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Abstract In this paper we present a general approach to construction of deter
mining functionals for second order in time evolution equations with 
nonlinear damping. As an example we consider von Karman evolution 
equations which describe nonlinear oscillations of an elastic plate. 
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Introduction 

The question of the number of parameters that are necessary for the 
description of the long-time behaviour of solutions to nonlinear partial 
differential equations was first discussed by Foias and Prodi [7] and La
dyzhenskaya [11] for the 2D Navier-Stokes equations. They proved that 
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the asymptotic behaviour of the solutions is completely determined by 
dynamics of the first N Fourier modes, if N is sufficiently large. Later 
a general approach to the problem of the existence of a finite number of 
determining functionals (parameters) for dissipative evolution PDE has 
been developed (see [3] and [4, Chap.5] for a survey). 

In this paper we present an approach to construction of determining 
functionals for second order in time evolution equations with nonlinear 
damping. Nonlinear dissipation does not allow to apply general methods 
developed in [3, 4]. As an example von Karman evolution equations 
which describe nonlinear plate oscillations is considered. 

As in [2, 3, 4] we involve the concept of the completeness defect for a 
description of sets of determining functionals. Assume that X and Yare 
Banach spaces and X continuously and densely embedded into Y. Let 
C = {lj : j = 1, ... , N} be a finite set of linearly independent continuous 
functionals on X. We define the completeness defect f.c(X, Y) of the set 
C with respect to the pair of the spaces X and Y by the formula 

f.c(X, Y) = sup{lIwlly : w E X, lj(w) = 0, lj E c, IIwllx :::; I}. 

The value f.c is proved to be very useful for characterization of sets 
of determining functionals (see, e.g., [3, 4] and the references therein). 
One can show that the completeness defect f.c(X, Y) is the best possible 
global error of approximation in Y of elements u E X by elements of the 
form U.c = L-f=llj(u)¢>j, where {¢>j: j = 1, ... ,N} is an arbitrary set 
in X. The smallness of f.c(X, Y) is the main condition (see the results 
presented below) that guarantee the property of a set of functionals 
to be asymptotically determining. The so-called modes, nodes and local 
volume averages (the description of these functionals can be found in [3], 
for instance) are the main examples of sets of functionals with a small 
completeness defect. For further discussions and for other properties of 
the completeness defect we refer to [3, 4]. Here we point out the following 
estimate 

Ilully :::; C.c .. max Ilj(u)1 + f.c(X, Y) ·llullx, u E X, (1) 
J=l, ... ,N 

where C.c > ° is a constant depending on C. Below we also need the 
following assertion (see [3]). 

Proposition 1. Let Z be a reflexive Banach spaces such that XcZcY 
and all the embeddings are continuous and dense. Assume that the in
equality 



Determining functionals 111 

is valid with some constants ae > 0 and 0 < () < 1. Then for any set 
1: of the linear functionals on X the estimate E.c(X, Z) ae [E.c(X, y)]e 
holds. 

Abstract model 
We consider the following second-order abstract equation: 

{ MUtt(t) + Au(t) + DUt(t) = F(u(t)), 
Ult=o = uo, Utlt=o = UI, 

(2) 

under the following set of assumptions: 

Assumption 1 (AI) A is a closed, linear positive selfadjoint operator 
acting on a Hilbert space 1t with V(A) c 1t. We shall denote by 

1 I . I and II . II the norm of 1t and V(Az), respectively; (.,.) will 
denote a scalar product in 1t. We shall use the same symbol to 

1 1 
denote the duality pairing between V(Az) and V(Az)'. 

1 

(A2) Let V be another Hilbert space such that V(Az) eVe 1t c V' C 
1 

V(Az)', all injections being continuous and dense, ME L(V, V'), 
the bilinear form (Mu, v) is symmetric and (Mu, u) aolult, 
where ao > 0 and (., .) is understood as a duality pairing between 
V and V'. Hence, M- I E L(V', V). Setting M = MI1i with 

- - 1 
V(M) = {u E V; Mu E 1t} we have D(Mz) = V. 

(A3) The operator D : V(AI/2) [V(AI/2)1' is monotone and hemicon
tinuous with D(O) = 0 and (Du-Dv, u-v) 0 foru, v E V(AI/2). 

