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Abstract: 

BAYESIAN METHODS APPLIED 
TO THE 

DATABASE INFERENCE PROBLEM 
LiWu Chang and Ira S. Moskowitz 

We apply Bayesian estimation and network techniques to the database infer
ence problem. Bayesian analysis permits the realistic estimation of probabilities 
of missing data as well as insight into how prior knowledge and observed data 
interact. We urge our community to exploit this powerful tool. 

15.1 INTRODUCTION 

We take a Bayesian approach to the database inference problem (inference 
problem for short). Although the database community has analyzed the in
ference problem in many different ways (e.g., [5], [10], [9], [14], [18], [20], [22], 
[28]), other researchers have never formally used Bayesian techniques to study 
the problem (although several papers e.g., [8], [20], [28] have alluded to this 
method). Our main contribution is to apply standard Bayesian estimation the
ory to the inference problem. In particular, we use the method of inductive 
learning with a Bayesian network e.g., [7]. We analyze the type of inference 
problems to which our method is applicable. 

The ability of a low-level user (Low) to infer higher-Ievel information is the 
MLS database inference problem. We assume that the low user has the entire 
low-view of the database at its disposal. If the low database is, in fact, a 
high database with certain entries blocked out we have the missing data [16] 
approach to the inference problem (this term is also called incomplete data 
[27]). The data that is missing is the hidden high data. If the low database 
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Table 15.1 Simple Relational Database with an Unknown Value 

Name Location Job 

Bond Russia Spy 
Smart France Cook 
Poirot France Cook 

Sandiego Russia Spy 
Christie England Clerk 

Goldfinger Russia Spy 
Holmes England Cook 

Ames Russia ? 

is not part of a high database but by Low following implications between the 
database attributes, it is possible for Low to come up with a new relationship 
between the data that is, in fact, high information then we are dealing a logical 
inference approach [23]. These are two approaches to the inference problem to 
which Bayesian techniques can be usefully applied. We only study missing data 
in this paper and will address the later in future work. We are not concerned 
with other approaches such as the well-studied statisticalj query based approach 
e.g., [10], [22]1. 

Let us consider the following missing data example put forth by Marks [20]. 
We assume that Table 15.1 is the low database. The columns are the attributes. 
The challenge is to determine which job Ames holds, which is the missing value. 
That is high information since we are assuming that Table 15.1 with the last 
entry filled in is the high database. The obvious, though simplistic, answer 
might be to say that Ames is definitely a spy. In fact, this fact seems to be 
tacitly assumed in some papers, e.g. [20]. Why should we accept this? Do we 
have enough data upon which to base our decision? If we flip a coin twice, it 
comes up heads once, and tails once, can we say that it is a fair coin? If the 
first time 1 buy a lottery ticket or play a slot machine 1 win would you give me 
your home to gamble with on my second attempt? The problem is that we are 
dealing with a very small sample that is not statistically significant. Certainly, 
not everyone in Russia is a spy. There must be cooks and there must be clerks. 
A lortiori, if we know that only a small percentage of the people presently in 
Russia are spies, then we should not assume that Ames is a spy. 

1 In the statistical/query based approach the low user is not allowed full knowledge of the 
database. The complete database is considered high information. The low user is allowed 
to ask certain questions of the database and/or to know certain statistical information (e.g. 
max, min, mean, variances, etc). From this partial information the low user then tries to 
glean high information. Of course, there might be some intersection between the different 
approaches. 
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Table 15.2 Contingency Table 

Russia France England 

Cook O 2 1 
Spy 3 O O 

Clerk O O 1 

Therefore, we see that deterministic approaches to the inference problem 
can give skewed results and may be too limited to meet our security concerns. 
Certainly, a probabilistic leak of high information can be a cause for concern. 

We wish to develop a means for analyzing the inference problem when: 
Condition l-The low database may have missing values, and 
Condition 2-The low database may have nondeterministic rules and probabilis
tic relationships between attributes. 

The inference problem fits into the bigger scheme of data mining [18], [15], 
[12]. With this in mind, we use the data mining (learning) technique of Bayesian 
networks to analyze the inference problem, meeting conditions one and two as 
above. The example in Table 15.1 is a toy problem that can be expressed as a 
simple Bayesian network. Before giving formal definitions we will work through 
the toy problem. 

