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Abstract: In assembly modelling, it is necessary to capture the relative positions of 
components in the assembly. Many such problems concern constraint 
representation and its manipulation such as constraint reduction. This paper 
formulates the constraints as groups of rigid body transformations and 
proposes a constraint reduction procedure, based on Lie algebra. Then, this 
approach is applied to the constraint representation and reduction in an 
assembly model. 
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1. INTRODUCTION 

In extending solid modeling technology to the modeling of assemblies, it 
is important to capture the relative position of each component to other 
components. Many such problems concern the representation and 
manipulation of constraints on the relative positions of components. 

A number of research papers have described various types of constraints 
and their manipulation, such as constraint reduction, in the assembly model1>
s>. As shown in Figure l(a), in the assembly model, assembly is represented 
by its components and their connections which are represented as contact 
relations between the features of the components. The relative position of the 
components are constrained by the constraint derived from the contact 
relation. As shown in Figure l(b), the relative position of the (rigid body) 
components is described by a transformation matrix corresponding to the 
displacement between the coordinate systems of the components. The 
constraint is defined as the subgroup of the group SE(3) (Special Euclidean 
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group) formed by all the transformation matrices . However, it is not so clear 
how many types of constraints should be considered. Constraint reduction is 
the procedure that computes a single net constraint from multiple constraints, 
according to the operation determined by the configuration ( cfl, cj2) of the 
constraints (See Section 5 about the configurations of constraints in detail). 
However, since the reduction procedures for this constraint representation 
need the complete table of reduction rules or complicated symbolic matrix 
operations, it is not easy to compute the subgroup of transformation matrices 
which represents the reduced constraint. 

(a) assemb/.v model 

(b) Uegroup (c) Ue algebra 

Figure 1. An assembly model, constrain representation and constraint reduction. 

In this report, in order to solve these problems, the constraint 
representation and reduction m the assembly model is made clear 
theoretically as follows: 
(1) Constraints are defined as the subgroups of S£(3) based on Lie algebra. 
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It is well-known that S£(3) is a Lie group, and that the Lie group has a 
one-to-one correspondence to a linear vector space, called Lie algebra, 
by exponential mapping as shown in Figure l(c) 6>-S>. The Lie algebra of 
S£(3) has a basis of six and it is easy to derive all the subalgebra because 
only finite combinations of the basis are checked. The subgroup of the 
Lie group also has a one-to-one correspondence to the subalgebra of the 
Lie algebra. Therefore, by deriving the Lie subalgebra, the 
corresponding Lie subgroup can be derived. 

(2) Constraint reduction procedure is proposed based on Lie algebra as 
shown in Figure l(c). In addition to the correspondence described above, 
the operations of the constraint reduction for the Lie group also 
correspond to that of Lie algebra. By using Lie algebra, the constraint 
reduction can be represented as a problem of solving linear equations. In 
this report, as the configuration of the constraints, two types of 
configurations are defined. The first one (cfl), called constraints in 
parallel, is the configuration of two constraints which are specified 
between two rigid bodies. The other (cj2), called constraints in series, is 
the configuration of two constraints which are specified between rigid 
bodies via another rigid body. 

(3) This approach is applied to the constraint representation and reduction in 
an assembly model. 

2. RIGID BODY TRANSFORMATION 

The relative position of a rigid body to another can be described by a 
homogeneous transformation matrix corresponding to the displacement from 
the coordinate system of the latter body to that of the former body. The set of 
all such matrices forms a group S£(3), the special Euclidean group of rigid 
body transformations, which can be represented by the following equation: 

SE(3)= {rrans(x, y, z)Rx(tP)Ry (o)Rz (llf~x, y, z,t/J,8,llfE R} (1) 

where Trans(x,y,z) represents a translation by a vector (x y z/, Rx(cj>), Ry(S), 
and Rz('Jf) represent rotations about the Cartesian axes x, y, and z, which are 
defined as the following equation: 
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[1 0 0 X l [1 
0 0 

~I 0 1 0 y 0 coscp -sincp 
Trans(x,y,z)= Rx(cfJ)= 

0 0 1 z 0 sincp coscp 

0 0 0 1 0 0 0 

[=0 0 
sinO 

OJ [oos~ -Sinllf 

0 01 
(2) 

0 1 0 ~ R,(~)~ sir cos"' 0 0 
Ry(O)= . 

