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is polynomial for a fixed number of sinks. Some details concerning 
the correctness of the algorithm and its computational complexity are 
discussed. 
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1. Introduction and problem statement 

In this paper we study the dynamic variant of the nonlinear minimum
cost flow problem on networks. This problem is a generalization of the 
classical static minimum-cost flow problem and is based on the dynamic 
network model from [1, 2]. We consider the problem on dynamic net
works with nonlinear cost functions that depend on time and edge flow. 
We describe a procedure for solving the problem which is based on re
ducing the dynamic problem to the classical minimum-cost flow problem 
on a time-expanded network. This procedure is based on the approach 
from [1, 2] and represents a modification of the method in [3]. 

We show that in the case of uncapacitated networks with concave cost 
functions and infinite time horizon, as well as for a wide range of fininte 
time bounds, there exists an optimal flow such that the edges used by 
the flow generate a forest. Using this result we propose a procedure 
that enables us to solve the dynamic problem on networks with concave 
cost functions on a static network of the same size. An algorithm for 
solving the problem on networks with one source is proposed; its running 
time is polynomial for a fixed number of sinks. Some details concerning 
the computational complexity of the algorithm and its correctness are 
discussed. 

1.1. Flows in static networks 

A static network N = (V, E, u, cp, d) consists of directed graph (V, E), 
capacity function u : E -+ R+, demand and supply function d : V -+ R 
and cost function cp : E x R+ -+ R+. N odes with dv < 0 are called 
sources, nodes with dv > 0 are called sinks, and nodes with dv = 0 
are called intermediate. We will denote by V+, V_, and V* the sets of 
sources, sinks, and intermediate nodes respectively. 

A static flow in N [2] is a function x : E -+ Il4 that satisfies for all 
v E V the conservation constraints: 

L Xe - L Xe = dv . (1) 
eEE_(v) eEE+(v) 

Static flow x is called feasible if it satisfies capacity constraints Xe ::; Ue 

for all e E E. We note that in order for a flow to exist it is necessary for 
demand to equal supply: 2: dv = O. 

The cost cp( x) of static flow x is defined as: 

cp(X) = L CPe(xe). 

eEE 
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The minimum-cost static flow problem is to find a feasible flow that 
minimizes the objective function cp(x). 

The graph Ox = (Vx, Ex) that consists of edge set Ex={elxe>O} and 
node set Vx = {vl3w such that (v,w) E Ex or (w,v) E Ex} is called the 
base graph of flow x in network N. 

1.2. Flows in dynamic networks 

In the static model defined above flow travels across edges instanta
neously. However, in many practical problems flow travel across edges 
may take non-zero time, and the cost of flow transit may change with 
time. If the time factor plays a significant role, dynamic networks and 
dynamic flows [1, 2] are often a better model. 

A dynamic network N = (V, E, u, T, cp, d) consists of directed graph 
(V, E), capacity function u:E-+R+, transit time function Te:E-+R+, 
demand function d : V -+ R, and cost function cp : E x 114 x 'II' -+ 114. 

The meaning of Te is that flow entering edge e = (v, w) at time t from 
node v will arrive at node w at time t + Te. We consider the discrete time 
model, in which all times are integral and bounded by a time horizon 
T. The time horizon (finite or infinite) is the time until which flow can 
travel in the network and defines the makespan 'II' = {O, 1, ... , T} of time 
moments we consider. 

To model transit costs, which may change over time, we define the 
cost function CPe(xe(t), t), with the meaning that flow of value e entering 
edge e at time t will incur a transit cost of CPe(e, t). As with the static 
network, nodes are categorized into sources, sinks, and intermediate. 
Without losing generality, we will assume that no edges enter sources or 
exit sinks, and that CPe(O, t) = ° for all e E E and all t E 'II'. 