The problem is to determine the job of Ames. We have three choices: Spy, 
Cook, or Clerk2 . In Table 15.1 the first column (name) identifies the sample 
and designates the row (tuple). We take columns two and three and form a 
contingency table as shown in Table 15.2. 

We take a subjective or "degree of belie!, approach to probability. In a belief 
based approach, we use our prior knowledge of a situation, along with observed 
data, to arrive at a probability. The prior knowledge is referred to as the prior 
distribution (simply called the prior), the data on hand is referred to as the 
observation. The idea of combining the prior and the observation to give us the 
posterior distribution, by using Bayes' theorem, is called the Bayesian method. 

Thm [Bayes] P(EIF) - peFIE}peE} 
- P(F) 

When attempting to fit observed data to into a probabilistic model (such 
as what we are doing with the low view of the database), we must be careful 
not to over-fit the data. Certainly, given two points representing a function, 
we should not say, in general, that the function is a straight line. Similarly, we 
can not always assume a deterministic interpretation of the data that is given. 
The Bayesian approach is very good for this. 

2Note we are assuming that there are only three choices of jobs. If there were more (but not 
represented in the observed data) our Bayesian approach would still work by increasing the 
number of parameters. 
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We need to determine P(A = i), where A represents the (categorical) random 
variable "Job of Ames" which can take on the values i = cook, spy, clerk. It is 
meaningless that the name is Ames. What matters is that there is a Russian 
with an unknown occupation. The occupations of the French or English are not 
germane to our analysis. However, we must consider the Russian data. This is 
why we condition upon it. The event representing the data from the first column 
of Table 15.2 is represented by D r. Our goal is to determine P (A = spy j D r ) . 
Our prior distribution is the distribution describing the occupation of a Russian. 
The prior distribution has three values. For a discrete random variable the 
range values are the parameters. We let (h = P(cook) , O2 = P(spy), and 
03 = P(clerk). Since probabilities must sum to one, we realIy only have two 
parameters (03 can be written as: 03 = 1- (OI + (2 )). This is, in effect, a second 
order probability analysis-we are assigning probabilities to probabilities. We 
decompose P(A = spy) as folIows (AlI integration is definite, for notational 
simplicity, we of ten do not write out the region of integration): we have 

P(A = jD ) = !! P(A = spyjDr, OI, (2)P(Dr jOI, (2)!(OI, ( 2 ) dO dO 
spy r P(Dr) 2 l 

[1.1] 
What is P(DrjOI, (2)? We assume that the occurrences making up Table 15.2 
are independent. Therefore, since there are three spies: 

[1.2] 

Consider the term P(A = spyjD r , OI, ( 2 ). This is the probability of A = spy 
conditioned on the data Dr and the the priors having the values OI and 82 • 

(Note we are abusing notation by sometimes not distinguishing between the 
random variable describing the prior 8i and the values that the parameter 
may assume.) This telIs us that we are to assume that the parameters are 
taking on those particular values. Therefore, since the second parameter is 
the prior for spy, we have no choice but to assign the conditional probability 
P(A = spyj8I, ( 2 ) the value 82 • AIso note that the event Dr does not influence 
this conditional probability. Therefore, P(A = spyjDr, OI, ( 2 ) = 82 also. 

15.2 TOV EXAMPlE: NON-INFORMATIVE PRIOR ANO TWO 
DISCRETE PRIOR EXAMPlES 

Next, we need to determine the density function !(OI,82 ). We have many 
choices for what the distribution of these parameters should be. For now we 
take a non-informative view of the prior and assume that the parameters are 
jointly uniformly distributed. Consider the parameter 81 . It gives the possible 
values for the probability of A = cook. Therefore, 81 can take on any value 
between zero and one. Given a value of 81 the parameter O2 can be between 
O and 1 - OI (of course the third parameter is 1 - OI - ( 2 ). Therefore, the 
integration is taken over the region given by the right triangle O S OI S 1, 
O S O2 S 1 - OI. Since the area of the triangle is 1/2 we see that j(81 , ( 2 ) = 2. 
At this point, we do a standard Bayesian trick and treat P(Dr) as a normalizing 



BAYESIAN METHODS APPLIED TO THE DATABASE INFERENCE PROBLEM 241 

constant k- 1 and do not calculate it at this time. Therefore Eq. [1.1] simplifies 
to 

Now let us consider P(A = cookIDr). We see that P(A =cookIDr, 91, ( 2 ) = 91 

and we have 

P(A = klD )=!!P(A = cooklDr, 91,(2)P(DrI91,92)f(91, ( 2 ) d9 d9 =~ 
coo r P(Dr) 2 1 60 

Using P(A = clerklDr, 91, ( 2) = 1-91 - 92 we see that P(A = clerklDr) = :0. 

