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Abstract: The paper presents the exact algorithm for capacity and flow assignment and 
hosts allocation problem in wide area computer networks. The problem 
consists in selection of flow routes, channel capacities and hosts allocation at 
nodes in order to minimize the total average delay per packet and the 
connecting cost of the hosts at nodes subject to budget constraint. The branch 
and bound method to construct the exact algorithm for solving the considered 
problem is used. 

Keywords: computer networks, CFA problem, wide area network, network design 

1. INTRODUCTION 

Computer networks are more and more popular and very useful in every 
domain of our live. They may be used for entertainment, learning, 
communicating and, of course, for any kind of business. Nowadays many 
factories are building their own wide area networks for better, faster and 
reliable data transfer. The number of Internet users is growing fast and the 
number of hosts (web servers, databases), connected to wide area networks 
is growing as well. The fast development of computer networks involves 
necessity of use the advanced networks design methods and optimum 
algorithms [1,2,3]. A class of problems well known by network designers is 
capacity and flow assignment (CFA) problems [3,4,5,6,7,8]. In the classical 
CF A problem, there are two design variables: channel capacities and flow 
routes (routing). The task is to select those variables in order to minimize the 
criterion function, for example the total average delay per packet in wide 
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area network (formulated by Kleinrock in [9]) or the cost of leasing the 
capacities [2]. 

In this paper the more general problem is considered: how to 
simultaneously select the channel capacities, flow routes and the hosts 
allocation at nodes in wide area network in order to minimize the linear 
combination of the total average delay per packet and connecting costs of the 
hosts subject to budget constraint. The problem may be formulated as 
follows: 
given: network topology, user allocation at nodes, discrete cost

capacity function, for every host the set of the nodes to 
which host may be connected, budget of the network, traffic 
requirements: user-user and user-host 

minimize: linear combination of the total average delay per packet and 
the connecting costs of hosts at nodes 

over: channel capacities, routing (i.e. multicommodity flow), hosts 
allocation 

subject to: multicommodity flow constraints, channel capacity 
constraints, budget constraint. 

The considered capacity, flow and hosts allocation assignment problem 
with discrete cost-capacity function is NP-complete. In the paper, an exact 
branch and bound algorithm is proposed to solve this problem. 

The similar problem was considered in the paper [1]. In this paper only 
one decision variable was used, i.e. host allocation. Moreover, the heuristic 
algorithm was presented. 

2. PROBLEM FORMULATION 

Consider a wide area network consisting of n nodes and b channels. For 

channel i there is the set C1 = {cf , ... ,c!0>} of alternative values of capacities 

from which exactly one must be chosen. Let di be the cost of leasing 

capacity value ci for channel i . Let capacities from each set C1 be ordered 

in such a way that : cf > c; > ... > c!(•') . 
Let xi be the discrete variable defined as follows: 

x! = { 1, if the capacity c! is assigned to channel i 
0, otherwise 

Since exactly one capacity from the set C1 must be chosen for channel i , 
then the following condition must be satisfied: 
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s(i) 

"Lxi = 1 for i = l, ... ,b (1) 
k=l 

Let W1 = {xt, ... , x!(l)} be the set of variables x) , which correspond to the 

i -th channel. Let x; be the permutation of values of variables x! 
k = l, ... s(i), i = l, ... ,b for which the condition (1) is satisfied, and let X, be 

the set of variables which are equal to 1 in . 
Let K denotes the total number of hosts, which must be allocated in the 

considered wide area networks. Let Mk be the set of nodes to which k -th 
host may be connected. 

Let Yki be the decision binary variable for k -th host allocation defined 
as follows: 

= { 1, if k -th host is connected to node i 
Yki 0 otherwise 

' 
Since each host must be connected to one node only then the following 
condition must be satisfied: 

LYki = 1 for k = l, ... ,K (2) 
leMk 

Let Y,: be the permutation of values of all variables Yki for which the 

condition (2) is satisfied and let Y,. be the set of variables which are equal to 

one in Y,:. The pair of sets (X,,Y,.) is called a selection. Each selection 

(X,, Y,.) determines the values of channel capacities in the wide area 
network and host allocation at the nodes of the network. Let R be the family 
of all selections. 

