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Abstract We study the bihavior of solutions ofthe problem wl/(t)+u'(t)+Au(t)+ 
Bu(t) = f(t),u(O) = uo,u'(O) = Ul in the Hilbert space H as c -> 0, 
where A is linear, symmetric, continuous and strong positive operator 
and B is nonlinear lipschitz ian operator. 
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1. Statment of the problem 

Let V and H be the real Hilbert spaces endowed with the norm 11·11 
and I . I respectively such that V c H c V', where every embeding is 
densely defined and continuous. By (,) we denote the duality between 
V and V' and also the scalar product in H. Let A : V -> V' be a linear, 
continuous, symmetric operator and 

(Au, u) 2: wllull2 , Vu E V, w> O. (1) 

Let B : H -> H be a nonlinear operator which satisfies the Lipschitz 
condition 

IBu - Bvl s Llu - vi, Vu, v E H. (2) 
We shall study the behavior of the solutions of problem 

{ EU"(t) + u'(t) + Au(t) + Bu(t) = !(t), 
u(O) = un, u'(O) = Ul (Pc:) 

as E -> 0, where E is a small positive parameter. Our aim is to show that 
u -> v as E -> 0, where v is the solution of the problem 

{ v'(t) + Av(t) + Bv(t) = !(t), 
v(O) = un, (Po) 
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The main tool in our approach is the relation between the solutions 
of problem (Pc) and the coresponding solutions of problem (Po) in the 
linear case. This relation will be defined below by formula (3) and it 
was inspired by the work [lJ. 

2. Notations 

For kEN, p E [1, (0) and (a, b) C (-00, +(0) by Wk,P(a, b; H) denote 
the usual Sobolev spaces of vectorial distributions Wk,P(a, b; H) = {J E 

D'(a, b; H); u(l) E LP(a, b; H), l = 0, 1, ... , k} endowed with the norm 

Ilfllw',,(",b;H) = (t, Ilf(l) 11';",(a,b;H) ) l/p 

For kEN, Wk,OO(a, b; H) is the Banach space with the norm 

IlfIIWk,oo(a,b;H) = Ilf(I)IILOO(a,b;H) 

For s E lR , kEN and p E [l,ooJ define the following Banach spaces 
W:,P(a,b;H) = {f: (a, b) -+ H;e-stf(l) E V(a,b;H),l = O,l, ... ,k} 
with norms _ -st (l) . 

Ilfllw.,",p(a,b;H) - lie f ()llwk,p(a,b;H)' 

3. A priori estimates for solutions 
of the problem (Pe:) 

At first we give the well-known existence theorems for the solutions 
of the problems (Pc) and (Po) [2J. 

Theorem A. Suppose that f E W1,1(0, T; H), Uo E V, Ul E H and A 
and B satisfy conditions (1) and (2), then there exists a unique solution 
u E C(O, T; H) n LOO(O, T; V) of the problem (Pc) which satisfies the 
following condition: u' E LOO(O, T; H)nC(O, T; V'), u" E LOO(O, T; V'). If 
in addition Auo E H, Ul E V, then Au E LOO(O, T; H), u' E LOO(O, T; V), 
u" E LOO(O, T; H). 

Theorem B. If f E W1,1(0, T; H), Uo E V and A and B satisfy 
the conditions (1), (2), then there exists a unique strong solution v E 

W1,00(0, T; H) of the problem (Po) and the estimates 

Iv(t)1 < eLt(luol + it e-Lt(IBOI + If(r)l)dr), 
o t 

Iv'(t)1 < CeLt(If(O) I + IAuo + Buol + 10 e-Ltlf'(r)ldr), 

are true for ° ::; t ::; T. 
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Now we shall give the a priori estimates of the solutions of the problem 
(Pc). Denote by 

( ) 1/2 
El(u,t) = clu'(t)1 + IU(t)1 + c(Au(t),u(t)) + 

rt 1/2 rt 1/2 
+(c Jo lu'(rWdr) + (Jo (Au(r),u(r))dr) . 