-smO 0 cosO 0 1 0 

0 0 0 0 0 1 

In this report, the constraint is represented by the subset of S£(3) which 
means the displacements permitted by the constraint. 

3. LIE GROUP AND LIE ALGEBRA 

GL(n,C) denotes the group of regular complex matrices with matrix 
multiplication. It is well-known that a group G is a linear Lie group if G is a 
closed subgroup of GL(n,C). Since it is easy to show that S£(3) is a closed 
subgroup of GL(n,C), SE (3) is a linear Lie group. 

Assume that G is a linear Lie group. The linear Lie algebra g of G is 
defined as the following equation: 

g ={X e gl(n,Clexp(tX)e G,te R} (3) 

where gl(n,C) is the set of all the square complex matrices. The Lie algebra g 

of a Lie group G is the tangent space toG at the identity, whose dimension is 
the same as G. 

The exponential map is defined as follows: 

~ xk 
expX=L,-. 

k=O k! 
(4) 

In Lie algebra g, a product [X, Y] (X, Ye g), called the Lie bracket, is 
defined as follows: 

[X,Y]=XY-YX. (5) 
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Let se(3) denote the Lie algebra of SE(3). Any element X of se(3) can be 
expressed as follows: 

6 

X= L,a;L; (6) 
i=l 

where a e R, L1, • • • L6 are the standard basis for se(3), which are represented 
as follows: 

(7) 

L1, ... ,L6 satisfy the following equations: 

exp(x~ )= Trans(x,O,O 1exp(yL2 ) = Trans(O, y,01 exp(zL3 )= Trans(O,O, z1 
(8) 

exp(¢L4 ) = R x (¢ 1 exp(OL5 ) = R Y (e 1 exp(1/fL6 ) = R z (1/1) 

Table 1 shows the bracket products of all the combinations of LJ. ... ,L6• 

T. bl 1 B k od [A B] f L 4 a e . rae et pr uct . 0 ], ... 

~ L1 L2 L3 L4 Ls 4 

L1 0 0 0 0 L3 -L2 
L2 0 0 0 - L3 0 L1 
L1 0 0 0 L2 -L1 0 
L4 0 L3 - L2 0 L6 - Ls 
Ls - L3 0 L1 -L6 0 L4 
L6 L2 -L1 0 Ls - L4 0 
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4. CONSTRAINT REPRESENTATION 

The subset h of the Lie algebra g is a subalgebra of g if h is closed under 
the bracket product, that is, if [X, Y ]E h whenever X and Y belong to h. Since 
all the elements of the subset are represented by the linear combination of 
the basis, the bracket product between the elements can be represented as 
follows: 

(9) 

where ai , fJ j E R, Lf and L~ are the basis, N x and N r are the numbers of the 
basis. Therefore, by checking the bracket product of the basis, it is possible 
to check whether h is a subalgebra or not. When a Lie group G and a Lie 
algebra g of G are given, it is well-known that there is a one-to-one 
correspondence between a Lie subalgebra h of g and a Lie connected 
subgroup H of G. Therefore, by deriving all the Lie subalgebra from se(3), 

all the subgroups of S£(3) can be derived. In this report, the constraints are 
defined by using these subgroups. For example, let's consider the subset 
determined by L1 and L4 . From Table 1, it is clear that this subset is closed 
under the bracket product, and that this subset forms a subalgebra of se(3). 

The corresponding subgroup of S£(3) can be described as follows: 

C = ~xp(x~ + tfJL4 lx, tfJ E R }= ~xp(x~ )exp(tfJL4 lx, tfJ E R} 

= {rrans(x,O,O )R x (tfJ lx, tfJ E R} 
(10) 

The constraint represented by this subgroup is denoted as Cu. In the same 
way, ten types of constraints are derived as shown in Table 2. 

