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1. Introduction 
Recently, optimal control problems of nonlinear distributed parameter sys

tems have been extensively studied. Many authors pay great attention to sev
eral class of semilinear and nonlinear evolution equations, such as, Papageorgiou 
([1]-[2]), Ahmed ([4]) and Xiang ([5]). Meanwhile, to our knowlege, the class 
of nonlinear control systems with pseudomonotone operator has rarely been 
studied. 

As well-known, in studying existence of solutions of nonlinear evolution equa
tions, we usually consider the evolution triples ([3]), X '-+ H '-+X*, or more 
generally, consider the chairs of spaces ([1]), 

X<-+Y<-+H<-+Y* <-+X*. 
The nonlinear perturbation is assumed by some authors as following: 
f : I x Y -+ Y* ([1]), here I denotes the time horizon, or f : I X H -+ H ([2]), 

or f : I x H -+ X*([5]). In this paper, by developing the concept of pseu
domonotone operator and using some technique of convergence, we deal with 
the existence of solutions of nonlinear evolution equation whose principle opera
tor is pseudomonotone operator with nonmonotone nonlinearities perturbation 
being from I X y into x·' which includes the results of [1] and [2]. Further, 
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we solve the existence of optimal controls of nonlinear control system. 

2. Preliminaries 
Let T be a fixed number, and I = [0, T] the time horizon, H a separable 

Hilbert space, and X, Y subspaces of H carrying the structure of a separable 
reflexive Banach space. We will assume that X Y Y Y H, with all embeddings 
being continuous, dense, and X into Y is also compact. Identifying H with its 
dual, we have 

X Y Y Y H Y Y* Y X*, 
with all embeddings being continuous, dense, and the first and the last are 

also compact. In the literature, triples like (X, H, X*) and (Y, H, Y*) are usu
ally called evolution triples ([3]). For simplicity, we denote by < . , . > and (., . ) 
the duality brackets of the pair (X, X*) and the inner product of H, respec
tively. They are compatible in the sense that<.,.> lxxH = (.,.)(proposition 
23.13, [3]). Also, by 11-11 (resp., 11-IIY, 1.1, 11-IIY•, 11-11.), we denote the norm of 
X (resp.,Y, H, Y*, X*), and by ---7 8 (---+w), we denote the strongly (weakly) 
convergence. We set 

Wpq = {x E LP(I,X), x E Lq(I,X*)}(1 < p,q < oo, + = 1), 
where the derivative in the definition should be understood in the sense of 

vector-valued distributions, equiped with the norm 

llxllw •• = (llxlli.(I,x) + · 
The space Wpq becomes a separable reflexsive Banach space. Moreover, 

Wpq Y LP(I, X) and Wpq Y C(I, H) continuously, and Wpq Y LP(I, Y) 
compactly (pp. 650, [1]). For convenience, we write the spaces 

V = LP(J, X), V* = Lq(I, X*), 1l = L2 (I, H), Z = LP(I, Y), Z* = 
Lq(I, Y*). 

By 11-llv (resp., llllv·, 11-ll?i, 11-llz, 11-llz· ), we denote the norm of the space 
V (resp., V*, 1l, Z, Z* ). Let<<.,>> and((.,.)) denote the duality brackets 
for the pair (V, V*) and the inner product of 1l, respectively. 

Next we model the control space by a reflexive separable B-space E with 
the norm 11-IIE· By Pf(c)(E), we denote a class of nonempty, closed (convex) 
subsets of E. Recall that a multi-function U : I --+ P1 (E) is called measurable 
if 

GrU = {(t, v) E I x E: v E U(t)} E B(I) x B(E), 
with B(I)(B(E)) being the Borel u-field of !(E). By Uad, we denote the 

admissible control set of all selectors of U (.) that belong to Lebesgue-Bochner 
space Lq(I, E), 1 < q < oo; that is, 

Uad = {u E Lq(I, E) : u(t) E U(t), a.e. on I}. 
Note that 

Uad =/=¢!,if t--+ IU(t)l = sup{lluiiE, u E U(t)} E 
in which case the multi-function is said to be Lq-bounded. 
Finally recall that an operator A : X --+ X* is said to be pseudomonotone 

if, for each x EX and each sequence (xn) in X, 
Xn ---+w X in X as n--+ 00 and limn-+oo < Axn, Xn -X 0 
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imply 
<Ax, x- w lim,.-+oo < Axn, Xn- w >,for all wE X. 

In order to verify the existence of solutions of System (3.1)(See next section), 
we develop the concept of pseudomonotone. 

Definition An operator A : M X -+ X* on the complete subspace M 
of the real Banach space X is called quasi-pseudomonotone if, for each x E M 
and each sequence (xn) in M, 

Xn ---tw x in M as n -+ 00 and limn-+oo < Axn, Xn- x >< 0, 

there exists a subsequence (xnk) of (xn), s.t. 

