matrix and the Hankel matrix of a 2D time-invariant 
system is emphasized and it is used to prove the minimality of the pro
vided realization. 

The above topics are related to a class of continuous-discrete linear 
control systems whose state space representation is a system of differen
tial equations with respect to one variable and of difference equations 
with respect to the second one. This class corresponds to Attasi's two di
mensional discrete-time linear systems (see [8]), and in the time-invariant 
case was studied in [9]. Similar hybrid systems (but of Roesser [10] and 
Fornasini-Marchesini [11] type) were studied in a series of papers due to 
Kaczorek (see [12], [13] and [14]). The study of 2D continuous-discrete 
systems is motivated by their applications in various domains like dis
crete linear repetitive processes (or multipass processes), in iterative 
learning control or in the study of linear systems with delays (see [15], 
[16] and [17]). 

The proposed algorithm can also be used for MIMO separable 2D 
discrete-time linear systems or for MIMO 2D systems described by a 
class of hyperbolic partial differential equations. 

2. Two-Dimensional Continuous-Discrete Linear 
Systems 

The linear spaces X =Rn, U =Rm and Y =RP are called respectively 
the state, input and output spaces and T=R x Z is the time set. 

Definition 2.1. A two-dimensional continuous-discrete linear system 
(2Dcd) is a quintuplet L: = (A1(t, k), A2(t, k), B(t, k), C(t, k), D(t, k)) E 
Rnxnx Rnxnx Rnxmx RPxnx RPxm with A1(t, k)A2(t, k)=A2(t, k)Al(t, k) 
V(t, k) E T, where all matrices are continuous with respect to t E R for 
any k E Z; the state space representation of L: is given by the state and 
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output equations 

x(t, k + 1) = AI(t, k + l)x(t, k + 1) + A2(t, k)x(t, k)
-AI(t, k)A2(t, k)x(t, k) + B(t, k)u(t, k) 

y(t, k) = C(t, k)x(t, k) + D(t, k)u(t, k) 
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(2.1) 

(2.2) 

where x(t, k) = (t, k). The number n is called the dimension of the 
system L: and it is denoted by dimL:. 

All the following results remain valid in the more general context 
of matrices over spaces of functions of bounded variation or regulated 
functions with respect to t, in which case the Perron-Stieltjes integral is 
used (see [18], [19] and [20]). 

The (continuous) fundamental matrix of Al (t, k) with respect to tER 
is denoted by <P(t, to; k) for any fixed kEZ; therefore <P(t, to; k) is the 
unique matrix solution of the system Y(t, k)=AI (t, k)Y(t, k), Y(to, k)=I. 
If Al is a constant matrix, then <P(t,to;k) = eA1 (t-to). 

The discrete fundamental matrix F(t; k, ko) of the matrix A2(t, k) is 
defined for any fixed t E R by 

F(t. k ko) = { A2(t, k - I)A2(t, k - 2) ... A2(t, ko) for k> ko 
, , In for k = ko. 

F(t; k, ko) is the unique matrix solution of the system of difference 
equations Y(t, k + 1) = A2(t, k)Y(t, k), Y(t, ko) = I. If A2 is a constant 
matrix, then F(t; k, ko) = 

Since AI(t, k) and A2(t, k) are commutative matrices for any (t, k)ET, 
it results by Peano-Baker formula for <P and by the definition of F that 
<P(t, to; k) and F(s; l, lo) are commutative matrices for any t, to, s E R 
and k, l, lo E Z. 

Definition 2.2. A vector Xo E X is said to be the initial state of L: at 
the moment (to, ko) E T if for any (t, k) E T with (t, k) 2: (to, ko) the 
following conditions hold: 

x(t, ko) = <P(t, to; ko)xo x(to, k) = F(to; k, ko)xo (2.3). 

For some (to, ko), (t, k) E T with (to, ko) < (t, k) we denote by I the 
set I = [to, t] x [ko, k] , I c T. An input function or a control is a function 
u : I --+ U such that u(·, k) is continuous for any k E Z. 