Table 2. Derived constraints. 
DOF Notation Elements of subgroup Basis of Lie algebra Lower pair 

Tv Trans(x,O,O) LJ Prismatic 
1 Ru Rx(I/J) L4 Revolute 

Hu.o Trans(x,O,O)Rx(px) L1+P 4 ( p: constant) Helical 

2 TP Trans(O,y,z) L2. L3 
Cu Trans(x,O,O) Rx(I/J) L1, L4 Cylindrical 

T Trans(x,y,z) L1, L2. L3 

3 GP Trans(O,y,z) Rx(I/J) L2, L3, 4 Planar 

So Rx( 1/J)Ry((J)Rilfl) L4, Ls. 4 Spherical 

Yu.o Trans(x,y,z)Rx(px) L1 +p L,, L2, L3 
4 Xv Trans(x,y,z) Rx(I/J) L1. L2, L3, L4 
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5. CONSTRAINT REDUCTION 

If the relative positions of two rigid bodies are constrained by two or 
more constraints, the net effect may be reduced to a single constraint. Such a 
procedure is called constraint reduction. Two types of configurations of 
constraints are defined in this report. The first one, called constraints in 
parallel, is the configuration in the case of two contact relations ( CRA and 
CR8 ) which are specified between the features of two rigid bodies (AI and 
A2) as shown in Figure 2(a). The other, called constraints in series, is the 
configuration in the case of one contact relation ( CRA) which is specified 
between the features of two rigid bodies (AI and A2) and the other contact 
relation ( CR8 ) is specified between the feature of one of these rigid bodies 
(A2) and the feature of another body (A3) as shown in Figure 2(b ). 

rigid body ,-igid bod.'· 
trcm~fonnmions rrarrsformation.s 

li< alg<bra li< algtbra 

~:;~~~:· '-ll2:L, -- ,• 
, ~ hc,..n hcs 

L1 L1 

(a) coostnriots iD parallel (b) constraints in series 

Figure 2. Constraint reduction. 

The reduction procedure for the constraints in parallel is defined as the 
procedure for deriving the following constraint as shown in Figure 3(a): 

DllH AD2t1 nD.2H sD2d = {v •• xv:;ijx E H A}n{vl2YD2dlr E H B} 
={v •• xv:;nv11 xv:; .. = v.2rv:;Lx e H A,re H s} oo 
= {v •• xv:;.•lxv:;.• D22 D121 D11 = D111 D12 YD121 D11 , x e H A, r e H 8 } 
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where Dije S£(3) is the displacement from the coordinate system FA; of the 
rigid body A; to the coordinate system FfjAi of the feature j of A;, and HA and 
H8 are the subgroups of the displacements from FJIAI to Ff/Al and from FpAJ 
to FpA2 as the representation of contact relations CRA and CR8 , respectively. 
If the specified contact relations are consistent, the following equation is 
satisfied: 

(12) 

~ 
H, FfiAJ 

B 

.... l-0-U·: F -
H \ FfJ~ \ Ff[~ 
~ FiA ·c AI 

(b) (C) (d ) 

Figure 3. Constraint representation. 

Therefore, Equation (11) becomes the following equation: 

p11 XD2111X = DYD-1 ,X e HA,Ye H 8 } 

= Dll ({xlx e H A }nprv-llre H 8 »vzt 
= Dll (H A nDH 8D-1 )ozt 

(13) 

where D = DjJ.1 D12 • Therefore, by computing the following equation as 
shown in Figure 2(a) and Figure 3(b), the reduced constraint represented by 
Equation (13) can be obtained. 

(14) 

where CA=HA, C8=DH8D.1. 

It is known that the product set of Lie subgroups corresponds to the 
product set of the corresponding Lie subalgebra. Thereby, in Lie algebra, the 
constraint reduction procedure can be defined as the procedure for deriving 
the following subalgebra as shown in Figure 2(a): 
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(15) 

where Lie algebra (or subalgebra) of constraint C is denoted as he. By 
representing the Lie subalgebra (heA and he8 ) with the basis ( Lt and Lf ) of 
Lie algebra shown in Table 2, Equation (15) is represented by the following 
equation: 

{AA= ~a1L1,a1 e R}r+B= %Jl1DLfD-1,Jl1 e R} 
={AA= ~a1L1 = %Jl1Dl,:'D-1,a1,Jl1 e R} 

(16) 

where NA and N8 are the numbers of basis. That is, the reduced constraint 
can be obtained by deriving a; and {3; that satisfy the following equation: 

NA Ns 

Ia;Lt = Lf3;VLf v-i (17) 
i=i i=i 

Next, before showing the other reduction procedure, the composition of 
constraints ( C; and Cj) is defined as follows: 

