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1. INTRODUCTION 
The field of variable-topology shape design in structural optimiza

tion has its origins in theoretical studies of existence of solutions in 
variational problems, in particular shape optimization problems, and in 
studies in theoretical material science of variational bounds on material 
properties. Progress in computational methods and the ever increasing 
computer power has oriented the area towards applications, with sig
nificant developments being achieved over the last decade, leading to a 
fairly widespread use of the methodology in industry. 

In this short paper we outline some of the basic ideas and methods 
of existing methods, but it is not our purpose to cover all work and 
approaches in this field. Instead we refer to existing literat ure containing 
rather comprehensive surveys, see e.g., [7, 8, 31]. Moreover, note that 
reference is mostly made to recent papers that include bibliographies 
useful for on overview of the area. Thus the presentation does not try 
to present a complete historie al perspective. 

The area of computational variable-topology shape design of contin
uum structures is presently dominated by methods which employ a ma
terial distribution approach for a fixed reference domain, in the spirit of 
the so-called 'homogenization method' for topology design ([3, 9]). That 
is, the geometrie representation of a structure is similar to a grey-scale 
rendering of an image, in discrete form corresponding to araster rep
resentation of the geometry on a fixed reference domain. The physics 
of the problem is also represented by boundary conditions and forcing 
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terms defined on this fixed reference domain, much in analogy to ficti
tious domain methods for FEM analysis. 

One can normally distinguish between three versions of raster based 
geometry models for continuum topology optimization. The basic prob
lem is an unrestricted '0-1' integer design problem (generalized shape 
optimization), that is, a design specifies unambiguously whether there 
is solid material or void at every point in a candidate design region. 
Otherwise, there are no restrictions on the shape. Unfortunately, in 
general, this dass of problems is ill-posed in the continuum setting (cf., 
[11, 20]). Well-posed problems can be obtained by either extending the 
space of admissible solutions to obtain their relaxed versions, usually by 
incorporating microstructure (see, e.g., [3]), or by restricting the space 
of admissible solutions. The latter can be accomplished by enforcing 
an upper bound on the perimeter of the structure (see [28], and refer
ences therein), by imposing constraints on the slopes of the parameters 
defining geometry (see [29], and references therein), by the introduction 
of a filtering function limiting the minimum scale (see [10, 36] for an 
overview), or one can introduce a ground structure with a fixed number 
of design degrees of freedom (like a fixed mesh for design). Here the first 
three restriction methods are well-posed in the setting of a continuum 
description of the design problem, while in the latter case existence re lies 
entirely on the finite dimension. 

Relaxation usually yields a set of continuously variable design fields 
to be optimized over a fixed domain, so the algorithmic problems asso
ciated with the discrete 0-1 format of the basic problem statement are 
circumvented. The continuum relaxation approach can be very involved 
theoretically (see for example [1, 13]) and much work is still needed in 
this area. 

The restriction approach leads to 'dassical designs' and there is no 
ambiguity as to the physical modelling (local material response is de
termined solely by the presence or absence of the given solid material). 
However, the major challenge is the solution of a large-scale integer pro
gramming problem. Due to the high cost of function calls for these 
problems, solving the 0-1 formulation directly, for example by genetic 
algorithms or simulated annealing, is, in general, not viable for very 
large-scale problems, and this is an area that should have more focus in 
the coming years (see also below). Another - and the most commonly 
used - approach is to replace the integer variables with continuous vari
ables and then introduce some form of penalty that steers the solution 
to discrete 0-1 values. A key part of these methods is the introduction 
of interpolation functions (often interpreted as material densities) that 
express various physical quantities (e.g., material stiffness, cost, etc.) as 
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a function of the continuous variables. Moreover, geometrie properties 
also require suitable interpretation. Although there is a strong resem
blance to the relaxed formulations, it is important to recognize that the 
continuous format is then merely part of a computational strategy whieh 
does not alter the ultimate goal of solving an integer problem, Le., to 
obtain a black-and-white design. 