A dynamic flow is a function x:E x 'II'-+114 that satisfies the following 
constraints: 

B B 

L L xe(t - Te) - L L xe(t) 2: 0, Vv E V*' ve E 'II'; (2) 
eEE_(v) t=re eEE+(v) t=o 

T T 

L L xe(t - Te)- L L xe(t) = dv, Vv E V; (3) 
eEE_(v) t=re eEE+(v) t=o 

xe(t) = 0, Ve E E, t = T - Te + 1, T. (4) 

The function defines the value Xe (t) of flow entering edge e at time t. 
In order to obey the time horizon, flow must not enter an edge e at time 
t if it will have to leave the edge after time T, and this is ensured by 
constraint (4). As flow travels through the network, we allow unlimited 
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flow storage at the nodes, but prohibit any deficit by constraint (2). 
Finally, all demands must be met, flow must not remain in the network 
after time T, and each source must not exceed its supply. Thus is ensured 
by constraint (3). 

Dynamic flow x is called feasible if it satisfies the capacity constraints 
xe(t) ::; Ue for all e E E and t E 11'. We note that in order for a flow to 
exist supply must equal demand: I: dv = O. 

The cost cp(x) of dynamic flow x is defined as follows: 

cp(X) = L L CPe(Xe(t) , t). 
eEE tE'll' 

Similarly to the static model, the dynamic minimum-cost flow problem 
is to find a feasible flow that minimizes the objective function cp(x). 

The graph Ox = (Vx, Ex) consisting of edge set Ex={ el I:tE'll' xe(t»O} 
and node set Vx = {vl3w such that (v,w) E Ex or (w,v) E Ex} is called 
the based graph of dynamic flow x in N. 

2. The time-expanded network 
One of the most straightforward methods to tackle problems on a 

dynamic network N = (V, E, u, T, cp, d) is to reduce them to similar 
problems on a static time-expanded network NT = (VT, ET, uT, cpT, E) 
defined as follows [2]: 

1 VT:= {v(t)lv E V, t E 11'}; 

2 VJ := {v(O)lv E V+}, and V! := {v(T)lv E V_}; 

3 ET := {(v(t), w(t + Te))le = (v, w) E E,O ::; t ::; T - Te} U 
{v(t), v{t + l)lv E V, 0::; t < T}; 

4 := Ue, and (xe(t)) := CPe(xe(t), t); 

5 := dv for v(t) E VJ U V!, and := 0 otherwise. 

If we define a flow correspondence to be Xe(t) := xe(t) the minimum-cost 
flow problem on dynamic networks can be solved [2, 3, 4] by solving the 
static minimum-cost flow problem on the time-expanded network. 

Unfortunately, for a dynamic network with n nodes, and m edges, we 
obtain a time-expanded network with n(T+l) nodes, and O(mT) edges. 
In the case of T = 00, we obtain an infinite time-expanded network NOO . 
Since the size of the time-expanded network depends linearly on T, direct 
use of this method does not lead to polynomial algorithms, and for large 
T yields time-expanded networks that are not practical to work with. 
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However, Fleischer and Skutella in [4] present polynomial approxima
tion algorithms that employ "condensed" time-expanded networks which 
rely on a rougher discretization of time. In [3] it is shown that for an 
acyclic network with unit-time transit times and zero flow storage at 
nodes it is sufficient to consider a time-expanded network of size at most 
O(n2) nodes and O(mn) edges for any T, finite or infinite. 

In the following section we present a different approach for uncapaci
tated dynamic networks with cost functions that are concave with regard 
to flow value, and do not change over time. Relying on concavity, we re
duce the problem to the minimum-cost flow problem on a static network 
of equal size, not the time-expanded network. 

3. Networks with concave cost functions 

Most previous work involving flow costs in dynamic networks considers 
linear [4, 5] or convex [6, 7] cost functions with regard to flow value. 
This implies that the cost of transporting one unit of flow is the same 
regardless of how many units are transported at a time, or that the cost 
per unit is rising with the total number of units. However, in many 
practical cases transports of larger quantities enable discounts on the 
price per unit. This behaviour is best modeled by cost functions concave 
with regard to flow value. 

3.1. Flow properties 

Given a dynamic network N = (V, E, u, T, cp, d), the corresponding 
static network N° of N is obtained by discarding all time-related infor
mation: N° = (V,E,u,cpo,d), where = 

Lemma 1. Let N be an uncapacitated dynamic network with cost func
tions concave with regard to flow and constant in time. If x is a flow in 
N, then Ye = L:tE1l' xe(t) is a flow in the corresponding static network 
N0 and cpO(y) cp(x). 

