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Abstract It is considered a linear controlled system with delay in control and 
subject to constant exogeneous signals, for which the following pro
blems are discussed: feedback stabilization and exact regulation by fi
nite pole assignment using a linear control law deduced by applying 
finite assignment and Artstein transform for a system that is extended 
by integrators; the same extended system is then stabilized subject to a 
quadratic performance index. The theorems are illustrated by simula
tion results. In simulation there are considered other effects: saturation 
of the actuators and intelligent integrators. 
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1. Motivation and state of the art 

It has been pointed out that systems with input delays are of in
terest to control theorists and practitioners for various reasons. They 
originate from the simplest model of process control which assigns to 
the controlled plant a transfer function of the form H(s)e-TS with H(s) 
a strictly proper rational function. Systems arising from such transfer 
functions are of special type: their state space is finite dimensional but 
either the input or the output operators are defined on infinite dimen
sional extensions and are unbounded. Throughout several decades it has 
been established that such systems have "a finite dimensional flavor". 
Indeed, there exists a remark of V.M. Popov (1960) which tells that 
problems as stability and optimality in the framework of hyperstability 
(or dissipativity /passivity as it is called now) may be solved for these 
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systems like for systems without delay; nevertheless Popov did not fol
low this line in his research. We may add to this the results on feedback 
stabilization due to Olbrot (1978), Manitius and Olbrot (1979), Wata
nabe and Ito (1981). The techniques of these papers are essentially finite 
dimensional; the opinion of Pandolfi (1981, 1989, 1990, 1991) was that 
those results were not obtained in a standard way since they were not 
deduced from an abstract theory. In order to sustain his ideas, Pandolfi 
re-introduced in the model the propagation effects taken into account by 
the introduction of the delay and make use of the theory of the singular 
control. On the other hand, the finite dimensional results seem legiti
mate if the transform introduced by Artstein (1982) is used. The papers 
of Tadmor (e.g. 1995, 1998) also support the idea that finite dimension 
is the most adequate framework for systems with input delays. The au
thors of the present paper also followed the line opened by the papers of 
Olbrot and Manitius by using their approach in order to solve a LQ pro
blem; also the hybrid piecewise constant control suggested by the paper 
of Halanay and Rasvan (1977) has been applied in the same framework 
and further completed by the' continuous and discrete-time version of 
Artstein transforms (Popescu and Rasvan, 2001a, 2001b). In this paper 
we shall continue this line of research by considering the standard Linear 
Structurally Stable Regulator Problem (e.g. Francis, 1977; Francis and 
Wonham, 1975). For simplicity we shall consider here only the case of 
exogeneous constant (step) signals, a single input (control) signal and 
a single controlled (regulated) output, as in the paper of Ionescu and 
Rasvan (1991). 

2. Problem statement and some preliminary 
results 

The controlled system with input delay is the following 

XI(t) = AIXI(t) + A3X2(t) + blOu(t) + b11u(t - r) 

X2(t) = 0 

y(t) = CIXI(t) + 1.: Cl e-A1 (TH)b11 u(t + ())d() + C2X2(t) 

z(t) = q*y(t) 

(1) 

Some explanations are necessary. Since we follow the line of the pa
per (Ionescu and Rasvan, 1991) the constant exogeneous signal vector 
(which incorporates both and disturbances) is modelled by a 
suitably chosen autonomous system of differential equations of dimen
sion n2 while the state vector Xl has dimension nl. Having in mind 
the transformation suggested by Artstein (1982) the measured output 
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y(t) has been augmented by a term which takes into account the "his
tory" of the control signal; if one takes into account that within the 
abstract model the past of the control signal belongs to the state and 
the outputs are always linear functionals defined on the state space, the 
structure of y(t) turns to be legitimate. The form of z(t) is given by the 
so-called readability assumption: the controlled output is readable from 
the measured output (e.g. Francis and Wonham, 1975). 