2. BASIC PROBLEM STATEMENT 
In continuum topology design we seek the optimal distribution of ma

terial in a fixed reference domain 0 in R 2 or R 3 , with the term 'optimal' 
being defined through choiee of objective and constraint functions. The 
objective and constraint functions involve some kind of physical mod
elling that provides a measure of efficiency within the framework of a 
given area of applications, here structural mechanies. Here we thus con
sider a mechanical element as a body occupying a domain om which 
is part of 0 on whieh applied loads and boundary conditions are de
fined (this reference domain is often called the ground-structure). Re
ferring to the reference domain 0 we can define an example problem 
as a minimization of force times displacement, over admissible designs 
and displacement fields satisfying equilibrium (the minimum compliance 
problem): 

min r fu dO 
C,u in 
subject to: 

l Cijkl (X)Eij (U)(X)Ekl (V) (X) dO l fv dO 

for all v E U, 

Cijkl E Ead 

(1) 

Here the equilibrium equation is written in its weak, variational form, 
with U denoting the space of kinematieally admissible displacement 
fields, U the equilibrium displacement, f the forces, and E(U) linearized 
strains. The rigidity tensor Cijkl is the design variable of our problem 
and various definitions of the set of admissible rigidity tensors is what 
distinguishes various settings for the design problem. This type of prob
lem is what is often labelled as a problem of 'control in the coefficients' 
(c.f., [22]), here with the controls entering in the high order part of the 
governing differential operator. 

A classieal variant of problem (1) is the so-called variable thiekness 
problem, where the set of admissible designs is defined through a thiek-
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Figu'f'e 1 The generalized shape design problem of finding the optimal material dis
tribution. 

ness function h: 

Cijkl(X) = h(X)Ctkl' h E L OO(D), 

k h dD = V, ° hmin :S h hmax , 
(2) 

for given material properties Ctkl and given volume V. This problem 
is rather unique, as one here has existence of solution in the 'naive' 
setting, i.e., in the formulation which immediately springs to mi nd when 
modelling the problem (see [27] and references therein). 

For a topology design setting, defined through designs given as do
mains Dm of material points, the admissible designs are defined by a 
point-wise volume fraction of a given material, and this density can only 
attain the values zero or one (a blaek-and-white design), e.f., Figure 1: 

Cijkl(X) = 8(X)Ctkl' 

8(x) = 1, x E Dm; 8(x) = O,X E D \ Dm (3) 

Vol(Dm) = k 8(x) dD = V 

Here existence of solutions usually require further consideration as to the 
modelling of the problem. Loosely speaking, materials with a structural 
hierarchy allow for stiffer structures, as seen in nature in bone, wood, 
etc. and used in composite structures (see Figure 2). This ean lead to 
a lack of existence of solutions, as such composites can be constructed 
as limiting sequenees of designs defined by (3); however, composites are 
not covered by (3) (if is isotropie, the material in (3) is at any point 
isotropie, but a composite will usually be anisotropie). One says that 
the set designs is not closed under G-convergenee (or H-convergence) 
(cf., e.g., [20 , 23]). 

One technique to obtain a well-posed problem, as mentioned in the 
introduction, is to introduce a constraint G(Dm) I on for example 
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Figure 2 A 'traditional' design of a beam with holes, as seen in aircraft etc., eompared 
with elements of a minimizing sequenee of designs with finer and finer seales, with 
the limit (4) consisting of eomposites in large areas. Note that even design (1), whieh 
is an optimal topology within a limit on geometrie eomplexity, is 40% stiffer than the 
design with round holes, for the same amount of material. 

the perimeter of the domain, thus limiting the geometrie eomplexity 
of the domain nm so that a struetural hierarehy eannot be generated 
(existenee still requires a formal proof, as seen in [4, 10]). If the geometrie 
eonstraint is not imposed in (1), the eontinuum problem is ill-posed, 
and an alternative for obtaining existenee of solutions is to extend the 
problem to its relaxed form using eomposites formed by mixing void 
and the given material. This ehanges the nature of the problem from 
one of seeking blaek-and-white designs to a situation where 'grey-seale' 
struetures mayaiso appear. 