In [21] it was proved that the state of L: at the moment (t, k) E T 
determined by the initial state Xo and by the input function u is given 
by 

x(t, k) = <P(t"to; k)F(to; k, ko)xo+ 
t k-I 

+ 1 L <P(t, s; k)F(s; k, l + I)B(s, l)u(s, l)ds. 
to l=ko 

(2.4) 
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By replacing the state x(t, k) given by (2.4) into the output equation 
(2.2) we obtain the input-output map of the system 1:: 

y(t, k) = C(t, k)ip(t, to; k)F(to; k, ko)xo+ 
t k- l 

+1. 'LC(t, k)ip(t, s; k)F(s; k, l+l)B(s, l)u(s, l)ds+D(t, k)u(t, k). 
tOI=ko 

(2.5) 

Definition 2.3. A triplet (t, k, x) E R x Z x X is said to be a phase of 
1: if x is the state of 1: at the moment (t, k) (i.e. if x = x(t, k), where 
x(t, k) is given by (2.4)). 

By (s, l) < (t, k) we mean s :::; t, l :::; k and (s, l) =1= (t, k). 

Definition 2.4. A phase (t, k, x) of 1: is said to be reachable if there 
exist (to, ko) E T, (to, ko) < (t, k) and a control u(·,·) which transfers 
the phase (to,ko, 0) to (t,k,x). 

A phase (t, k, x) is said to be controllable if there exist (tl' kl ) E T, 
(tl' kl ) > (t, k) and a control u(·,·) which transfers the phase to (t, k, x) 
to (tl' kl' 0). 

If for some fixed (to, ko) E T, (tb kl ) E T, (to, ko) < (tl' kl ), every 
phase (tl' kl' x) ((to, ko, x)) is reachable (controllable) during the period 
[to, hl x [ko, kll c R x Z, the system 1: is said to be completely reachable 
(completely controllable) on [to, tIl x [ko, kll. 

The symmetrical non-negative definite n x n matrix 

t; ko, k) = (2.6) 

t k-l 1. 'L ip(t, s; k)F(s; k, l + l)B(s, l)B(s, l)T F(s; k, l + l)T ip(t, s; k)T ds 
to l=ko 

is called the reachability Gramian of 1:. 
In [211 it was proved: 

Proposition 2.5. The set of all states which are reachable on I is the 
linear space t; ko, k). 

Then we get 

Theorem 2.6. 1: is completely reachable on I if and only if 

t; ko, k) = n. 

Proof By Proposition 2.5, 1: is completely reachable on I iff 
= R n , condition equivalent to (2.7). 

(2.7) 
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Definition 2.7. A phase (to, ko, x) is said to be unobservable (unob
servable on I) if for any control u : I -+ R m it provides the same output 
y(s, l) for (s, l) 2: (t, k) (for (s, l) E 1) as the phase (to, ko, 0). 

The system L; is said to be completely observable (completely obser
vable on I) if there is no unobservable (unobservable on 1) state xi- o. 

In order to check whether a system L; is completely observable we 
introduce the 2D observability Gramian ofL; denoted by to; k, ko): 

to; k, ko) = 
t k 

= 1 L F(to; l, kofg>(s, to; l)TC(s, lfC(s, l)g>(s, to; l)F(to; l, ko)ds. 
to l=ko 

The following results are proved in [22J: 

Proposition 2.8. The set of states which are unobservable on I is the 
subspace KerOdt, to; k, ko) . 

Theorem 2.9. The system L; = (A I(t,k),A2(t,k),B(t,k),C(t,k), 
D( t, k)) is completely observable on I if and only if 

to; k, ko) = n. 