Let uk1 be the average packet rate transmitted from users connected to 

node i to k -th host, and let uki be the average packet rate transmitted from 

k -th host to all users connected to node i . Moreover let iij be the average 

packet rate transmitted from users connected to node i to users connected to 
node j . Then, let rii be the average packet rate transmitted from node i to 

node j in the wide area network: 

K K 

ru = iij (3) 
k=l k=l 

We assume that ru = 0 fori= l, ... ,n. 

Let T(X,,Y,.) be the minimal average delay per packet in the wide area 

network in which values of channel capacities are given by X, and traffic 
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requirements rif are given by Y,. (depending on host allocation). T(X,,Y,.) 
can be obtained solving a multicommodity flow problem in the network 
[2,8,10]: 

subject to 
[_ is a multicommodity flow satisfying the requirements rif i,j = l, ... n 

given by Y,. , and 
I ' I 

/; :s; for every xk E X, 

where f = [t;, ... ,f6 ] is the vector of multicommodity flow, /; is the total 

average bit rate on channel i , and r is the total packet arrival rate from 
external sources at all nodes of the wide area network. This problem may be 
solved using the efficient FD method [10]. If the formulated above problem 
has no solution then we perform T(X,,Y,.) =ex:>. 

Let ak1 be the cost of connecting of the k -th host to node i , and let 

K 

A(Y,.) = L LakiYki · 
k=l ieMk 

Let Q(X,,Y,.) be linear combination of the total average delay per packet 
and the connecting costs of hosts at nodes: 

Q(X,,Y,.) = aT(X,,Y,.) + fJA(Y,.) 

Then, the considered hosts allocation, channel capacity and flow 
assignment problem in the wide area network can be formulated as follows: 

min Q(X, Y,.) 
(X,,Y,) 

(4) 

subject to 
(X,,Y,.) E R (5) 

d(X,) = :S; B (6) 

where B denotes the budget (maximal feasible leasing capacity cost) of the 
wide area network, a and f3 are the positive coefficients; a,f3 e {0,1). 
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3. THE BRANCH AND BOUND ALGORITHM 

The problem (4-6) is NP-complete, then the branch and bound method is 
used to construct the exact algorithm for solving considered problem. 

Starting with the selection (X"f;) e R we generate a sequence of 

selections (X,,.f.). Each selection (X,,.f.) is obtained from a certain 

selections (X,,Y,.) of the sequence by complementing one variable x! (or 

Yki) by another variable from Wi (or {yki : j e Mk and j =Pi}). 

So, for each selection (X,,Y,.) we constantly fix a subset F,. e (X,,Y,.) 

and momentarily fix a set F: . The variables in F,. are constantly fixed and 

represent the path from the initial selection (X1,f;) to the selection (X,,Y,.). 

Each momentarily fixed variable in F: is the variable abandoned during the 

backtracking process. Variables which do not belong to F,. or F: are called 

free in (X,, Y,.) . There are two important elements in branch and bound 
method: testing operation (lower bound of the criterion function) and 
branching rules. Then, in the next section of the paper, the testing operation 
and choice operation are proposed. 

The lower bound LB, and branching rules are calculated for each 

selection (X,,Y,.). The lower bound is calculated to check if the "better" 

solution (selection (X,, .f.)) may be found. Ifthe testing is negative, we 

abandon the considered selection (X,,Y,.) and backtrack to the selection 

(XP,YP) from which selection (X,,Y,.) was generated. The basic task of the 

branching rules is to fmd the variables for complementing to generate a new 
selection with the least possible value of the criterion function. The detailed 
description of the calculation scheme of branch and bound method may be 
found in the literature. 