Since P(A = cooklDr) + P(A = sPYIDr) + P(A = clerklDr) = 1 we have 
that P(Dr) = 1/10 and therefore k = 10. Therefore, P(A = sPYIDr) = 2/3, 
P(A = cooklDr) = 1/6, and P(A = clerklDr) = 1/6. We could have easily 
calculated P(Dr) directly in this case since 

[2.1] 

What would happen if our data were different? What if there were n spies 
and no cooks or clerks in first column of the database table? In that case Eq. 
[1.1] would become 

f1 f1- lh 2k 
P(A = sPYIDr) = 2k 10 10 ()2 n +1d()2 d()l = (n + 2)(n + 3) [2.2] 

where, as before k-1 = P(Dr). Since Eq. [2.1] gives us P(Dr) = 2/[(n+ 1)(n+ 
2)] we see that Eq. [2.2] reduces to P(A = sPYIDr) = (n+ 1)/(n+3). This tells 
us that as limn-too P(A = sPYIDr) = 1. This agrees with our intuition-the 
number of spies is getting larger and larger and stiH no clerks or cooks appear 
in the data set. The data set lets us adjust our views on the prior and gives us 
what we hope is a better guess at the posterior distribution P(A = spyIDr). 

What if we used a different prior? What would happen if our prior knowledge 
was in fact definite knowledge? By this we mean that the prior is given by one 
(non-trivial) value, P(91 = a,92 = b) = 1 . These statements are so strong 
that they overrule any influence from Dr. Obviously with such priors, one 
would not need to calculate anything. We have no choice but to say that 
P(A = sPYIDr) = b, regardless of what Dr is. Let us see if our equations give 
us this result. Recall that the purpose of playing with this toy example is to 
give us insight into the Bayesian technique. Since we have probability mass 
functions P(91 = i, ()2 = j) instead of, as before, probability density functions 
P(()1,()2), the integration becomes summation. Therefore, we now have 

P(A = ID ) = P(A = spyIDr,()l = a,92 = b)P(Drl()l = a,()2 = b) ·1 
spy r P(Dr) 

In our initial example with three spies, no cooks or clerks, then both P(Dr) = 
P(Dr191 = a,()2 = b) = b3 • Therefore, these two terms cancel out. This holds 
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true as long as b f:. O. In that case, we would be dividing by zero. In this case, it 
would also be impossible to have a data set with spies in it! 80 our mathematics 
and intuit ion agree (luckily). 80 we are left with P(spyIDr,81 = a,82 = b) 
which is just b. 80, when there is just one value for the prior, it is also the 
value for the posterior distribution. 

Now let us consider the example where the prior 82 can take on two non
trivial values b and d, without loss of generality b < d. We take as a probability 
mass function: P(81 = a,82 = b) = u, P(81 = e,82 = d) = 1 - u where 
a:S 1- b and e:S 1 - d. Therefore, we have that P(A = sPYIDr) = 
p(b~) {P(A = spylDr,81 = a,82 = b)P(DrI81 = a,82 = b)P(81 = a,82 = b)+ 
P(A = spylDr, 81 = e,82 = d)P(DrI81 = e,82 = d)P(81 = e,82 = d)} . 
Which gives us P(A = sPYIDr) = p(brl {b. b3u + d· d3(1- u)} and similarly 

P(A=eookIDr) = p(brl {uab3+(1-u)ed3} and 

P(A=clerkIDr) = P(b~l {u(1-a- bW+(1-u)(1-e-d)d3}. 
8ince all three terms must add to one, we have that P(Dr) = ub3 + (1- u)d3. 
Note that, due to the simplicity of the priors, P(Dr) could have been directly 
calculated as P(Dr181 = a'(h = b)P(81 = a,82 = b) + P(Dr181 = e'(h = 
d)P(81 = e,82 = d). In the next section we will calculate P(Dr) in this latter 
method. We include the discussion on the normalizing constant because this is 
a very common way of dealing with Bayesian problems [26J. Therefore, 

ub4 + (1 - u)d4 

P(A = spylDr) = ub3 + (1- u)d3 [2.3] 

We see by Eq. [2.3] that P(A = spylDr) is a function of u, u E [O, lJ so we will 
write it as f(u). Obviously f(O) = d, and f(l) = b. Since b < d, we see that 
the derivative of f w.r.t. u is negative. Therefore, f(u) is a function with a 
maximum of d and a minimum of b. The value of u determining the priors and 
the data set Dr determine the probability of P(A = sPYIDr) but we know it 
must be in the range [b, d] . 