3. Time-Invariant 2Dcd Systems 

(2.8) 

The system L; = (AI, A 2, B, C, D) is said to be time invariant if 
AI, A 2, B, C and D are constant matrices. In this case the state for
mula (2.4) and the output formula (2.5) become 

t k-l 

x(t, k) = eA1 (t-to) + 1 L eA1 (t-s) Bu(s, l)ds (3.1) 
to l=ko 

t k - l 
y(t, r LCeA1 (t-s) Bu(s, l)ds+Du(t, k). (3.2) 

Jo 1=0 

Since L; is time-invariant, we can consider the initial moment 
(to, ko) = (0,0) and the time set T = R+ X Z+. 

We associate to L; the controllability matrix 

= [B AlB ... B A2B AIA2B ... A2B ... 
B B .,. BJ. 

From Theorem 2.6 we get (see [21]) 

Theorem 3.1. L; is completely reachable if and only if 

= n. 

(3.3) 

(3.4) 
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Theorem 3.2. The set of all reachable states of is the smallest sub
space of X which is (AI, A 2)-invariant and contains the columns of B. 

The matrix 

OI;=[eT AreT ... (Ann-leT AIcT ArAIeT ... (Ann-IAIcT ... 

(ADn-ICT Af(ADn-IeT ... (Ann-I(ADn-ICTf (3.5). 

is called the observability matrix of the system 
In [22J it was proved: 

Theorem 3.3. The system = (AI, A2, B, e, D) is completely obser
vable if and only if 

rankOI; = n. (3.6) 

The following statement results from Theorems 3.1 and 3.3 by noticing 
that the 2D observability matrix OI; ofthe system = (AI, A 2, B, C, D) 
coincides with the 2D controllability matrix CI;* of the system 

= (Af, AI, CT, B T , D T ). We say that the system is the dual 

Theorem 3.4. The system is completely observable if and only if its 
dual is completely reachable. 

By duality we obtain (see [22]): 

Theorem 3.5. The set Xuo of all unobservable states is the greatest 
subspace of X which is (AI, A2)-invariant and is contained in Ker C. 

4. Transfer Matrix of 2Dcd Systems 

Let us consider the time-invariant 2Dcd system = (AI, A2, B, C, D). 
The initial conditions (2.3) become (with Xo = x(O, 0)) 

x(t, 0) = eAltxo, Vt E R+; x(O, k) = Vk E Z+, (4.1) 

hence 
x(t, 0) = AIX(t, 0); x(O, k + 1) = A 2x(0, k). (4.2) 

We denote by x(s, k) the Laplace Transform of the function x(t, k) 
for k E Z+ and by X(s,z) the z-Transform of x(s,k) for sEC. The 
Differentiation-of-the-original Theorem for the Laplace Transformation 
and Second-delay Theorem for z-Transformation give 

sx(s, O) - x(O, 0) = AIX(S, 0); zX(O,z) - zx(O, 0) = A 2X(0, z). (4.3) 

By applying the Laplace Transformation to (2.1) we get sx(t, k+ 1)
x(O, k+1) = AIX(S, k+1)+A2(sx(s, k)-x(O, k))-AIA2X(S, k)+Bu(s, k), 
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equation in which we can reduce x(O, k+ 1) by (4.2). Then we take the z
Transform of the reduced equation and we obtain z(sX(s, z) - sx(s, 0) = 
AIZ(X(S, z) -x(s, 0)) +A2SX(S, z) - AIA2X(S, z) +BU(s, z) which gives 
by (4.3) (zs1 - Al - A2 + A IA 2)X(s,z) = BU(s,z) + zXo· 

For sEC \ O"(AI), z E C \ 0"(A2) we have 

X(s, z)=(s1 -AI)-I(z1 -A2)-1 BU(s, z)+(s1 -AI)-l (z1 -A2)-1 zXo.( 4.4) 

Both Laplace and z Transforms applied to (2.2) give Y(s, z)=CX(s, z)+ 
DU(s, z) and by replacing X(s, z) (4.4) we obtain the input-output map 
of in the frequency domain 

Y(s, z) = (4.5) 

[C(s1 - AI)-I(z1 - A 2)-1 B + D]U(s, z) + C(s1 - AI)-I(z1 - A2)-lzxO. 