4. TESTING OPERATION 

The basic task of the operation is to compute the lower bound LB, of the 

criterion function ( 4) for every possible successor (x., Y.) generated from 

(X,,Y,.). The lower bound LB, is obtained by relaxing some constraints and 
by approximating the discrete cost-capacity curves with the lower linear 
envelope [2,7]. Then the bounding problem with linear channel leasing cost 
and with the continuos free variables Yki may be formulated as follows: 
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subject to 

{
r, if a=k n n kl 

Lfk1(a,e)-Lfkl(e,a)= -rkl if a=l 
e=l e=l 0 otherwise 

(8) 

for each node a = 1, ... ,n and for k,l = 1, ... , n k =1:- 1 

where 

fkl(a,e)'?.O for a,e=l, ... ,n a=t:-e andfor k,l=1, ... ,n k=t:-1 (9) 

J;-:;. c1 for every xi EX,- F,. (10) 

J; -:;. ci for every xi E F,. (11) 

Ld1c1 -:;.B, (12) 

LYki = 1 for k = 1, ... ,K 
ieMk 

(13) 

(14) 

fk1(a,e) is the portion of commodity (k,l) flowing on channel (a, e), 
n n 

J; = LLfkl(a,e) is the total multicommodity flow on channel i, it is 
k=ll=l 

assumed that the channel (a, e) has number i, 

= k : xi e X, - F,.} is the vector of capacities of such channels, for 

which variables xi are free in X,, 

L . . . . (di) B =B- d' · c" = max c' · d' = min -. 
T k' max I I I k' I I t I 

xkeW -F, xkeW -F, ck 

The problem (7-14) is not classical multicommodity flow problem because 
in the right hand side of the equation (8) there are the variables (not fixed 
parameters). Moreover the variables Yki are in the condition (14). Then the 
problem (7-14) cannot be solved using effective algorithms for 
multicommodity flow problem well known in the literature [8,10]. It is 
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observed that we can reformulate the problem (7-14) to obtain the 
multicommodity flow problem. The equivalent formulation of the problem 
(7-14) we obtain by modification of the considered network. This 
modification is made in the following way. We add to the considered 
network 2K new artificial nodes, which are numbered from n + 1 to 
n + 2K . Moreover we add to the network new artificial channels as follows: 

if Yki E Fr then the undirected artificial channel (n + k,i) is added to 

the network, 

if Yki E Y,.- F,., then the directed artificial channels (n + k,j), 

(j,n+K+k), (n+K+k,n+k), such that jeDk and are 

added to the network. 
The capacities of the new artificial channels are following 
c(n + k,i)= cx:>, c(n + k,j)= cx:>, c(j,n + K + k)= cx:>, 

n 

c(n + K + k,n + k)= 
1=1 

The leasing costs of all artificial channels are equal to zero. 
It is easy to see that the artificial nodes n + k and n + K + k correspond 

to the k -th host. The above conception of the new artificial channels ensure 
that the flow in channels adjacent to the nodes n + k and n + K + k consists 
only of commodities (k,.) and (.,k). 

Moreover, it is easy to observe that the condition (8) incorporates the 
condition (14) in the modified network if 

Yki = J(i,n + + k)+ J(n + k,i) for k = 1, ... ,K, i = 1, ... ,n (15) 

L (ukl + ;;kl) 
1=1 

After the above modifications of the network the equation (8) becomes 

rkl if a=k and k,l'5.n 

n+2K n+2K - rkl if a= f and k,/ '5, n 
Lfkl(a,e)- L fld(e,a)= (16) 
e=l e=l u pi if a = 1 and k = n + p 

u pi if a = n + p and 1 '5. n 

It follows from (10) and (13) that J; '5. c1 '5. c!.x and then the constraint (13) 
may be relaxed by the following 

/; '5. c!.,. for every x! E Xr - F,. (17) 

Then, the minimal value of the criterion function (4) for every possible 
successor (X,, Y.), generated from (Xr, Y,.) is the lower bound by a solution 
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of the problem defined by (7), (9), (11), (12), (16) and (17). This problem is 
similar to the problem presented in the paper [8]. Then, to solve the problem 
(7), (9), (11), (12), (16) and (17) we may use the method analogical to the 
one presented in [8]. 