Problem (1) with design set (3) (regularized through a geometrie eon
straint) is a large seale diserete optimization problem and it has in this 
form only reeently been handled with sueeess eomputationally ([6]). The 
most popular method for solving (1), and an approach that has been ex
tremely sueeessful for many applieations, is to eonsider formulations in 
terms of eontinuous variables, with the goal of using derivative based 
mathematieal programming algorithms. This me ans that one ehanges 
the model for the material properties to a situation where the volume 
fraetion is allowed to take on any value between zero and one. It mayaiso 
involve finding an appropriate method for limiting geometrie eomplexity, 
for example, exehanging the total variation of a density for the perimeter 
of a domain. This means that one pursues the optimal blaek-and-white 
design through an iterative eomputational proeedure whieh at interme
diate steps operate with 'grey' designs. This ean be rather eonfusing, as 
the eomputational prüeedures für the geümetrieally eonstrained blaek-
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and-white design problem and for the relaxed formulation, cunningly so, 
can be very similar. 

3. A FRAMEWORK FOR COMPUTATIONS 
Computational means are central for solving problems of the type 

(1). Typically a finite dimensional version of the problem is generated 
first, normally with finite element approximations of displacement fields 
and design variables. This leads to a non-linear, non-convex, large scale 
optimization problem of the generic form 

K(D)u = p (4) 

I:Di V, 0< Dmin Di Dmax , 

where u here is the vector of nodal displacements and D the design vari
ables, entering the equilibrium equation through the stiffness matrix K. 
This problem could be solved directly via large-scale general purpose 
mathematical programming techniques or by use of specially developed 
algorthms that utilizes the problem structure, as seen in 4. Such tech
niques treat both displacements and design variables as independent 
variables and the equilibrium equation is solved by the optimization 
code (an example of this can be found in [41]). 

Such an approach is not very common, as one traditionally rewrites 
the problem as a problem in the design variables only, as 

inf F(D) 

I:Di = V (5) 

o < Dmin D i Dmax , 

where the equilibrium equation is considered as a function-call: 

F(D) = pTu, 

where u solves K(D)u = p. 
(6) 

If function gradients are required by the optimization algorithm, sen
sitivity analysis becomes a central theme, i.e., one should devise efficient 
means to compute the derivatives of functions involving the displace
ments. This usually involves the so-called adjoint system, as also known 
from control theory. Here, provided the stiffness matrix is positive defi
nite, we have here the simple expression (the computation of the deriva
tive of the stiffness matrix with respect to design is simple for topology 
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design): 
8F T8K 
8Di = --u 8Di u, 

(7) 
where u = (K(D))-lp. 

However, in many cases this analysis is not so simple. Sensitivityanalysis 
is actually, in its own right, an important area of computer aided design, 
as it provides information on changes in performance with respect to 
design variables, see for example papers in [18]. 

In many situations it is convenient to operate on (5), as one here treats 
the equilibrium analysis as a function call, as represented by, e.g., com
mercial software packages for finite element analysis. Moreover, in many 
design problems, such as shape design via a CAD definition of bound
aries, the number of design variables is much smaller than the number 
of degrees of freedom of the displacement, and an optimization code 
used for (5) will thus treat a moderately sized problem (with 'expensive' 
function calls). However, for topology design, even problem (5) is large
scale; but in many cases one can formulate relevant problems involving 
only a moderate number of constraints, which are not box-constraints 
(as in the model problem used here). Thus dual methods have become 
popular , and especially techniques based on separable, convex approxi
mations (CONLIN, see [16], and MMA, see [39]) have been found to be 
particularly effective. 