Proof. Note that if ¢ : R+ -7 R+ is a concave function, then ¢(a+(3) 
¢(a) +¢((3) for all a, (3 E R+. Since cp and cpo are concave with regard to 
flow value, we obtain cpO(y) = = (L:tE1l'Xe(t)) 
L:eEE L:tE1l' = L:eEE L:tE1l' CPe(xe(t), t) = cp(x). Moreover, Ye = 
'2::;=0 xe(t) = '2::;=Te xe(t - Te), since flow x obeys constraint (4). By 
substituting Ye in dynamic conservation constraint (3), we obtain the 
static conservation constraint (1). Therefore Y is a flow in N°. • 

This lemma relies on the fact that in uncapacitated networks each 
dynamic flow induces a static flow in the corresponding static network. 
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While the converse is not true in the general case, it holds for flows with 
forest base graphs and sufficiently large time horizons. 

Lemma 2. Let N be an infinite-horizon dynamic network with cost 
functions constant in time. If y is a static flow in N° such that its base 
graph Yy is a forest, then there exists a dynamic flow x in N such that 
cp(x) = cpO(y). 

Proof. Let X(v,w)(t) = Y(v,w) if t = tv, and X(v,w)(t) = 0 otherwise, 
where: 

{a, 
tv = max{tw + T(w,v)l(w,v) E Ey}, 

if v E V+, 

otherwise. 
(5) 

Since Yy = (Vy, Ey) is a forest, the constants tv are well-defined and 
finite. To prove that x is a flow in N, we have to show that it satisfies 
constraints (4), (2), and (3). 

Because T = +00 it follows that T tv, Vv E Vy • Therefore, for any 
e = (v, w) E Ey , we obtain T tw tv + Te, hence T - Te tv. Since 
t i= tv implies xe(t) = 0, it follows that xe(t) = ° for all tv > T - Te tv, 
hence constraint (4) is obeyed. 

Definition (5) means flow starts leaving Vv E n Vy only after all in-

bound flow has arrived. Thus for e < tv we have 2:eEE+(v) 2::=0 xe(t)=O, 
hence constraint (2) holds for e < tv. For e tv flow summed over 
time on any edge is the same as the flow on that edge in the static 

network: 2:eEE-(v) 2::=7e xe(t - Te) = 2:eEE-(v) Ye = 2:eEE+(v) Ye = 
2:eEE+(v) 2::=0 xe(t). Therefore, constraint (2) hQlds for e tv· We 
have established that constraint (2) is obeyed. 

By taking e = T tv in the previous argument, we obtain that con
straint (3) holds for all v E V* n Vy. For all sources v E V+ incoming 
flow is zero: 2:eEE_(v) 2:tE'lI' xe(t) = 0, since no edges enter a source. 
On the other hand, outgoing flow equals supply: 2:eEE+(v) 2:tE'lI' xe(t) = 
2:eEE (v) Ye = -dv· Therefore, constraint (3) holds for all sources. The 
proof for sinks is similar, taking into account no edges exit sinks. There
fore, constraint (3) is obeyed. 

Having proven that x is a flow, it is easy to see that it is feasible, 
since ° Xe(t) Ye U e· Finally, cp(x) = 2:eEE 2:tE'lI' CPe(xe(t), t) = 
2:eEEy CPe(xe(tv), tv) = 2:eEE = cpO(y). • 

In the above proof we employ the fact that T = +00 only to main
tain that tv T, Vv E Vy. However, if we denote by ILl = 2:eEL Te 
the time-length of a path in N, then we immediately obtain that tv 
maxLEN{ILI}. Hence maxLEN{ILI} is an upper bound for the makespan 
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of flow x as constructed in the above lemma, and we can broaden the 
class of networks we examine. 

Lemma 3. Let N be a dynamic network with cost functions constant 
in time such that T maxLEN{ILI}. If Y is a static flow in N° such 
that its base graph gy is a forest, then there exists a dynamic flow x in 
N such that cp(x) = cpO(y). 