1 
(A4) The nonlinear operator F : V(Az) V'is locally Lipschitz, i.e.: 

We also assume that F has the form F(u) = -II/(u), i.e. F(u) is 

the Frechet derivative of CI-functional '1:J(u) = -II(u) on 
where II(u) is bounded on bounded sets from V(AI/2) and the func
tion a(Au,u) + II(u) is bounded from below on V(AI/2) for some 
o a < 1/2. 

It can be shown (see, e.g., [13] and [6, Chap.2]) that under Assumption 1 
there exists a global solution u(t) to (2) from C(R+, V) 
and the following energy relation 

E(u(t),U(t)) + fot(DU(T),U(T))dT = E(UO,UI) (3) 

holds, where E(uo, UI) = ((MUl, Ul) + (Auo, uo)) + II(uo). 
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Below we also need the following hypotheses, which are responsible 
for long time behaviour of solutions to (2). 

Assumption 2 (A5) There exists a continuous, increasing, concave 
function H : R+ I-t R+, H(O) = 0, such that 

(Mv, v) ::; H((Dv, v)), (4) 

We also assume that 

for any u,v E V(A1/2), where C(r) is non-decreasing function of 
r > 0, C2 is a positive constant and TJ E (0,1/2]. 

(A6) There exist constants bo > ° and TJ E (0,1/2] such that 

(F(w + u) - F(w + z . u), u) ::; (1 - z)bo(Al- 21/u, u) , (6) 

for any zErO, 1], uEV(A1/2) and w from the set N={UEV(A1/2) : 
Au = F( u)} of stationary solutions. 

Let HT(S) = 3H(s/T), where T > 0. Since HT is increasing, c1 + HT is 
invertible for every c > 0. Therefore the function p(s) = (cI +HT)-l(s) 
is positive, continuous and strictly increasing with p(O) = 0. Finally 
we set q(s) = s - (I + p)-l(s) for s 2: 0. It is clear that q is strictly 
increasing, positive and zero at the origin. With function q we associate 
the nonlinear differential equation: 

d 
dt8(t) + q(8(t)) = f(t), t> 0; 8(0) = 80 E R. (7) 

Since q is monotone increasing, for any fELl (R+) there exists unique 
global solution 8 E C(R+). Moreover, if f = ° then 8(t) -> ° when 
t -> 00. We refer to [10, 13] for details. 

Determining functionals 

Our main result is the following assertion. 

Theorem 3 Let u(t) be a solution to problem (2) and w E V(A1/2) be 
a solution to the stationary problem Au = F(u). Assume that £. = {lj : 
j = 1, ... , N} is a set of functionals on V(A1/2) and EC = EdV(A1/2), 1-l) 
is the corresponding completeness defect. Assume that Assumption 1 and 
Assumption 2 hold. 
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Part I. We assume in addition that (A.5) in Assumption 2 is satisfied 
with H (s) = Cl S, Cl > O. Then the condition 

lim lj(u(t)) = lj(w) for all j = 1, ... , N, 
t---lo+OO 

implies that 

(8) 

provided (bo + 2C2) < 1, where TI, bo, and C2 are the constants from 
(5) and (6). 

Part II. Assume that there exists a positive function h(t) on R+ with the 
properties: (a) h(t) is decreasing and lim h(t)=O; (b) for any T>O there 

t->oo 

exists CT>O such that h(t)-:5:cTh(t + T) and (c) m?X Ilj(u(t)-w)12-:5:h(t) 
J 

for t > O. Then there exists T 2: 2 such that 

IMl/2Ut(t)12 + Ilu(t) - wl1 2 -:5: C· (8 (; - 1) + h(t)) 

for all t > T, where 8(t) satisfies the nonlinear ODE (7) (with parameter 
c defining q depending on the values of constants assumed in Assump
tion 1 and Assumption 2) and withf(t) == p(Ch(Tt)) and 8(0) depending 
on Uo, Ul and w. Here C is a constant. 

Remark 4 The first part of Theorem 3 refers to the situation of strong 
dissipation when nonlinear damping DUt leads to exponential decay rates 
for the unforced problems. In this case, the mere convergence to zero of 
lj(u(t) - w) when t --+ 00 guarantees the asymptotic convergence of u(t) 
to an equilibrium. 

In the case of weaker dissipation D(ut) (e.g., H(s) is sublinear at 
the origin) and additional information available on the decay rates of 
functionals lj( u(t)) to lj( w), the second part of Theorem 3 provides decay 
rates for the convergence of solution u(t) to the equilibrium. These rates 
are described by solutions of a nonlinear ODE (7). 