Definition 4.1. The matrix 

z) = C(s1 - AI)-I(z1 - A 2)-1 B + D (4.6) 

is called the transfer matrix of L:. 

Obviously, z) is a p x m rational proper (in both variables s 
and z) matrix with separable denominator, since it has the form 

Tds, z) = det(s1 _ A I )1det (S1 _ A 2) C(s1 - AI)*(z1 - A2)* B + D. 

With Xo = 0 in (4.5) we get 

Proposition 4.2. The null state response of the system z) in the 
frequency domain has the form Y(s, z) = Tds, z)U(s, z) where z) 
is the transfer matrix of L:. 

Let us denote by P S (m, p) the set of p x m proper matrices with sepa
rable denominator and by SPS(m,p) the set of strictly proper matrices 
in PS(m,p). 

Definition 4.3. Given T(s, z)EPS(m,p), a system L:=(AI' A 2, B, C, D) 
is said to be a realization of if T(s, z) = Tds, z), that is if 

T(s, z) = C(s1 - AI)-I(z1 - A 2)-1 B + D. (4.7) 

A realization L: of T(s, z) is minimal if dimL: :::;dimf: for any realiza
tion f: of T(s, z). 

Since by (4.7) D = lim T(s, z) = lim T(s, z), we can state the usual 
8 ....... 00 z ....... oo 

realization problem: given a strictly proper matrix T(s, z) determine the 
quadruplet L: = (AI, A 2, B, C) such that 

T(s, z) = C(s1 - AI)-I(z1 - A 2)-1 B. (4.8) 
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Now let us consider the Laurent series expansion ofT(s, Z)ESPS(p, m) 
about s = oo,z = 00 

00 00 

T(s, z) = L L Mi,jS-i-Iz-j-l. (4.9) 
i=Oj=O 

The matrices Mi,j E R,Pxm are called the Markov parameters of 
T(s, z). 

Proposition 4.4. L: = (A b A 2,B,C) is a realization ofT(s,z) if and 
only if, for any i, j EN, 

Mi,j = (4.10) 

Proof. By (4.7) we have T(s, z) = C(s1 - AI)-I(z1 - A 2)-1 B = 
00 00 00 00 

= Since 
i=O j=O i=Oj=O 

(4.9) holds and two equal Laurent series have equal corresponding coef
ficients, (4.10) is true. 

The following theorem establishes the connection between the con
cepts of reachability, observability and minimality (the proof is omitted 
because of lack of space). 

Theorem 4.5. A system L: = (AI, A 2, B, C) is a minimal realization of 
some T(s, z) E SPS(p, m) if and only if L: is completely reachable and 
completely observable. 

5. Minimal realizations 

Let us consider a matrix T(s, z) E SPS(p, m) and its Markov pa
rameters Mi,j,i,j::::: 0 given by (4.9). We associate to T(s,z) the block 
Hankel matrices 

l 
Mo,j MI,j'" Mk-l,j 1 l HZ Hk'" Hi-I] 

Hk= ,Hk,l= . (5.1) 

Mk-l,j Mk,j ... M 2k- 2,j HL-I HL ... Hkl- 2 

Proposition 5.1. For any realization L: of T(s, z) and any k,l ::::: 1, 
rankHk,l :::; dimL:. 

Proof. For some realization L: denote by Ck,l and Ok,l the matrices 
with similar structures as C'L, (3.3) and O'L, (3.5) but with kl blocks. 
Then Ok,lCk,l = Hk,l and by the second Sylvester Inequality we have for 
any k, l ::::: 1, rankHk,l :::; min(rankOk,I, rankCk,l) :::; dimL:. 
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Now let pl(S)p2(Z) be the separable least common denominator of 
entries of T(s, z), where PI (s) = sq + aisi, P2(Z) = zr + 2::;:6 (3jzj. 
Let us consider the shift operators 51 (first level), 0"1 and 0"2 (second 
level) applied to the two level block Hankel matrix Hq,r, defined by 

[
Ml,j M2,j Mq,j j 
M2,j M3,j ... Mq+l ,j 

: : : 

[ 
... 1 

O"IHq O"IHq... O"I Hq 
.. . 