Introducing the new state vector WI by 

the following controlled system is obtained 

Wl(t) = AlWl(t) + A3x2(t) + (b lO + e-A1Tbll)u(t) 

X2(t) = 0 

y(t) = GlWl(t) + G2X2(t) 
z(t) = q*y(t) 

We may state now the following basic assumptions: 

(2) 

(3) 

i) the pair (AI, blO + e-A1Tbll ) is stabilizable and the pair (Cl , AI) 
is detectable; 

") th t' (AI blO + e-A1 
T bll ) . . 1 . , O· 

1,1, e rna fIX q*Cl 0 IS non-smgu ar I.e. /\ = IS 

not a transmission zero of the triple (AI, blO + e-A1Tbll , q*Cl ). 
For system (3) we may state, as in (Ionescu and Rasvan, 1991) the 

Linear Structurally Stable Regulator Problem (LSSRP): find a measured
error-activated linear compensator 

xc(t) = Acxc(t) + Bcy(t) 
u(t) = f;xc(t) + g;y(t) 

in order that the resulting closed loop linear system 

Wl(t) = (AI + (blO + e-AITbll)g;Cl)Wl(t) + (A3 + 

(4) 

(blO + e-AITbll)g;C2)X20 + (blO + e-AITbll)!;Xc(t) (5) 

xc(t) = BcGlWl(t) + BcG2x20 + Acxc(t) 

should be asymptotically (in fact exponentially) stable in the autonomous 
case (in the absence of the exogeneous signals i.e. for X20 = 0) and 
limt->ooz(t) = 0 for any X20 f= 0; also these properties should hold for 
any A3 and for small parameter uncertainties of AI, blO , bll , T. Assume 
that LSSRP has been solved for the transformed system. We want, by 
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applying the inverse transform to (2), to see the structure achieved for 
the compensator and the properties of the resulting closed loop system. 
The feedback system in the variables Xl, X2, Xc is as follows 

Xl (t) 
X2(t) 
Xc(t) 

u(t) 

AlXl(t) + A3X2(t) + blOU(t) + bnu(t - T) 
o 
BeClXl(t) + BeC2X2(t) + Aexe(t) + 

BeCl l: e-A1 (T+9) bnu(t + ())d() 

+ C2 X2(t)) + f;xe(t) + 

l: e-A1 (T+9) bnu(t + ())d() 

(6) 

As a mathematical object system (6) is legitimate: let us substitute u(t) 
from its integral equation in the first equation of (6) thus obtaining 

Xl(t) = (AI + + (A3 + + blO!;Xe(t) + 

buu(t - T) + l: e-A1 (T+9)bn u(t + ())d() 

X2(t) = 0 

xe(t) 

u(t) 

Be(ClXl(t) + C2X2(t)) + Aexe(t) + 

BcCl l: e-A1 (T+9)bn u(t + ())d() 

+ C2X2(t)) + !;xe(t) + 

l: e-A1 (T+9)bn u(t + ())d() 

(7) 

The solution of (7) may be constructed by steps, each step having two 
substeps, as follows: given Xl (0) = XlO, X2(0) = X20, xe(O) = XeO and 
u(()) = uO(()), -T :::; () < 0 we can construct from the first three equations 
Xl(t), X2(t)(== X20) and xc(t) on [O,T); then we use the last equation to 
obtain u(t) on the same interval [0, T) and the first step is accomplished. 
We repeat this procedure on intervals [kT, (k + 1)T) with k a positive 
integer. 

In a similar way we can discuss the internal stability property. Let 
X20 = 0 what gives X2(t) == O. We know that (5) is exponentially stable 
hence there exist (31 > 0, a> 0 such that 

IWl(t)1 + IXe(t)1 :::; (3le-at (lwl(O)1 + Ixe(O)I) 

We deduce from (2) 

IXl(t)l:::; IWl(t)1 + lOT el'(T+9)lbn llu(t + ())Id() 

(8) 
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On the other hand Wl(O) = XIO+ 1.: e-A1 (T+O)blluo(B)dB and, therefore 

IWl(O)I:S IXIOI + (3211 u o II, II uo 11= (1.°T luO(B)12dB) 1/2 

From (3) and (4) it follows that 

IXl(t)l:S [(31 + (33 e'YT 1.°T eh'-a)BdB] e-at (lxIOI + (32 II uO II +Ixcol) 

what shows exponential stability of (6) (or (7)) in the autonomous case. 
The regulator property limt->ooz(t) = 0 for (6) - with z(t) defined in 

(1) - follows at once from the regulator property of the finite dimensional 
closed loop system (5) with respect to the transformed controlled output 
z(t). In this way we have proved the following preliminary result. 