Proof. We rely here on some ideas developed in [5] for wave equation 
with nonlinear dissipation. Let v(t) = u(t) - w. Then for v(t) we have 
the following equation 

MVtt + D(vt) + Av = F(w + v(t)) - F(w), t> O. (9) 

Multiplying equation (9) in 'H by Vt we obtain: 

:t (IMl/2vt(t)12+IAl/2v(t)12) +(D(vt), vt)=(F(u)-F(w), Vt). (10) 
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It is not difficult to see that 

d 
(F(u) - F(w), Vt) = (F(u), Ut) - (F(w), Vt) = - dt <I? (v(t)) , 

where 

<I?(v) = II(u) - II(w) + (F(w), v) == - fa1 (F(w + zv) - F(w), v)dz. 

Consequently from (10) we obtain the equality: 

d -
dt E(t) + (D(vt), Vt) = 0, 

where 

E(t) = (IM1/2Vt(t)1 2 + IA1/2v(t)12) + <I?(v(t)). 

It follows from assumption (A6) that 

<I?(v) 2: - IA1/2-ryvI2. 

(11) 

(12) 

Since IA1/2-ryvl ::; IAl/2vI1-2ry. Ivl 2ry , ° ::; TJ ::; 1/2, using (1) with 
X = V(AI/2) and Y = 1t and Proposition 1 we obtain that 

IA1/ 2-ryvI2 ::; (1 + + CL,o . max Ilj(u)12, (13) 
)=l, ... ,N 

for each 15 > 0. From (12) and (13) we get the following estimate. 

Lemma 5 

- 4 
Moreover, E(t) 2: ° for all t 2: ° provided tLrybo < l. 

Proof. The inequality in (14) is a consequence of inequalities (12) and 
(13). In order to prove positivity of jj; we note that it follows from (11) 
and assumption (A3) that the function E(t) is monotony decreasing. 
Inequality (14) implies that if < b01 and limt--->+oo lj(v(t)) = ° then 
limt--++oo E(t) 2: 0. Thus E(t) 2: 0, t> 0, as desired. • 

The following estimate is critical for the asymptotic behaviour. 

Lemma 6 Let T > To, where To > ° is sufficiently large. Then 

2p(E(mT)/2) + E(mT) ::; E((m - l)T) + p(Nc(m, T)) 
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for m = 1,2 ... ) where 

Nc(m,T) = Cc [m?X Ilj(v(mT)W + m;;tx Ilj(v((m -1)T))12 
J J 

+ rmT m?Xllj(V(S)) 12dS] 
J(m-I)T J 

In particular) when H(s) = CIS) then we have 

E(mT) ::; 'YE((m - l)T) + Nc(m, T), m = 1,2 ... , 0 < 'Y < 1. 

Proof. Multiplying equation (9) by v we find 

d 
dt (Mvt, v)=IMI/2VtI2_IAI/2vI2+(F(v+w)-F(w), v)-(D(vt), v). 

Since = -E(t) + + <I> (v) , we have 

v) 12 -dt t, 2 t 2 
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+{<I>(v) + (F(w + v) - F(w), v)} - (D(vt),v) - E(t). 

By (A6) we have 

<I> (v) + (F(w + v) - F(w), v) 

rl 
= Jo (F(w + v) - F(w + zv)), v)dz ::; '2IAI/2-1JvI2. 

Therefore using (13) we obtain the following inequality 

:t(MVt,V) < -E(t) - (1- + c5)bo) IAI/2vI2 

3 
+OC,8 m!x Ilj(v)12 + 21MI/2vt12 + (D(vt), v). 

Integrating the last inequality from 0 to T with respect to t we obtain: 

loT E(s)ds ::; -(Mvt(T), v(T)) + (Mvt(O), v(O)) + 

(1- + c5)bo) loT IAI/2v(s)1 2ds 

+ rT (D(vt(s)), v(s))ds + CC,8 rT m;;tx Ilj(v(s))12ds. (15) Jo Jo J 

From Lemma 5 we obtain 

IAI/2V(t)12 + IMI/2v(t)12 ::; CE(t) + Cc max Ilj(v(t))12 (16) 
J 
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under the condition < 1. Thus, by direct computations 

I(MVt(T), v(T))1 + I (Mvt(O), v(O))1 C[E(T) + E(O)J 

+ C£ (m;xllj(V(T))1 2 +m;xllj(V(0))12). 