We have played with this toy problem enough for now. Our goal with this 
exercise was to give the intuition behind the Bayesian method before we pre
sented the full theory. That presentation is the next section. 

15.3 OUTLlNE OF BAYESIAN ANALYSIS 

This section is based on work of Anderson [1] and of Heckerman [13]. 
Bayesian estimation (or prediction) of the value of a random variable X 

deals with computing the posterior probability of X equaling a certain value, 
based (conditioned) on the observed data D. The general approach is to derive 
an estimated probability distribution for the random variable based on the 
available data, and then to obtain the information about a particular value of 
interest from this derived probability distribution. The probability distribution 
is, in general, described by a family of parameters 8. We assume that X is 
discrete and denote the parameter set by 81 , ... , 8191, where 181 is the number 
of non-trivial values X may obtain. In other words, the non-trivial values that 
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X takes are Vk and the parameter corresponding to that value is (Jk. Note that 
each (Ji is it self a (usually continuous) random variable. The (Ji are constrained 
by the equation Li~~ (Ji = 1, since the (Ji represent probability values. The 
posterior probability of the k th value Vk of X is 

P(X = vklD ) = I P(X = vkI 8 ,D)P(8ID)d8. 

The total number of independent parameters is 181 - 1, because Li~~ (Ji = 1. 
Without loss of generality, we view the last parameter (JIei as 1 - Li~~-l (Ji. 
Thus the integral is a (181 - 1)-fold integral, and the region of integration is 
O ::; Li~~-l (h ::; 1. D can be dropped out from the first term of the last 
integral because it no longer affects the probability of Vk once the parameters 
are known. Thus, we have 

P(X = vklD ) = I P(X = vkI8)P(8ID)d8 [3.1] 

To compute the posterior probability of P(8ID), we need P(D), P(8) and 
P(DI8). This allows us to rewrite Eq. [3.1] as 

P(X = ID) = I P(X = vkI8)P(DI8)P(8) d8 
Vk P(D) [3.2] 

Under the Bayesian assumption, each datum is independently drawn and the 
conditional probability of the data, given parameters, obeys the multinomial 
distribution. Thus, the likelihood of data is given by P(DI8) = ITl~l (J~k 
where nk is the number of samples in D matching the Vk value (compare to 
Eq. [1.2]). 

We use the Dirichlet distribution for the prior probability P(8). P(8) = 
r(<» IT I91 (J<>k- 1 h O ,,9 d r()· h G IT iel k=l k W ere Qk > , Q = L..k Qk, an . IS t e amma 

k=l r(<>k) 
function. Note that: 
(1) When there are only two parameters this is also called the Beta distribution. 
(2) When Vk, Qk = 1 this special Dirichlet distribution becomes a uniform 
distribution (notover the unit hypercube, since we must account for the Gamma 
functions). This is called the non-informative prior (as in the toy problem). 
Keep in mind that in our Bayesian analysis the "last" parameter (JIei is taken 

b ,,191-1 (J ta e 1 - L..,i=l i· 

The use of the Dirichlet distribution (a form "conjugate" to the multinomial 
distribution) is a standard Bayesian technique for several important reasons 
[2], [11], [1]. The expected values of the Dirichlet distribution (w.r.t. each 
parameter) give us a frequentist interpretation of the various coefficients. Our 
posterior probabilities of X will be in a form that lets us see the influence of 
the weighting of each prior, via the coefficients (Jk, and the contribution from 
the observed data. Not alI priors are given by the Dirichlet distribution but for 
this paper, they are. 
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P(D) is given by (it is basicalIy integration by parts ad nausea) 

Iei 
P(D) = rea) II r(ak + nk) 

rea + N) k=l r(ak) 

where N = E~el nk. 
Finally, using the fact that P(X = vkl8) = (h, we arrive at: 