We dose this brief section on computational issues by noting that the 
problem at hand is a two field problem which may develop checkerboards 
in computations (as for a Stokes flow problem). Constraints limiting geo
metrie complexity usually removes such effects (for a fine enough mesh), 
but in a relaxed setting (with existence of solutions, but no geometrie 
constraints) special care must be taken to avoid such 'polluted' results. 
See [36] for an overview and furt her discussion. 

4. HOMOGENIZATION MODELS WITH 
ANISOTROPY 

The initial work on numerical methods for topology design of contin
uum structures was based on using composite materials as the basis for 
describing varying material properties in space ([9]). This approach was 
inspired by theoretical studies on generalized shape design in conduction 
and torsion problems and by numerical and theoretical work related to 
plate design (see, e.g., [11, 17, 23]). Initially, composites consisting of 
square or rectangular holes in periodically repeated square cells were 
used for planar problems. Later so-called ranked laminates (layers) have 
become popular, both because analytical expressions of their effective 
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properties can be given and because investigations proved the optimal
ity of such composites, in the sense of bounds on effective properties (for 
an overview, see for example [2]). Also, with layered materials existence 
of solutions to the minimum compliance problem for both single and 
multiple load cases is obtained, without any need for additional con
straints on the design space (e.g., without constraints on the geometrie 
complexity), and thus interpolation and relaxation are both provided for. 
However, the relaxed models seldom result in black-and-white designs 
in themselves. For all the models mentioned here, homogenization tech
niques for computing effective moduli of materials play a central role. 
Hence the use of the phrase 'the homogenization method for topology 
design' for procedures involving this type of modelling. 

The homogenization method for topology design involves working 
with orthotropic or anisotropie materials. This adds to the requirements 
of the finite element analysis code, but the main additional complications 
is the extra design variables required to describe the structure. Thus, a 
so-called rank-2 microstructure with two orthogonal layers of material 
(at two scales and in dimension two) require three distributed variables, 
as the material properties at each point of the structure will depend on 
two size-variables characterizing the layer thicknesses and on one vari
able characterizing the angle of rotation of the material axes (the axes 
of the layers). 

5. THE SIMP MODEL 
Complementing the use of the homogenization method, where aniso

tropie composites are apriori accepted as part of the design space, a 
popular method to model material properties whieh are isotropie at in
termediate densities is the so-called penalized, proportional fictitious 
material SIMP-model (SIMP: Solid Isotropie Material with Penaliza
tion), see for example [8] for an overview. In this model a continuous 
variable p is introduced, with 0 :S p :S 1, resembling a density of material 
by the fact that the volume of the structure is evaluated as 

(8) 

The relation between this density and the material tensor Cijkl in the 
equilibrium analysis is written as 

(9) 

where the given material has stiffness given by The interpolation 
9 satisfies that Cijkl(O) = 0 and Cijkl(l) = , meaning that if a 
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Figure 3 Microstructures of material and void realizing the material properties of the 
SIMP model with p = 3 (Poisson 's ratio is 0.33) . As stiffer material microstructures 
can be constructed from the given densities, non-structural areas are seen at the cell 
centers. See [8]. 

final design has density zero and one in all points, this design is a black
and-white design for which the performance has been evaluated with a 
correct physical model. For problems where the volume constraint is 
active, experience shows that optimization does actually result in such 
designs if one chooses the power p sufficiently big (in order to obtain 
true '0-1' designs, p 2: 3 is usually required) . The reason is that for such 
a choice one imposes a penalization on intermediate densities (volume is 
proportional to p but stiffness is less than proportional). 