To make the connection between Lemma 1, Lemma 3, and minimum
cost flows in dynamic networks, we will employ the following property of 
minimum-cost flows in static networks with concave cost functions [8, 9J. 

Lemma 4. Let N° be an uncapacitated static network with concave non
decreasing cost functions. If there exists a flow in N°, then there exists 
a minimum-cost flow y in N° such that its base graph gy is a forest. 

We are now able to prove the main result of this sub-section. Denote 
by yT the dynamic flow in N obtained from a forest-like flow y in N° 
such that y[v,w)(t) = Y(v,w) if t = tv, and Y[v,w)(t) = 0 otherwise, where 
tv are defined as in (5). 

Theorem 1. Let N be an uncapacitated dynamic network with cost 
functions concave with regard to flow and constant in time such that 
T maxLEN{ILI}. If there exists a flow in N, then there exists a 
minimum-cost forest-like flow z in N°, and the flow zT is a minimum
cost flow in N. 

Proof. Since there exists a flow in N, a flow can be constructed in 
N° according to Lemma 1. Hence, according to Lemma 4 there exists 
a minimum-cost forest-like flow in N°; denote this flow by z. Flow zT 
is a minimum-cost flow in N. Indeed, for any flow x in N we have 
cp(zT) = cpO(z) :s; cpO(y) :s; cp(x), where Y is a static flow in N° such 
that Ye = LtE'lrxe(t). Equality cp(zT) = cpO(z) follows from Lemma 3, 
inequality cpo (z) :s; cpo (y) from the fact that z is a minimum-cost flow in 
N°, and inequality cpO(y) :s; cp(x) from Lemma 1. • 

Therefore, a dynamic minimum-cost flow can be computed using the 
following procedure: (i) find a forest-like minimum-cost flow z in the cor
responding static network; (ii) compute the constants tv and construct 
the dynamic minimum-cost flow zT. 

3.2. An algorithmic approach 

We will present a combinatorial algorithm for the minimum-cost flow 
problem on dynamic networks that meet the conditions of Theorem 1, 
and have exactly 1 source, based on the approach in [9J. We begin by 
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examining networks with 1, 2, or 3 sinks, and then present an algorithm 
for the general case with k sinks. Without loss of generality we will label 
the source node 0, and the k sinks 0,1, ... ,k. 

We seek a minimum-cost flow with a base graph that is a forest. Since 
there is exactly 1 source, and 2:: dv = 0, it follows that the base graph is 
connected, and thus it is a tree. Furthermore, since there are no edges 
entering sources or exiting sinks, the base graph rooted at the source 
will have the sinks as leaves; the problem becomes related to network 
design problems and Steiner trees [10]. 

One sink. We seek a rooted tree gy with one leaf, in other words 
a simple path from the source 0 to sink 1. Obviously the flow on any 
edge of the path is equal to the total demand d1 , and we need to mi
nimize 2::eEQy (d1). This can be achieved by finding a shortest path 

from 0 to 1 with regard to edge lengths The coefficients tv for 
reconstructing the dynamic flow can be computed trivially by parsing 
the path from source to sink. 

Two sinks. We seek a tree with fixed root 0 (the source) and two 
fixed leaves 1 and 2 (the sinks). Any such tree would have the structure 
of one of the trees in Figure 1, where by arrows we have denoted either 
simple paths or edges. Moreover tree structure (a) contains the other 
tree structures as degenerate cases; hence we can assume all trees have 
this structure. Denote by dw demand 2::vEW dv ; then flow on the paths 
from 0 to w, W to 1, and W to 2 equals d12, d1, and d2 respectively. 

Consequently, we need to minimize for all w E V flow cost <po (y) = 

2::eELow + 2::eELwl + 2::eELw2 This can be achieved 
with 3 one-to-all shortest path computations. Denote by the mi
nimum distance from v to w with regard to edge lenghts <po (dw ); we 
compute for all w E V from 0 to W, backwards from 1 to w, 
and backwards from 2 to w. Then it is straightforward to find 
minwEv{ and then to compute tv by parsing the resulting 
tree. Due to concavity path overlapping does not lead to invalid results; 
we will address this in the proofs for the general case. 