[3.3] 

[3.4] 

Eq. [3.4] is very interesting and one of the reasons that the Dirichlet distribu
tion is used (of course we are not advocating using a certain methodjtechnique 
simply because it results in the "correct" answer). Eq. [3.4] combines two ra
tios. One ratio is that of the weighting, via the coefficient ak, of the given prior 
parameter against the sum of the coefficients a. The second ratio is that of the 
number of occurrences of the value in question in the observed data against the 
total number of observations. Applying Eq. [3.4] to our toy problem with the 
non-informative priors, we have that P(A = sPYIDr ) = m (which is also what 
we got before!). What if, instead of a uniform prior, we had a generalized Beta 
distribution? If, when assigning our priors, we have more confidence in "spy" 
we can show this in the priors by letting ak be large. As ak increases we see 
that P(A = sPYIDr ) --t 1. Similarly, even with the non-informative (uniform) 
priors if we had 300 data elements and alI of them were spies (in the Russian 
column) we would have that P(A = sPYIDr ) = ~t~gg ~ 1. In addition, if the 
observed data has a small amount of non-spy observations, but the number of 
spies is large, we see that the non-spy observations have a small influence on our 
posterior probability. Therefore, Eq. [3.4] provides a good intuitive interplay 
between our assumptions about the prior distribution of the value parameters 
and the observed data set. 

15.4 NETWORK MODEL 

We now examine scenarios that are more complicated. We start with a moti
vating example similar to our toy problem (see Table 15.3). 

15.4.1 Example 

Now we do not know that Ames is Russian, nor do we know what job he has. 
We use the random variable J which represents the jobs that a person from any 
country (Russian, England, or France) can have. Now we must use the entire 
contingency table (Table 15.2) since we do not know the country. We want to 
know the probability of Ames being a spy based on the available data and our 
estimat ion techniques. Unfortunately, we now have two missing attributes
Location and Job. Therefore, we must generalize our Bayesian technique from 
the previous section. This generalization takes us into the area of Bayesian 
networks [26]. We will work this example and then give the full theory. Our 
approach is based upon the work done by Cooper [7] in Bayesian learning. 
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Table 15.3 Simple Relational Database with Two Unknown Values 

Name Location Job 

Bond Russia Spy 
Smart France Cook 
Poirot France Cook 

Sandiego Russia Spy 
Christie England Clerk 

Goldfinger Russia Spy 
Holmes England Cook 

Ames ? ? 

Figure 15.1 A Simple Bayesian Network 

The term P(J = spylD) is what we want. Now D is the data: three Russian 
spies, two French cooks, one English c1erk and one English cook. We decompose 
P(J = spylD) as P(J = spylD) = 
P(J = spy, L = RID) +P(J = spy, L = FID) +P(J = spy, L = EID) where L 
is the random variable representing country. Note we do not expect this answer 
to be the same as P(A = spylDr ) because we are not sure of the country and 
are basing our estimations upon the entire observed data. 

We form a Bayesian net Bn as shown in Fig. 15.1. The arrow going from L 
to J tells us that if we change our belief in L, we must change our belief in J. 

Let us start out by ca1culating P(J = spy, L = RID). According to our 
Bayesian technique, we write this as P(J = spy, L = RID, Bn). This empha
sizes the net that we are using. The parameter set 8 now consists of nine 
parameters. Note that we will (subtly) choose our parameters to be consistent 
with our underlying net topology. AIso, all integration is only over the relevant 
independent parameters. Unfortunately, no notation seems to capture this in 
general, so all parameters appear. We have the parameter set consisting of the 
parameters BR, BE, and BF for the three different locations. We only concern 
ourselves with the set eL made up of BR and BE (BF = 1- (BR +BE) ). Given a 
location only two parameters are needed to describe the priors for occupation 
we have the set eJ1L made up of the six parameters BsPYIR, BcooklR' BsPYIE, 
BcooklE' BSPY!F' and BcooklF . 