<Ax, x- w fun.,.-+oo < Axnk' Xnk- w >,for all wE X. 

3. Existence of Solutions of Nonlinear Evolution Equation 
We consider the following initial value problem: 

{ x(t) + A(t, x(t)) = f(t, x(t)), a.e.oni (3.1) 
x(O) = xo 

Recall that a function x E Wpq is a solution of (3.1) if, for all v E X, x 
satisfies 

{ ft(x(t), v)+ < A(t, x(t)), v >=< f(t, x(t)), v >, 
x(O) = xo 

where x means the generalized distributed derivatives. 

a.e.oni 

In order to investigate the existence of solutions of (3.1), we need the fol
lowing hypotheses. 

Hypothesis (A). A :I x X-+ X* is an operator s.t. 
(a) t-+ A(t, x) is measurable; 
(b) x-+ A(t, x) is pseudomonotone; 
(c) IIA(t,x)ll. a1(t) +b1llxiiP-l, 

for all x EX, with a1 E T), b1 > 0, 2 p < oo, + = 1; 
(d) < A(t, x)- A(t, y), x- y > 2:: cllx- YIIP- dlx- Yl 2 , 

for all x, y E X, with c > 0 and d 2:: 0. 
Hypothesis (F). f :I x Y -+X* is also an operator s.t. 

(a) t-+ f(t, x) is measurable; 
(b) x-+ f(t,x) is continuous from Y into X*; 

(c) llf(t, x)ll• a2(t) + b21ixiiF\ 
for all x E Y, with a2 E T) and b2 > 0; 

(d) < f(t, x), x <P(t), for all x EX, with c/J E L1(0, T). 
Hypothesis (Ho). xo E H. 

Next we define the Nemyckii operators A and f, given by 

(Ax)(t) = A(t, x(t)), for x E V; (fx)(t) = f(t, x(t)), for x E Z. 

Let Alwp. denote the largest restriction of A on Wpq· We have some impor

tant properties on the operators A, f and AlwP •. 
Lemma 1. Under Hypothesis (A), A: V-+ V* is bounded and satisfies 
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1 
(a) IIAxllv• const(llaiii 9 + b1llx11e,- ), for all x E V; 
(b) <<Ax- Ay, x- Y >> cllx- Ylle,- dllx-

for all x, y E V; 

(c) (i) Alwp. is quasi-pseudomonotone from Wpq V into V*. 
(ii) Alwp. satisfies the condition(M), i.e. 

Xn ---+w x in Wpq 1 Axn ---+w b in V*, and limn-too << Axn, Xn >> 
<< b, X>>, 

imply 
Ax=b. 

Proof. One can easily verify that (a) and (b) hold true. Now we show 
(c)(i). 

Let Xn ---+w X in Wpq and limn-too << Axn, Xn- X>> 0. 
Thanks to (b), we have 

-- p -- 2 
c limn--tooi!Xn- xllv d liiDn--toollxn- xll1i 
+limn-too<< Axn, Xn- x >> 

-limn-too<< Ax, Xn- x >> 0. 

Since Wpq '--t 1l = L2(/, H) compactly, we get that Xn ---+" x in 1£. Hence, 
it follows that Xn ---+" x in V = LP(I, X). Thus, there exists a subsequence 
of (xn), denoted by (xnk), such that Xnk(t) ---+' x(t) in X, a.e.on /,and there 
exists a real function v E LP(O, T) satisfying 

llxnk(t)ll v(t), for a.e. t E I 
(See pp. 579, [3]). 
By virtue of Hypothesis (A)( c), we can show that 

limk-+oo < A(t, Xnk (t)), Xnk (t) - x(t) >= 0, a. e. on /. 

Since A is pseudomonotone, we have 

< A(t, x(t)), x(t)- w(t) > limk-+oo < A(t, Xnk(t)), Xnk(t)- w(t) > dt, 

a.e. on/, for all wE V. And consequently, 

<< Ax, X- w II li!!!x--too < A(t, Xnk (t), Xnk (t)- w(t) > dt. 
Invoking Hypothesis (A) and Theorem 7 of [7], we obtain that 

IIli!!!x-+oo < A(t,xnk(t)),xnk(t)- w(t) > dt 
liiTl!c--too II < A(t, Xnk (t), Xnk (t) - w(t) > dt. 

Hence, 
<<Ax, X- W >> li!fu.--too << Axnk> Xnk- W >>. 

Next we show that AlwP. satisfies the condition(M). Let Xn ---+w x in Wpq, 

Axn ---+w bin V* and limn-too<< Axn, Xn >> << b, x >>. 
Due to (c)(i) and 

limn-too < < Axn, Xn - X > > limn-too < < Axn, Xn > > 

-limn-too << Axn, x >> 0, 

there exists a subsequence of (xn), denoted by (xnk), such that 

<<Ax, X- W li!fu.--too << Axnk, Xnk- W >> 
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limk-7oo << Axn., Xn• >> -limk-7oo << Axn., w >> 
b,x-w >>, 

for all w E V. Thus, 
Ax= b. 