By (5) 

loT (D(Vt), v)ds loT C(IAl/2vl) . (D(Vt), vt)ds + C2 loT IA1/ 2-17v I2ds. 

As above, it is easy to see that C(IAl/2v(s)1) Co == Co (E(uo, Ul), w). 
Therefore, using (13) we obtain 

faT (D(Vt), v)ds Co loT(D(Vt) , Vt)ds + + 6) loT Vi1/ 2v(s)1 2ds 

+C£,8 rT m0x Ilj(v(s))1 2ds. (17) Jo J 

From (4) and Jensen's inequality we also have 

lo(MVt,Vt)ds foTH((D(Vt),Vt))dS (fo(D(Vt),Vt)dS). (18) 

Therefore applying inequalities (17) and (18) to main inequality in (15) 
we obtain 

4 t 
provided t£17(bo + 2C2) < 1. Since tE(t) fo E(s)ds (by (11) E(t) is a 
decreasing function), we obtain the following inequality 

Using the relation 

which follows from (11), and takingT > max [2C1, 2J we obtain 

E(T) (Col + HT) (E(O) - E(T)) +Nc(I,T). 
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Using the concavity of HT and recalling the definition of p(s) applied 
with C = Co we obtain 

2p(E(T)/2) + E(T) ::; E(O) + p (Nc(l, T)) , 

which gives the inequality in Lemma 6 for the case m = 1. Reitera
ting this argument on each subinterval (( m - 1 )T, mT) gives the desired 
conclusion in Lemma 6. 

In the special case when H(s) = CIS, HT(S) = 75s/T, defining "I < 1 in 
an appropriate way we find that E(T) ::; "IE(O)+Nc(l, T), which implies 
the statement in the second part of Lemma 6 with m = 1. Repeating 
the same argument on the interval [(m - l)T, mTJ yields the desired 
conclusion in the Lemma. _ 

To complete the proof of Theorem 3 it suffices to apply Lemma 6 on 
successive time intervals. This gives, for the case of linear H (s) 

n 

E(nT) ::; "In E(O) + Cc L "Ii Ln- i , (19) 
i=I 

where Li = maxtE[(m-I)T,mT] maxj Iljv(tW and 0 < "I < 1. The conclu
sion of Theorem 3 for linear H(s) easily follows from (19). In general 
case we use a comparison theorem similar to Lemma 3.3 [lOJ. _ 

Remark 7 Assume that there exists a positive function h(t) on R+ 
with the properties described in Part II of Theorem 3. In the case of 
linear H(s) we can derive from (19) the relation 

E(t) ::; CE(O)e-:;t + Cc lot e-:;(t-r) h(r)dr. 

for some l' > O. This formula describes the decay rates of the solution 
u(t) to the equilibrium w. The corresponding decay rates are exponential 
when h(t) = ce- f3t or polynomial if h(t) = c(l + t)-f3, (3 > O. We note 
that in general h(t) may depend crucially on the solutions u(t) and w. 

Theorem 3 implies immediately the following assertion. 

Corollary 8 Let WI, W2 E V(AI/2) be two stationary solutions to (2). 
Let .c = {lj : j = 1, ... , N} be a set of functionals on V(AI/2) and 

< 1, where 'f}, bo, and C2 are the same as in Theorem 3. Then 
the condition lj (WI) = lj (W2) for j = 1, ... ,N implies that WI = W2. 

The two corollaries formulated below deal with the case when the prob
lem possesses pre compact trajectories (this property holds in the appli
cation considered below for the case ex > 0). 
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Let u(t) be a solution to the problem (2). We recall that the set 

'Y+(uo, Ul) = u {(u(t); Ut(t)) : t 2: O} 

in the space H = V(AI/2) X V is said to be the semi-trajectory emanating 
from (uo; Ul) of the dynamical system generated by (2) in H. We also 
define the w-limit set of the semi-trajectory 'Y+(uo, Ul) by the formula 

where [A]H is the closure of the set A in H. 