For the SIMP interpolation 9 it is not immediately apparent that 
areas of grey can be interpreted in physical terms. However, it turns 
out that under fairly simple conditions on p, any stiffness used in the 
SIMP model can be realized as the stiffness of a composite made of 
void and an amount of the base material corresponding to the relevant 
density, see Figure 3. Thus using the term 'density' for the interpolation 
function p is quite natural. The geometries in Figure 3 represent periodic 
composites with repetitive cells, obtained through the methodology of 
inverse homogenization (material design) described in [33J. This method 
employs topology design (using SIMP!) for the cell of the microstruct.ure 
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Original design: 932g 

Final design: 732g 

Figure 4 Design of a bracket for an automobile application. Original design and 
design achieved by using topology design in the initial design phase. By courtesy of 
Altair Engineering. 

to obtain specified material properties of the composite, making the dog 
bite its tail. 

6. APPLICATIONS 
Computational means for topology design have now been developed 

into reliable tools for considering such problems involving stiffness (in
cluding multiple load problems) and vibration criteria (as a reinforce
ment problem, see, e.g., [12]). The efficiency of topology design as a tool 
in the initial phase of a design process and the appearance of commercial 
software has lead to a broad acceptance of the method in industry, , see, 
e.g., [5, 32, 40J (see also Section 8). Research has also lead to consider
ing extended classes of problems, encompassing more involved settings 
for the physical model, for the optimization formulation, as weil as for 
the design parametrization. Thus non-linear behaviour (large displace
ments, non-linear material behaviour), local constraints (i.e., constraints 
imposed on all points in the domain) as weil as multi-material problems 
are covered in current research. The areas of applications are also being 
extended, research moving into such fields as design of materials, see 
Figure 5, and design of multiple physics devices (like MEMS, Micro
Electro-Mechanical-Systems), see Figure 6. For example literat ure we 
refer to [14, 19, 24, 25, 34, 37J. 

It is important in this context to note that direct links between specific 
classes of composites and proofs of existence for many of these extended 
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Figure 5 Design of a periodic composite with negative Poisson ratio. Topology op
timization is applied to the unit cell of periodicity, and the effective parameters of 
the composite are computed via homogenization. The right-hand picture shows a 
micro-device representing the composite. By courtesy of OIe Sigmund, Ulrik Darling 
Larsen and Siebe Boustra, see also [21, 33]. 

problems have yet to be discovered, Le., it is not known for these prob
lems what composites will make relaxation intrinsic in such an approach. 
The emphasis in the field is currently on modelling and on the devel
opment of computational means, mostly relying on restriction methods 
as an underlying implicit guarantee of well- posedness. Thus, in the 
context of theory, the pace of implementations for new problem types 
has far overtaken the full mathematical understanding of the interplay 
between methods for obtaining 'classical' solutions and methods for de
riving relaxed problem settings, and here lies an immense challenge for 
the future. For a mathematician there is thus an abundance of (hard) 
problems to study. 

For exemplification of modelling consideration we will here briefly 
outline some aspects of treating multiple physiscs problems. The phrase 
'multiple physics' is here used to cover topology design where several 
physical phenomena are involved in the problem statement, thus cov
ering situations where for example elastic, thermal and electromagnetic 
analyses are involved. When modelling such situations, the basic concept 
of the density distribution method for topology design provides a general 
framework for computations, but here the initial obstacle is the need for 
interpolation of not only stiffness but also other physical properties. If 
only linear models are considered, one possibility is to use the theory and 
computational framework of homogenization of composite media to com
pute effective elastic, thermal and electromagnetic properties of a given 
type of composites and use such relationships between intermediate den
sity and material properties in the design problem. An example of this 
approach for thermo-elastic problems can be found in [30]. However, 
the less complex design description of the SIMP approach has lead also 



12 Martin P. BendsJie 

{J 0]/ 
-':- ---, . i. ? -

• 

1 

Figure 6 Design of a thermo-electro-mechanical actuator. The mid right-hand point 
should move right or up when voltage is applied at the corresponding poles. The 
movement is through elastic deformation due to the temperature change which occurs 
when a current passes through the structure. By courtesy of O. Sigmund, [35] 

to the development of such interpolation schemes for multiple physics 
problems. As an example of this, in reference [37], microstructures with 
extreme thermal expansion are designed by combining a material inter
polation of elastic properties with a similar interpolation of the thermal 
expansion coefficients. 