Theorem 1. Consider the controlled system (1) and the transformed 
system (3) via the change of coordinates (2). If (4) defines a regulating 
compensator for (3), solving LSSRP (Linear Structurally Stable Regula
tor Problem) in the sense that the autonomous system (with X2(t) == 0) 
is exponentially stable and lim z(t) = 0 for any X2(0) =1= 0, the proper-

t--->oo 

ties holding for any A3 and for small parameter uncertainties of AI, bIO, 
bll, T > 0, then the compensator defined by the last two equations of (6) 
solves LSSRP for (1). 

3. Compensator synthesis 

We shall recall here some results from (Ionescu and Rasvan, 1991) on 
LSSRP for the case of constant exogeneous signals. The structure of 
compensator (4) is as follows 

where (Aw, aa, Bw, fa, defines a stabilizing compensator for the 
extended system 

where 

We(t) = Aewe(t) + beu(t) 

Ye(t) = (7ewe(t) 
(10) 

Ae = be = ), Ce = 

We = ( ), Ye = ( ;a ) 

(11) 
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and the compensator is given by 

w(t) = Aww(t) + Bwy(t) + aaxa(t) 

u(t) = J:/;;w(t) + + Jaxa(t) 
(12) 

Worth mentioning that due to the basic assumptions i) and ii) such a 
stabilizing compensator can always be constructed while the structure 
resulting from the separation theorem - state feedback + observer - is 
not compulsory. On the contrary the integrator occurs in a necessary 
way and must be always present in the structure of the compensator; 
moreover, for a structurally stable design with respect to AI, blO , bl1 , 

A3 , T, this integrator must be contained in the compensator even if the 
initial system contains an integrator (i.e. has a zero eigenvalue). From 
(9) and (12) the following compensator equations can be written 

w(t) = Aww(t) + aaxa(t) + Bwy(t) 
xa(t) = q*y(t) 

u(t) = J:/;;w(t) + Jaxa(t) + 
(13) 

This compensator is implemented in (1) - with y defined as in (1) -
in order to define the feedback system which is exponentially stable, 
has the regulator property for constant exogeneous signals with respect 
to the regulated output z(t) and both these properties are robust i.e. 
structurally stable. 

4. Optimal stabilization with respect 
to a quadratic performance index 

We shall turn back to system (1) and associate it the simplest quadratic 
performance index 

(14) 

where K, > 0, the index being defined on admissible pairs. Remark the 
overall system (1) has zero eigenvalues and is not completely controllable. 
We shall use some early results of V.M. Popov (1967) in order to obtain 
a state feedback law that ensures stabilization of the resulting closed 
loop system and a minimal value of (14). 

Performing again the transformation (2) we obtain (3) which is finite 
dimensional and associate it to (14). In the following we shall check the 
assumptions required by the positivity theory of Popov for the uncon
trollable case. In order to simplify the exposition we shall strenghten 
assumption i) of Section 2 as follows: 
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i') the pair (AI, blO + e-A1Tbl1) is controllable and the pair (q*CI , 
AI) is observable. 

The characteristic function of the system, which coincides with the 
one of the controllable part (with the state vector WI) is as follows 

where bi = blO + e-A1Tbl1 ; the characteristic polynomial is 

7r(A, 0") = det(AI - An det(O"I - AI)X(A, 0") (16) 

We shall discuss first the assumptions PI - P3 from the cited reference 
(Popov, 1967) since they may be considered as non-degeneracy condi
tions. We shall have 

Since K, > 0, 7r( -iw, iw) is not identically 0 hence 7r( -0",0") is not iden
tically 0 at least on therefore PI holds. Moreover 7r( -iw, iw) > 0 
for all whence P{ holds. Since A22 - the matrix defining the dynamics 
of X2 - is the zero matrix, its only significant eigenvalue is 0 (with some 
multiplicity) P2 holds because 7r(0, 0) > 0 (from in fact); obviously 
P3 does not hold and we have to take this into account. In any case, 
since 7r(-iw,iw) > 0 and K, > 0 we deduce that X(-iw,iw) > O. Using 
Theorem 1 of (Popov, 1967) we deduce existence of the polynomial 'Ij;(0") 
with no roots in the closed RHP such that 

7r( -0",0") = 'Ij;( -0")'Ij;(0") 

and also of the scalar 'Y, vectors PI, P2 and matrix N such that 

X( -0",0") = <p( -0" )<p( 0") 

<p(0") = 'Y + pt(O"I - AI)-lbl , <p(0") det(O"I - AI) == 'Ij;(0") 

yIK, = 'Y, N l1 bl = Pl'Y 

Crqq*CI + Nl1 A I + AtNl1 = PIPt 

Nt2 bl = P2'Y, ASNl1 + Nt2AI + = P2Pt 

Nt2 A 3 + AsNl2 + = P2P; 

( Nl1 N12) 
where N = Nt2 N22 . 