Corollary 9 Let .c = {lj : j = 1, ... , N} be a set of functionals on 

V(AI/2) such that < 1, where TI, bo, and C2 are the constants 
from (5) and (6). Assume that u(t) is a solution to problem (2) with 
precompact semi-trajectory 'Y+ = 'Y+( uo, Ul) and there exists the finite 
limits limt-->+= lj (u( t)) == lj for every j = 1, ... , N. Then there exists a 
stationary solution w E V(AI/2) such that (8) holds. 

Proof. Precompactness of 'Y+ implies that w-limit set w( 'Y+) is non
empty compact set in H. The relation (3) implies that the functional 
V(y) = E(uo, Ul), y = (uo; Ul), is a strict Lyapunov function on H for 
system (2) (see books [1], [4] or [8] for the definition) and therefore the 
w-limit set wb+) lies in the set N == {(w;O) E H : Aw = F(w)} of 
equilibrium points to problem (2). From the convergence lj(u(t)) -+ lj 
we have that lj (w) = lj for all (w; 0) E w( 'Y+) eN. Consequently Corol
lary 8 implies that w( 'Y+) consists of a single point (w; 0) and therefore 
(8) holds. • 

Corollary 10 Let the assumptions of Corollary 9 be valid. Assume that 
u(l)(t) and u(2)(t) are solutions to equation (2) with precompact semi-

trajectories and and 

Then == If the set N of equilibrium points is finite, then 
there exists a stationary solution w E V(AI/2) such that (8) holds for 
both solutions Ul(t) and U2(t). 

Proof. Let (Zl,O) E eN. Then there exists a sequence {tm } 
such that tm-++oo and u(l)(tm)-":'Zl in the space V(A1/ 2) when m-+oo. 

Since is precompact set, we can choose a subsequence {tmk } c {tm } 

such that U(2) (tmk)-+Z2' where (Z2,0) E Property (20) gives 
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that lj(Zl) = lj(Z2) for all j = 1,2, ... , N. Consequently Corollary 8 

implies that Zl = Z2 and therefore we have (Zl,O) E This 

implies that = If N is finite, then it is easy to see that 

= consists of a single equilibrium point. This implies the 
assertion of the corollary. _ 

Applications 

In this section we deal with the following problem 

{
(I - a· b,.)olu + do(x) . go (Ut) - adiv(d(x)g(VUt)) 
+b,.2u - [u, V + Fo] = p(x), x E 0, t> 0, 

ulan = Ian = 0, Ult=o = uo(x), OtUlt=o = Ul(X), 
(21) 

where [u, v] = 0;1 U· 0;2 v + 0;2U. 0;1 v - 2· 0;lX2U. 0;lX2V and v = v(u) 
is a solution to the problem 

b,.2v + [u, u] = 0, oVI vlan = - = O. an an (22) 

Here 0 is a smooth bounded domain in R 2 , Fo (x) E H4 (0) and p( x) E 
L 2 (0) are given functions determined by the mechanical loads. The pa
rameter a 2: 0 takes into account the rotational inertial momenta of the 
elements of the plate. The terms go( Ut) and g( Ut) represent mechanical 
(potentially nonlinear) damping in the system with damping parameters 
do, d nonnegative and bounded in O. 

We introduce the following spaces and operators: 

• 1t == L2(0), V == HJ(O) in the case a > 0 and V = 1t for a = o. 
• Au == b,.2u, U E V(A) with V(A) == H6(0) n H4(0). 

• Mu == Iu - ab,.u, u E V(M) == HJ(O) n H2(0). 

• Hence V' = H-1(0) (a> 0) and V' = L2(0) (a = 0), 
V(AI/2) = H6(0), [V(Al/2)J' = H-2(0). 

• F(u) == [u, v(u) + Fo] + p, where v(u) satisfies (22). 

• D(u) == do(x)go(u) - adiv (d(x)g(Vu)). 

The nonlinear term F(u) has the form F(u) = -II/(u) with 

1 . 1 
II(u) = 4 lIb,.v(u) 112 2([u,uJ,Fo) - ([P,u), 

where v(u) E H6(0) is defined by (22). 
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We assume that the mappings go : R f---+ Rand 9 : R2 f---+ R2 are 
locally Lipschitz and possess the properties g(Sl,S2) = (gl(Sl);g2(S2)) 
for (Sl; S2) E R2, and gi(O) = 0, i = 0,1,2, and gi(S) is non-decreasing 
for each i = 0, 1, 2. 