7. DIFFICULTIES - FUTURE WORK 
The models described here all refer to an approach to topology de

sign where material is distributed in a fixed domain. A pivotal aspect 
of this idea in computational implementations is the use of a fixed FEM 
mesh for the domain. This is not an inherent requirement, but is use
ful for computational efficiency. If a topology of material and void is 
the goal of the design process, this will imply that low density areas 
are also included in the analysis for each feasible design. For stress 
constraints this leads to the difficulty of the so-called 'stress singularity 
phenomenon', where low density regions may have high stress but are 
structurally insignificant for the final design, and where regularization 
(in the sense of mathematical programming) is needed for numerically 
solving such problems ([14]). A similarly elusive problem arising from 
this basic design representation appears in situations involving stability 
and vibration criteria. The relevant data to consider in such situations 
are the eigenvalues of the structurally relevant parts of the structure, 
i.e., the buckling loads and the vibration frequencies of the 'black' part 
of a black- and-white design. In a true black-and-white design this are 
the non-zero eigenvalues, but at intermediate steps of an iterative opti-
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mization method implemented with interpolation schemes it can become 
unelear what are the relevant values to consider. Examples of this are 
localized mo des which appear in low density regions and whieh should 
be filtered out in order that the optimization deals with the structurally 
interesting modes. Moreover, one should cater for certain aspects whieh 
complieates modelling, for example that no structure what-so-ever has 
the highest eigenfrequency of aIl structures with only structural mass. 
See references [24, 26] for further discussion. 

For future work it would be beneficial to reconsider the way geom
etry representation is currently handled. This should inelude studying 
alternatives to the current elose linking of geometry and physies where 
the same finite element grid is used to approximate the geometry and 
the mechanieal response fields. Here grid-less methods may prove use
ful. Typieally, in fixed domain material distribution methods, the grid 
is a uniform, rectangular partition of space and the design variables are 
assumed to be constant within each element. Thus, a raster model is 
imposed on the geometry. This approach has a number of very benefi
dal features in terms of computational effidency, but it also has some 
intrinsic less than desirable features (non-smooth boundary representa
tion etc.) whieh are typieally not too severe if they are recognized and 
addressed in the implementation as weIl as in the interpretation of the 
computer generated designs. However, as outlined above for the stress 
constrained and vibration constrained problems, the fixed grid represen
tation for geometry and analysis implies that it can be rat her tricky to 
handle the correct formulation of objectives and constraints as weIl as 
interpolating physieal data for intermediate densities, a feature whieh 
gets exaggerated when considering non- linear material behaviour. The 
latter could be drcumvented by further success in handling the 0-1 prob
lem directly, an area of utmost importance. For the problems arising due 
to the fictitious domain type approach to analysing on a fixed domain 
a new approach in the area of topology design may be the only option. 
In view of this, it seems that future research could also benefit from 
investigations into alternative approaches to topology design for black
and-white design, with an emphasis on the geometrie modelling aspect. 
Here the concept of the bubble method ([15]) should no doubt receive 
further attention, especially in the light of recent work on the concept 
of a general topologieal derivative, see [38]. Work in this direction could 
also be helpful in an effort to rej uvenate the field of optimal boundary 
shape design, an important area, unfortunately currently lingering an 
idle life. 
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8. USING THE WEB 
Much useful information on topology design can be found on the In

ternet. A free topology optimization test-site (make your own design!) 
can be found at http://www.topopt.dtu.dk/. Here one can also find 
tutorials on the subject, a free 99 !ine MATLAB topology optimization 
code, as well as interesting links to academic and commercial sites. 
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