(18) 

The reduction procedure for the constraints in series is defined as the 
procedure for deriving the following constraint as shown in Figure 3(c): 

VuH AV2l·V22 H 8 V3/ = PuXV2llx e H A} p22 YV3llr e H 8 } 

= Vu (H A · VH B v-i )vv:;l 
(19) 

where V = V2ii V22 , DijE SE(3) is the displacement from the coordinate 
system FA; of the rigid body A; to the coordinate system FtJAi of the feature j 
of A;, and HA and H8 are the subgroups of the displacements from F11A1 to 
FJIA2 and from F12A2 to FflAJ as the representation of contact relations CRA and 
CR8 , respectively. By computing the following equation as shown in Figure 
2(b) and Figure 3(c), the reduced constraint represented by Equation (19) 
can be obtained. 
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(20) 

where CA =HA, Cn =DHn/Y1, M1 ••• Mm and N1 ••• Nn are the constraints that 
satisfy the following equations: 

(21) 

(22) 

The Lie algebra hMJ, ... ,hMm and hNI>····hNn are represented by the basis of 
and hCA and hen, respectively, which are not those of hCAnhen as shown in 
Figure 2 (b). The Lie algebra hMJ, ... ,hMm and hNJ, ... ,hNn satisfy the following 
equations: 

(23) 

(24) 

where $ means the direct sum. 

6. EXAMPLES OF CONSTRAINT REDUCTION 

When two contact relations ( CRA and CRn) in parallel which represent 
cylindrical contacts are specified as shown in Figure 4(a), the elements heA 
and hen of the corresponding constraints CA and Cn can be represented by 
xL1+t/JL, and D(x'L1+t/J'L4) D ·' from Table 2, respectively. The elements of 
hCAnheB satisfy the following equation: 

(25) 

If the center axes (x-axes) of cylinders are parallel, D can be represented 
by the following equation: 

D=Trans( a,b,c)Rx( a) (26) 

where 1#.0, or c:~:-0. By substituting D into Equation (25) and deriving the 
basis, the following equation is obtained: 
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(27) 

By solving it, the following solutions are derived: 

x=x', 4>= 4>'=0. (28) 

Therefore, CAn C8 is obtained as follows: 

C A 11 C 8 = ~xp(x4 ~x E R }= {rrans(x,O,O ~x E R }. (29) 

This constraint allows only prismatic motion for A2 with respect to A1 as 
shown in Figure 4(b ), and it is denoted by Tv. 

When two contact relations ( CRA and CR8 ) in series which represent 
cylindrical contacts are specified and the center axes (x-axes) of cylinders 
are parallel as shown in Figure 4( c), the elements of hcA and hcB of C A and C B 
are represented by xL1+</JL4 and D(xL1+</JL4) D ·'= x'LI+l/J'(cLrbL3+L4) 
which are the same as the example above. Since the base of hcAnhc8 is LJ. 
the base of hM1 is L4 and that of hN1 is cLrbL3+L4. Therefore, CA ·CB is 
derived as follows: 

CA ·C8 =M 1 ·(CA nC8 )·N1 

= ~xp(I/JL4 ~1/J E R} ~xp(xL1 ~x E R} ~xp(I/J '(cL2 - bL3 + L4 )~1/J' E R} 

= ~xp(xLt ~xp(I/JL4 ~x,I/J E R} pexp(ijJ1..4 )D-1ji/J' E R} <30) 

= {rrans(x,O,O)Rx (1/J ~x,I/J E R} PRx(tP')D-1 ji/J' E R} 

This constraint means the composition of two constraints as shown in 
Figure 4(d), and it is denoted by Cu ·Ru. 

-I 
CB= DII[,D 

Figure 4. Examples of constraint reduction 
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7. CONCLUSIONS 

In this report, in order to make theoretically clear the constraint 
representation and reduction in an assembly model, the group theory was 
applied to them as follows: 
1. Based on Lie algebra, it was made clear that there were ten types of 

subgroups in S£(3), and the constraints were represented by using them, 
2. A constraint reduction procedure was proposed based on Lie algebra. By 

using Lie algebra, the constraint reduction could be represented as a 
problem of solving linear equations. 

3. This approach was applied to constraint representation and reduction in 
an assembly model. 
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