P(J = spy, L = RID, Bn) = J P(J = spy, L = R, le, D, Bn)p(eID, Bn)d8 
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This follows by the rules of conditioning upon 0. Recall that when we condition 
upon both D and 0 that 0 subsumes D. Thus, we see that the above = 
J P(J = spy, L = R, 10, Bn)P(0ID, Bn)d0 . Write P(J = spy, L = R10, Bn) 
as P(J = spylL = R, 0, Bn)P(L = R10, Bn). Now we make the local network 
structure assumption (27] which gives us 
P(J = spylL = R, 0, Bn)P(L = R10, Bn) 
= P(J = spylL = R, 0 J1L , Bn)P(L = RI0L, Bn). Actually we only use the 
two parameters {}spylR and {}cookIR' we do not change our terms for notational 
simplicity. This assumption makes sense because in each node only the local 
parameters matter. We can now write the above as 

Now we make use of the parameter assumption (27] 
P(0L, 0 JILID, Bn) = P(0LID, Bn)P(0JILID, Bn), this gives us that the above 
simplifies to 

/ P(L = RI0L' Bn)P(0LID, Bn)d0L 

/ P(J = spylL = R,0JIL,Bn)P(0JILID,Bn)d0JIL 

Thus, we see that the Bayesian network boils down to the non-network for
mulas that we had before. We make the same assumptions about multinomial 
sampling and the Dirichlet distribution. The Bn terms have just really come 
along for the ride. Let us consider the first term 
J P(L = RI0L' Bn)P(0LID, Bn)d0L = O<~:~R. The coefficient aR corre
sponds to the prior for location Russia, which we assume to be one (non
informative prior). The sum of the location coefficients is a, since we are 
assuming they are alI one, this sum is three. N is the total number of observa
tions (7) and nR is the number of Russians (3). Hence the first integral is 4/10. 
The second integral follows as before from Eq. (3.4] and is 4/6. So P(J = 
spy, L = RID) = 8/30. Similarly we find that P(J = spy, L = FID) = 3/50, 
and P(J = spy, L = EID) = 3/50. Therefore, P(J = sPYID) = 58/150 < 2/3. 
It is not surprising that it is less than 2/3 because this was P(A = spylDr ) and 
the D data has more non-spies than the Dr data (which has none). 

We now present the complete development of Bayesian networks, following 
[7], (13], [19]. 

15.5 BAYESIAN NETWORK THEORY 

A Bayesian network model is used to deal with samples drawn from an m
dimension sample space, with the dimensions corresponding to the attributes. 

Let it d~f (Xl'···' X m ). A sample from a database is an instantiation of the 
set of attributes and is denoted by the bold face vector X. This is done to 
simplify the notation; the value of the random vector is implicitly assumed. A 
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Bayesian network can be viewed as a collection of local networks. Each consists 
of a child node Xi and its (immediate) parent nodes, pai. It is an acyclic graph 
with each node corresponding to an attribute and a (directed) link indicating 
the conditioning probability, P(Xi = xlpa{). Note that an instantiation of 
the parent variables, pa{, defines a (conditional) probability distribution for 
Xi. (In our previous example, Xi was the random variable J with values 
x E {R,E,F}, and pai was the random variable L with the values spy, cook 
or clerk corresponding to the values of j in the term pa{.) An n-node network 
has n local networks. The posterior probability of the entire network is simply 
the multiplication of posterior probabilities of those local networks. 

The Bayesian network model requires two layers of evaluation. At one layer, 
we evaluate the parameters associated with each local network. The second 
layer selects the best topological structure for the network Bn. We compute 
the probability distribution for each local component. 9 is used to denote alI 
parameters. 8i is the coUection of the parameters associated with the local net
work that has child node Xi. 8ij is the set of parameters with parent variables 
of Xi taking the lh instantiation (this is the set of aU possible values of the 
parent nodes). Keep in mind that the set {j} depends on which node Xi we are 
using. To keep the notation at a minimum, we do not write j as a function of 
i, but it should always be kept in mind. 8ijk is the parameter which associates 
with the variable Xi that takes its kth value, given that its parent variables 
are at the jth instantiation. We have that 8ijk is the distribution modeling 
P(Xflpa1, 8ij , Bn). For a local network, we have 'Ef' 8ijk =1. Notations Ji 
and Ki stand for the number of instantiations associated with parent variables 
and the number of different values of variable Xi, respectively. 80 we now 
examine P(XID, Bn) because we must also condition upon the underlying net 
structure, 

[5.1] 