Here 'Y is computed in a straightforward way, PI follows from the 
factorization and Nl1 from a Liapunov equation. It may be shown by 
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following the lines of (Popov, 1967) that Nt2 and P2 can be obtained 
from the above equations and that under these circumstances the last 
equation is automatically satisfied. Since N22 does not enter in these 
equations it might be chosen arbitrarily e.g. N22 = O. 

If we consider the integral 

"7(0, tl) = lotI [z2(t) + Iw2(t)] dt (17) 

then we may write, following (Popov, 1967) 

"7(0, tl) = -(wiNuWI)lhI - (WiNI2X2)lhI - (X2Nt2WI)lhI + 
lotI l'Yu(t) + PiWI(t) + P2X2(tWdt 

We choose now 

and system (3) becomes 

WI(t) = (AI - WI(t) + (A3 - X2(t) 

X2(t) = 0 

(18) 

(19) 

(20) 

having bounded solutions. With the arguments of (Popov, 1967) conver
gence of the integral (14) along the solution defined by (19) is obtained. 
If we come back to the initial variables, the following dynamic feedback 
law is obtained: 

1 1° 1 u(t) + -pi e-AI (T+8) bl1u(t + O)dO = --(pixI(t) + P2X2(t)) (21) 
'Y 'Y 

and the optimal value of the index will depend on the initial history of 
u on (-7,0) - see also (Rasvan and Popescu, 200 la, 2001b). 

5. An example. Simulation results 

Let consider a system with input delay and constant disturbance de
scribed by 

x(t) = Ax(t) + BIU(t - 7) + lIO (22) 

where 

The controlled variable is 

z(t) =Dx(t) (23) 

where D = (1 0). 
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In the design of high-accuracy regulators and tracking systems, it is 
necessary to eliminate completely the effect of offset errors caused by 
constant disturbances. This can be done by the application of integral 
control action. The destabilizing effect of the integral control, can be 
counteracted by the appropriate state feedback action, so that one can 
eventually achieve a satisfactory transient response, as well as the desired 
zero steady-state error. 

Adjoin to the system variables the integral state" v, defined by 

v(t) = z(t) 

with v(O) given. Denoting the extended state vector by x 

the equations (22)-(24) can be written as follows 

where 

x(t) = Ax(t) + thu(t - T) + Evo 

z(t) = Dx(t) 

(24) 

(25) 

(26) 

It is easy to show that the (A, th) pair is controllable. Choosing a 
performance index of the form 

(27) 

the solution of the optimization problem is determined 

where P is the positive-definite solution of the matrix Riccati equation 

Q+ATp+pA-PFhSip= 0 (29) 

Then, the following piecewise constant control is applied to the system 

(22) [ -1 1 
u(t) = -SiPeAT Xk + , (30) 

k5 t < (k + 1)5, where 
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( cos(wo5) sin(woo) n ( 
l-cos(woo) 

} w2 Wo 0 

A(5) = -wosin(wo5) cos(wo5) , Ih(5) = sin(woo) 
Wo sin(woo) l-cos(woo) woo-sin(woo) 

Wo w2 w3 0 0 

6=T/N 

For simulation purposes, we choose Wo = 7f/2 (rad/s), T = 1 (s), 
N = 10, Q = pI, p = 10. The simulation results obtained for a step 
disturnance vo, considering the actuator saturation for lu(t)1 > 2 and 
"intelligent" integrators confirm the performance and robustness of the 
designed controller. 

6. Concluding remarks 

The application of the Artstein transform which reduces systems with 
delay in control to delayless systems allows to construct a finite dimen
sional theory for such systems. Nevertheless this is possible provided 
suitable output signals and integral indices are chosen. 
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