Lemma 1. Let f E Wil(O, 00; H), uo, Ul E H, Auo, AUI E H and A 
and B satisfy the conditions (1) and (2) J then for every solution of the 
problem (Pc) the following estimates 

El (u, (CIUll+luol+(c(Auo, uo) )1/2+IIfllLh(0,oo;H)), t2::0, 

El(u', t) Ce2Lt (lf(0)1 + lUll + IAuol + (c(AUl, Ul))1/2+ 

+IIf'IIL1 (0 OO-H)) , t 2:: 0, 
2£ ' , 

are true. 

4. The limit of solutions of the problem (Pe:) 
as € ---+ 0 

The studying of behavior of solutions of the problem (Pc) as c -> ° 
is based on two key points. The first is getting the estimates of solu
tions which was obtained in Lemma 1 and the second is the relation 
(3) between the solutions of the problems (Pc) and (Po). To establish 
the relation (3), at first we give some properties of the kernel K(t, r) of 
transformation which realises this conection in the linear case, i. e. in 
the case when B = 0. 

For c > ° denote 

where 
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Lemma 2. The functoin K(t, T) possesses the following properties: 
. - - 2 

(1) K E C(R+ x R+) n C (R+ x R+); 

(ii) Kt(t, T) = CKTT(t, T) - KT(t, T), t> 0, T> 0; 

(iii) cKT(t,O) - K(t, 0) = 0, t 2: 0; 

(iv) K(O, T) = 21c:e--ie, T 2: 0; 

(v) For every fixed t 2: 0 there exist constants C1 (t, c) > 0, C2(t, c) > 0 
such that 

IK(t,T)1 ::; C1(t, c) e-C2 (t)T/C: , T > 0; 

IKt(t,T)I::; C1(t,c)e-C2 (t)T/C:, T > 0; 

IKT(t,T)1 ::; C1(t,c)e- C2 (t)T/C:, T> 0; 

IKTT(t,T)1 ::; C1(t,c)e-C2 (t)T/C:, T> 0; 

(vi) K(t, T) > 0, t 2: 0, T 2: 0; 

(vii) For every C E lR and every <.p : [0,(0) ----7 H continuous on [0,(0) 
and <.p E Lb(O, 00; H) the relation 

lim t)Q K(t,T)<.p(T)dT = roo e-T<.p(2cT)dT, 
t-+O Jo Jo 

in H is valid; 

(viii) 1000 K(t, T)dT = 1, t 2: 0; 

(ix) Let p E C1[0,(0),p and p' be increasing functions and Ip(t)l::; 
Mect,IP'(t)l::; Mect,t E [0,(0), then there exist positive constants 
C1 and C2 such that 

(x) Let C 2: 0 and f E Wb'OO(O, 00 : H), then 

If(t) -100 
K(t,T)f(T)dTIH::; Cl\fieC2t , t 2: o. 

Theorem 1. Let A : D(A) C H ----7 H be a linear closed operator, 
f E L(j(O, 00; H) (with real C). If u is a solution of the problem (Pc:) 
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(B = 0) such that U E W6'P(0, 00; H), 1 ::; p ::; 00, then the function va, 
which is defined by 

vo(t) = 100 
K(t, T)u(T)dT 

is the solution of the problem 

where 

{ vb(t) + Avo(t) = F(t, c), 
vo(O) = !.pc:, 

(3) 

(Po) 

F(t, c) = Jifr) - )UI + 100 
K(t,T)f(T)dT, 

!.pc: = 100 e-T u(2cT)dT. 

From Lemmas 1, 2 and from Theorem 1 the main result follows. 
Theorem 2. Suppose that f E Wiloo (0,00; H), Un, UI E V, Auo, 
AUI E H and the operators A and B satisfy conditions (1) and (2). 
Then 

Iu(t) - v(t)1 ::; CVi, 0::; t ::; T, 

with C depending on IlfllwiL=(o,oo;H)' luol, lUll, IAuol, IAuII, wand T. 

Corollary 1. Let B = 0, operator A satisfy condition (1), un, UI, 

Auo, AUI E V, A2uo, A2uI E H, f E WilOO(O, 00; H) and 

Then 

f(O) - UI - Auo = O. 

lu'(t) - v'(t)1 ::; Cc l / 2 , 0::; t ::; T, 

Ilu(t) - v(t)11 ::; Ccl / 2 , 0::; t::; T. 

(4) 

It means that if condition (4) is satisfied, then the problem (Po) is 
regularly perturbed, otherwise the problem (Po) is singularly perturbed. 
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