Three sinks. We seek a tree with fixed root 0 and fixed sink leaves 1, 
2, and 3. There are more structures such trees could take, but all are de
generate or proper cases of the three structures depicted in Figure 2. To 
find a minimum-cost tree-like flow, we compute a minimum-cost flow tree 
for each structure, and then select the optimal one. Consider computing 
a minimum-cost flow tree that fits structure (c) from Figure 2. Its cost 
can be expressed as the sum of costs along tree branches, as in the case 
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(d) @----0---CD 

Figure 1. All structures for trees 
with one source and 2 sinks. 
(b) is a degenerate case obtained from 
(a) by setting W = 0; structure (c) is 
obtained from (a) by setting w = 1; 
structure (d) is obtained from (a) by 
setting w = 2. 
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(a) 

(b) 

( c) 

Figure 2. All non-degenerate struc
tures for trees with one source and 
3 sinks. All other structures can be 
obtained as degenerate cases by using 
various combinations of setting WI and 
W2 to 0, 1, 2, 3, and each other. 

with two sinks. Therefore, the minimization can be achieved with O(n) 
one-to-all shortest path computations. We compute C;2' c6;3 for 
all v E V, as well as for all v E V and w E V. Then we find 

. {123 12 3 1 2} d fi 11 t M·· t m1llv,wEV cOv + cvw + cv3 + cw 1 + cw2 an na Y v. llllmum-cos 
trees for the other two structures are computed similarly. 

The general case. We use dynamic programming to generalize, and 
present algorithm MINFLOW for computing the minimum cost of a 
dynamic flow in network N that satisfies the conditions of Theorem l. 
We will consider given: (i) the dynamic network N with n nodes, m 
edges, 1 source, and k sinks; (ii) the set of all tree structures with k 
leaves A. 

Each structure A = (VA, EA) E A that fits a tree ex is represented 
itself as a tree that contains the root and all sinks in ex. Moreover, 
A contains a new node for each node in Gx that has more than one 
outbound edge; we will call these branch nodes. Tree A also contains 
a new edge for each simple path in ex consisting of nodes with exactly 
one outbout and exactly one inbound edge. 
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The algorithm then calls MINTREE for each structure A E A, which 
returns the minimum-cost of a flow with structure A. The key element 
of MINTREE is the matrix c[v][w], where v E VA and w E V. The 
algorithm computes all elements of this matrix so that c[v][w] equals 
the cost of sending d[v] units of flow from node w to the sinks that 
are in the subtree Av of node v so that to satisfy their demands. Here 
d[v] = dv for all sinks v E V_ and d[v] = 2::QEAvnv_ dv for all branch 
nodes. More loosely, c[v][w] represents the cost of "assigning" branch 
node v to network node w. 

For all sinks v E V_ the algorithm initializes c[v][v] to 0; indeed the 
cost of getting the flow to v from v is zero. All other elements c[v][w] 
with v E V_ and v =F ware assigned +00. Then we are able to efficiently 
compute c[v][w] by walking up the tree A, and in the end obtain the 
sought minimum cost in element c[O][O]. 

MINFLOW(N, A): 
Cmin:= +00; 

for each A E A do: 
C := MINTREE(N, A); 
if C < Cmin then Cmin := c; 

end for; 
return Cmin. 

MINLEN(N, v, lO): 
return minimum distances sO from v to 
all nodes in the network N with regard 
to edge lenghts lO. 

DESC(A, v): 
return the set E.:t (v) of all direct descen
dants of node v in tree A. 

READY(A, bO): 
return the set {v E VAlb[v] = 01\ b[w] = 
1, \iw E DESC(A, v)} of all unprocessed 
nodes ready to be processed. 

MINTREE(N, A): 
for each v E VA do: 

b[v] := 0; 
c[vJO := +00; 

end for; 
while ::Iv E READY(A, bO) do: 

b[v]:= 1; 
if v ¢ V_ then 

d[v] := 'EwEDESC(A,v) d[w]; 
for each e E E do 

l[v][e] := rpe(d[v], 0); 
for each w E V do: 

if v ¢ V_ or v = w then 
c[v,w]:= 0; 

for each a E DESC(A, v) do: 
sO := MINLEN(N, w, l[a]O); 
c[v, w] := c[v, w] 

+ min,BEv{ s[,8] + c[a, ,8]}; 
end for; 

end for; 
end while; 

return c[O, 0]. 