We assume that at the local network of Xi, the probability P(8ij ID, Bn) has the 
Dirichlet distribution. By the parameter independence assumption P(9ID, Bn) 
is equal to TIi TI:' P(8ij ID, B n ). The first term of the integral in Eq. [5.1] 
can be simplified, with the local network structure independence assumption 
so that Eq. [5.1] can be written as foUows (As discussed in the example 
alI integration is only over independent parameter sets. Aiso the parame
ters have been chosen to be consistent with Bn. If they were not, we would 
stiH get the same answer but our integration would be over a different region 
and the Jacobian from the change of variables would normalize things out.): 

- - J J k j P(XID, Bn) - ITi=l ... P(Xi Ipai , 8ij, Bn)P(8ij ID, Bn)d8ij , therefore 

II f ... f 8ijk P( 8ijl, ... ,8ij lK , IID, Bn)d8ijl, ... , d8ij lK , I 
i=l 

II (Xijk + nijk 
i=l (Xij + nij 
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Table 15.4 Missing values over multiple tuples 

Name Location Job 

Bond Russia Spy 
Smart France Cook 
Poirot France Cook 

Sandiego Russia Spy 
Christie England Clerk 

Goldfinger Russia Spy 
Holmes ? Cook 

Ames Russia ? 

15.6 MISSING VALUES OVER MULTIPLE TUPLES 

Consider the folIowing from Table 15.4 which shows a more complicated situa
tion than what we have previously discussed because we have data missing in 
more than one tuple (row). 

Our approach is largely based on the Gibbs sampling Monte Carlo [25],[3] 
method where a missing value is repeatedly assigned with a new estimat ion 
conditioned on the current values of alI other data. The estimation of missing 
values in our approach includes the folIowing steps: 1-Initialize missing values 
and the network model. 2-For each attribute, estimate its value with a sample 
if its value is missing and replace the initial value with this new estimate. 
3- Evaluate the network model. 4-Repeat the last two steps for ali attributes. 
5-Stop when reassignments are not required. 

Let D 1 and De denote the original incomplete database and the database 
with missing values assigned. The above approach is summarized by: 

where Cr' means that the value of attribute Xi in sample CI is missing, and 
DO, means that x~ is assigned to Xi at the ith attribute for the sample CI. x, 
Details can be found in the presentation version of this paper (available on the 
web). 

15.7 CONCLUSIONS ANO FUTURE WORK 

Our Bayesian method is a double-edged sword (both sides useful). If Low is at
tempting to determine (probabiiisticalIy) high information, it can use Bayesian 
techniques to guesstimate the correct probability. On the other hand, with 
knowledge of Bayesian methods, High can introduce spurious data to confound 
Low's estimation techniques. The idea of padding data is not new. By using 
the Bayesian formulas, however, we can develop a framework on how to intro
duce this padded data judiciously, in order to conserve resources. In particular, 
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we see how the data can influence the final expressions (e.g., the nk terms) of 
the posterior probabilities. 

We wish to emphasize that our Bayesian techniques certainly call into ques
tion assumptions that the given data implies with cerlainty the occurrence of 
an event. Of course, the more data observed (low-view) and the more confi
dence we have in our prior probability distributions, the more we can accurately 
predict the missing high data. This is best summed up as Small amounts of 
data imply questionable decisions, while large amounts of data imply better (but 
still not perfect) predictions. This is certainly not a new thought but one that 
can be lost amidst elaborate new theories and notations. In this paper (as in 
[24]), we try to show the advantages of using powerful, well-analyzed methods 
that already exist in other fields. Bayesian techniques are well-studied and have 
been successfully used in software debugging and information retrieval [4], [21]. 
This is close in spirit to the inference problem in MLS database design. Our 
method is useful when dealing with multiple missing attribute values, and our 
future work will deal with more complicated databases. 

We wish to continue our work by studying more complicated network topolo
gies and determining under what conditions the Bayesian technique may fail. 
We also wish to explore the High-padding countermeasures discussed above. 

We also believe that Bayesian analysis can complement the database search 
algorithm (e.g., [14]), where a path connecting one entity (e.g., the company 
table) to another one (e.g., the project table) can be constructed from multiple 
tables. Once a plausible path is found, Bayesian analysis can carry out infer
encing by determining the causal dependency relationships among attributes. 
This is a logical approach which we feeI can complement our statistical ap
proach. We also feeI that our approach can also complement the rough sets 
approach put forth by others [17] [28]. We also feeI that a decision tree analysis 
can be useful in analyzing database inferences (see [6]). 
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