- H r- l - Hr - H 2r- 2 0"1 q 0"1 q ... 0"1 q 

(5.2) 

... ;[L 1 
H· r H;+1 ... 
qq... q 

Let Jk be the companion cell associated to the polynomial Pk, k = 1,2; 
we introduce the matrices 

Fl = Ir ® J l ® Ip, F2 = h ® Iq ® Ip, 
- T - T H = Ir ® J l ® 1m, F2 = J2 ® Iq ® 1m 

(5.3) 

where ® denotes the Kronecker product. 
_ HF2 = (IrJ2) ® (JIIq) ® (IpIp) = F2Fl, Fl , F2 and similarly 
Fl, F2 are commutative matrices. 

Proposition 5.2. 

(5.4) 

Proof. Since PI (s)T(s, z) and P2(z)T(s, z) are polynomial matrices with 
respect to sand z respectively, if we replace T(s, z) by its Laurent series 
(4.9) and we equalize with zero the coefficients of the negative powers of 
sand z we get two recurrence relations: 

q-l r-l 
MZ+q,j = - 'LaiMl+i,j,Vl,j 2: 0; Mi,l+r = - 'L(3jMi,l+j,Vl,i 2: O. 

i=O j=O 

Equalities (5.4) result by a long but direct calculus, based on these 
relations. 

By induction we get 
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Corollary 5.3. 

Let us denote by the null matrix with k rows and h columns and 
by Er the k x h matrix 

[ Ik OZ-k ] if h > k 

Eh- Ik if h = k 
k-

[ ] 
if h < k. 

Algorithm 5.4. (of minimal realization) 
Stage I. ExpandT(s, z) in Laurent series (4.9) and determine the Markov 
parameters Mi,j. 
Stage II. Determine the degrees q and r of PI(S) and P2(Z) where 
PI(S)P2(Z) is the l.c.d. of elements ofT(s, z). 
Stage III. Write the two level block Hankel matrix Hq,r and the matrix 

[ ]- H ] K = a I:r where j5 = pqr and in = mqr. 

Stage IV. By applying elementary row operations on the first j5 rows 
of K and elementary column operations on the last in columns of K, 
transform K into 

- [PMFI] K= 0 [ 
1 Om-n 1 - n n 

where H = n m-n· 
0p-n 0p_n 

(5.6) 

Stage V. Calculate the minimal realization L; = (AI, A 2, B, C) by the 
formulce 

Ak = k=1,2; 

B = C = 
(5.7) 

Proof. By elementary operations considerations it results that P and 
Mare nonsingular since they are products of elementary matrices and 
that PHq,rM = FI = EJIEi:". Moreover, the matrix Q = is 
the pseudoinverse of Hq,r, i.e. 

Hq,rQHq,r = Hq,r. (5.8) 

Firstly let us show that Al and A2 are commutative matrices. We 
have by (5.4) and (5.8) 
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= = 
and A2AI has the same expression since FI and F2 are commutative 
matrices. 

In a similar way we can prove by induction that 

(5.9) 

Now we can prove that Mi,j = Vi,j O. Indeed, by (5.7), 
(5.8), (5.9) and (5.5) we obtain CB = = 

ECHq,rQHq,rEW; = ECHq,rErg = Mo,o; = 

(ECHq,rMQHq,rFIFdEW;) = = Mi,j Vi,j O. By 
Proposition 4.4 (5.7) is a realization of T(s, z). 

Since P and Mare nonsingular matrices and P Hq,rM = fI it re
sults that rankHq,r = rankfI = n = By Proposition 5.1 we get 

= rankHq,r :S dimiS for any realization of T(s,z), hence the 
realization (5.7) is minimal. 
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