5. BRANCIDNG RULES 

The purposes of the branching rules is to fmd the normal variable from 
(X,,Y,.) for complementing and generating a successor of selection (X,,Y,.) 
with the least possible value of criterion function (4). We can choose 

variables xi or Yki . The choice criterion on variables xi may be formulated 
in the same way like in the classical CF A problem, because changing 
capacity of any channel does not change A(Y,.). Then we can use following 
criterion [2,8]: 

1 {Q(X,,Y,.)- a(-!i---!i-) for > f 
8.kj = r ck - J; cj - J; 

oo for J; 

(18) 

To formulate the choice criterion on variables Yki we can use the 
following theorem: 
Theorem 1 Let (X,,Y,.) e R. If the selection (X,,Y,) is obtained from the 

selection (X,,Y,.) by substitution Yki = 0, Yk;i = 1, where Yki e Y,. and 

Yk;i e Y. , and X, = X, , then 

(19) 

where 

otherwise 
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f{; is the part op the flow at i -th channel. It correspond to the packets sent 

from all users (nodes) to k -th host and from k -th host to all users (nodes), 

denotes the l -th path from node e to node j, 

1 . _ {1 if i - th channel belong to path 
' 

0 otherwise 

Ilej denotes the set of all paths from node e to node j . 

Proof If the conditions ]; < are satisfied for every E X, , then the 

flow f is the feasible multicommodity flow for the network with channel 

capacities given by X, . The flow f was constructed as follows: the flow from 

all users to k -th host was moved from the routes leading from the users to node 
i to the routes leading from the users to node j . Let notice, that the right side of 

an inequality (19) is a linear combination of the total average delay per packet 

and the connecting costs of hosts at nodes for the flow f . Since Xs = X, 

and Q(X,,Y,.) is the minimal value of is a linear combination of the total 

average delay per packet and the connecting costs of hosts at nodes, then the 
inequality (19) is true. If it is impossible to construct the feasible 

multicommodity flow f, then, of course, T(X,,Y,.) < oo, and 

Q(X,,Y,.) < oo .• 

Making substitutions, we have to remember, that for every node all flow 
directed to this node and from this nodes to all another nodes cannot be 
bigger, than the sum of capacities of all channels adjacent to that node. Let 
Hj be the sum of capacities of all channels adjacent to node j: 

where 

Hj = L:x!c!h/i) 
xkex, 

h ( . _ {1, if i- th channel is adjacent to j- th node 
. z)-

1 0, otherwise 

(20) 

If we want to connect the k -th host to the node j, then the following 

condition must be satisfied for Yk;: 
n n 

Hj:e::L:(rj;+rJ+ Lu;k+u;k (21) 
i=l i=l,i#j 

Let E, =(X, u Y,.)- F,, and let G, be the set of all reverse variables of 

normal variables, which belong to the set E,. We want to choose a normal 

variable the complementing of which generates a successor with the possible 
least value of criterion function (4). We should choose such pairs 
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eG,} or {(yki,yq):yki eE,,ykj eG,}, for 

which the values of the criterion !{q or o; is minimal. 

6. CONCLUSIONS 

The paper deals with the problem occurring when a new network is set 
up or when an existing network is to be optimized - the host allocation, 
capacity and flow assignment problem. The problem is NP-complete. In the 
paper only theoretical aspect of this problem is considered. The Kleinrock' s 
model of wide area network was extended and used. An exact algorithm for 
solving the considered problem was constructed and it was used to receive 
an optimal solution of this problem. 
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