The algorithm can be modified to return not just the minimum cost, 
but also the flow for which it is obtained. 

Lemma 5. Let N be an uncapacitated dynamic network with cost func
tions concave with regard to flow and constant in time such that T 
maxLEN{ILI}· If there exists a flow in N, then the cost computed by 
sub-algorithm MINTREE(N, A) equals or exceeds the cost of at least 
one flow in N. 
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Proof. It results from the definition of READY and the use of vector 
b that at the point when the algorithm begins computing c[v]D for a 
non-sink node v E EA, c[w]D is already computed for all descendants 
wE E1(v). It also holds that d[v] is computed to equal the total demand 
of all sinks under v. 

When computing c[v][w], the algorithm sums for each descendant the 
cost of sending flow from that descendant plus the cost of getting the 
flow to that descendant. On the other hand, due to concavity, the sum 
of the costs of sending 6 and 6 units of flow across an edge e equals or 
exceeds the cost of sending 6 + 6 units together. 

It follows by induction up the tree A that c[v, w] equals or exceeds 
the cost of at least one way of sending d[v] units of flow from node w to 
the sinks in the sub-tree with root v in A while obeying flow conserva
tion constraints and meeting sink demands. Therefore c[O] [0] equals or 
exceeds the cost of at least one way of sending -do units of flow from 
source 0 to all the sinks while meeting their demands and obeying flow 
conservation constraints. • 

Lemma 6. Let N be an uncapacitated dynamic network with cost func
tions concave with regard to flow and constant in time such that T 2: 
maxLEN{ILI}. If there exists a minimum-cost tree-like flow x with struc
ture A in N, the cost computed by MINTREE(N, A) equals the min
imum cost of a flow in N. 
Proof. If flow x has structure A then we can associate to each node 
v E A a node Vx E V. We will refer to the cost of flow being transported 
on the edges of a sub-tree of the base graph Ox as the cost of that subtree. 

We note that MINTREE computes the shortest path from a node 
to its descendants, and uses the minimum total cost selecting each de
scendant. It follows by induction up the tree A that c[v, vx ] is less than 
or equal to the cost of the subtree rooted at Vx with regard to flow x. 

Therefore, c[O][Q] <p(x). But according to Lemma 5, c[O][Q] exceeds 
or equals the cost of a flow in N. Since y is a minimum-cost flow in N 
we obtain that c[O][O] = <p(x). • 

Theorem 2. Let N be an un capacitated dynamic network with cost 
functions concave with regard to flow and constant in time such that 
T 2: maxLEN{ILI}· If there is a flow in N, then algorithm MINFLOW 
computes the minimum cost of a flow in the dynamic network N. 
Proof. Since there is a flow in N, there exists a minimum-cost flow 
x in N, and hence there is a structure A E A that fits it. Therefore, 
according to Lemma 6 MINTREE(N, A) will return the minimum cost 
of a flow in N. Moreover, since according to Lemma 5 any cost returned 
by MINTREE equals or exceeds the cost of a flow, all other calls 
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will return costs equal to or higher than the cost of the minimum flow. 
Since MINFLOW selects the minimum from all calls, it will return the 
minimum cost of a flow in N. • 

3.3. Algorithm complexity 

We first examine the complexity of sub-algorithm MINTREE(N, A). 
With an appropriate choice of tree representation, the calls to READY 
and DESC do not impact the order of complexity given by the loop 
structure. We assume Dijkstra's algorithm is used for the MINLEN 
computations. From the loop structure of MINTREE it follows that 
its execution has the complexity O(IVAI+IVAI(m+n(nlogn+m+n))) = 
O(kn(nlogn + m)). Therefore algorithm MINFLOW has complexity 
o (I AI kn (n log n + m). Obviously, the number of tree structures in A is 
at least exponential of the number of leaves k. However, if we consider 
networks with k fixed (not part of the input), then the algorithm is 
polynomial, with complexity 0 (mn + n 2 log n). 
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