Under these conditions one can show (see, e.g., [6], [12] or [13]) that 
Assumption 1 holds for both a> ° and a = ° cases. Thus problem (21) 
and (22) has a unique solution u(t) in C(R+; HJ(O)) n C(R+; Va(O)), 
where Va(O) = HJ(O) for a > ° and Va(O) = L2(O) for a = 0. 

To check assumption (A5) we need some additional hypotheses con
cerning do(x)go(v) and d(x)g(v). We assume that (a) there exist positive 
constants do and d1 such that do ::; do(x) ::; d1 and do::; d(x)::; d1 and 
(b) there exist positive constants a, band q 1 such that 

sgi(S) as2, i = 0, 1,2, lsi 1; Igi(S)I::; b(l + Isl q ), i = 1,2. (23) 

As for assumption (A6), we can show that 

(F(w + u) 
1-z 

F(w + z· u), u) ::; --2-llflv(u)112 

+ CO(l - z)ll u ll1-1(O) (11flw112 + IIFoll1-4(o)) 

for any z E [0,1] and u, w E H6(O), where Co is a constant depending 
on embedding theorems. Since the set of stationary solutions to (21) is 
bounded (see, e.g., [6]), the assumption (A6) holds in this case. 

Remark 11 In the case considered above, when we assume that the 
dissipation gi, i = 0,1,2, is differentiable near the origin, we can make 
the corresponding constant C2 arbitrary small. We also have 'T} = 3/8 

and bo = Co (11flw112 + IIFoll1-4(o)) for the system under consideration. 
We also note that if (23) holds for all s E R, then H(s) = CIs with a 

suitable C1. In general, construction of appropriate function H (s) relies 
on monotonicity of g( s) and asymptotic growth condition in (23) and 
can be done in the same way as in [10] for wave equation. 

Under all these assumptions Theorem 3 is applicable here and we have 
the following assertion. 

Theorem 12 Let u(t) be a solution to problem (21) and (22) and 
w E HJ(O) be a solution to the problem 

fl 2u - [u,v + Fo] = p(x)" x E 0, ulao = = 0, 

where v solves (22). Assume that .c = {lj : j = 1, ... , N} is a set of func
tionals on HJ(O) with the completeness defect E£ == Ec(HJ(O), L2(O)). 
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Then there exists EO > 0 such that the conditions E£ < EO and 

lim lj(u(t))=lj(w) forall j=1, ... ,N 
t--+oo 

imply that 

Remark 13 Theorem 12 implies the property of stationary solutions 
to von Karman equations which is similar to Corollary 8. However the 
precompactness of trajectories of the dynamical system generated by 
(21) and (22) we can guarantee in the case a > 0 only. Therefore this 
is only the case when Corollaries 9 and 10 can be applied. For details 
we refer to [6J. We also note that for the case a = 0, gO(8) = go . 8 

determining functionals for problem (21) and (22) were studied in [2J. 

The situation when the completeness defect E£ can be easily estimated 
from above is the following. Assume that {¢j : j = 1, ... , N} be a 
certain set of linearly independent functions from H6(O). Let us define 
an interpolation operator R£ by the formula R£w = 2:f=1 lj (w )¢j. If 
R£w is a "good" approximation for w, we have 

where C and a are positive constants and h > 0 is small enough. In this 
case we obviously have E£ :::; Chao This observation allows us to give the 
following examples (for details and further discussion we refer to [3, 4]). 

Local volume averages. Assume that >.(x) E LOO(R2) has compact 
support and JR2 >.(x) dx = 1. For h> 0 let us define functionals 

£ = {lj : lj(w) = . 10 j) dx, j == (jl,j2) E J} , 
where J == {(jl,h) E Z2 : (jlh,hh) EO}. In this case we have the 
estimate EdH6(O),L2(O)):::; ch2. 

Nodes. Let yh be a triangulation of the domain 0, made of triangles 
with sides less than h and let {Xj : j = 1, ... , Nh } be the set of all vertices 
of the triangles from yh. Then the completeness defect for the set 

£ = {lj : lj(w) = w(Xj), j = 1, ... , Nh } 

admits the estimate EdH6(O),L2(O)):::; ch2. 
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Modes. Let {ed be the basis in L2 (0) consisting of the eigenvectors 
of the biharmonic operator .6.2 with the Dirichlet boundary conditions. 
We suppose 

j = 1, ... ,N}. 
Then the estimate E,e(H6(0), L2(0)) :::; cN-1 holds. 
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