Similar to the proofs of Theorem 23.A and Lemma 2.5.1 of [4], one can verify 
that the following Lemmas. 

Lemma 2. Under Hypothsis(F), 1: Z---+ V* is bounded and satisfies 
(a) 111xllv• const(iia2iiq + 
(b) << 1x, x llc/>llt, for all x E V; 
(c) 1: Z---+ V* is continuous. 

Lemma 3. If Hypotheses (A), (F), (Ho) are satisfied, and x E Wpq is a 
solution of (3.1), then there exist positive constants M1 ,M2 ,M3 , such that 

maxtEIIx(t)l M1; 
llxllwp. M2; 

IIAxliv• M3. 
Note that (3.1) is equvalent to the following operator equation 

{ x +Ax = 1x (3.2) 
x(O) = xo 

(See pp. 767-770, [3]). 

Theorem 1. Suppose that Hypotheses of (A), (F), and (Ho) hold, then the 
problem(3.1) admits a solution x E Wpq C(I, H). 

Proof. Let {w1, w2, ... , Wn, ... } be a basis in X. We set Xn = span{w1, w2, ... , wn}, 
and introduce on the n-dimensional space Xn the scalar product of the H -space 
H. Note that Xn H. 

Suppose that Xn 0 --t8 xo in H. The Galerkin equation of (3.1) can be 
constructed by 

{ 
< Xn(t),wj > + <.A(t,xn(t)),wj >=< f(t,xn(t)),wj >, a.e.onl 
Xn(O)=Xn 0 , J=1,2, ... ,n 
Wj E Xn,Xn E Xn 

(3.3) 

By using Lemma 3, Hypotheses (A)(a)-(d), (F)(a)-(c), Proposition 27.7 of 
[3] and Canitheodory theorem ([7]), the Galerkin equation(3.3) must have a 
solution Xn (n=1, 2, ... ). 

By Lemma 3, we know that there exists M* > 0 s.t. 

maxtEI ixn(t)i + llxnllwP. + I!Axnllv• M*. 
Hence, we can find a subsequence, again denoted by {xn}, such that Xn --tw 

x in Wpq, Axn --tw bin V*, and Xn(T) --tw z in H. Using the same procedure 
of the proof of Lemma 30.4 of [3], we can verify that the limit elements x, w, 
and z satisfy 

{ x+b=lx 
x(O) = xo, x(T) = z, x E Wpq 

It follows from the Galerkin equation that 
1 2 2 

<< Axn, Xn >>=<< fxn, Xn >> -2(1xn(T)I -lxnol ). 
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Since Xn(T) -+w x(T) in H, we have 
Jx(T)J li!!!n-toolxn(T)J. 

Hence 
limn-too<< Axn, Xn >> << b, X>>. 

Using Lemma 1, we assert that 
Ax= b. 

This shows that xis a solution of (3.2), and hence a solution of (3.1). 

4. Existence of Admissible Trajectories and Optimal Controls 

We now consider the following controlled evolution system: 

{ :i:(t) + A(t, x(t)) = f(t, x(t), u(t)), a.e.oni 
x(O) = Xo, u E Uad 

We impose some hypotheses . 
. Hypothsis (F*). f: I X y X E---+ x· satisfies: 

(a) (t, x, u)---+ f(t, x, u) is measurable; 
(b) (x, u)-+ f(t, x, u) is continuous from y X Ew into x·' 

here Ew denotes the space E with its weak topology; 
(c) II f(t, x, u)JJ. aa(t) + + JJuJJE), 

for all x E Y and u E E, with aa E T) and ba > 0; 
- .J!.... 

(d) < f(t, x, u), x ifl(t) + kJJuJJ.F 1 , 

for all x EX and u E E E L 1 (0,T) and k E R. 
Hypothsis (U). U: I---+ PJ(E) is Lq-bounded multifunction. 

By virtue of Theorem 1, we can conclude the existence of admissible trajec
tories of (4.1). 

Theorem 2. Assume that Hypotheses (A), (F*), (H0 ), and (U) hold, then 
the problem (4.1) admits a solution corresponding to each date pair (x0 , u) E 
H X Uad· 

By Hypothesis (U), Uad is a bounded subset in Lq(I, E). Set P(xo) ={xu E 
Wpq, Xu is a solution of (4.1) corresponding to u E Uad and xo E H}, and 
K(T) = {y = x(T) : x E P(x0 )}. Utilizing the similar method of Lemma 3, we 
obtain 

Lemma 5. Under Hypotheses of Theorem 2, there exists positive constants 
M1, M2, and Ma, such that for all x E P(xo), 

maxtei Jx(t)J M1; 
JJxllw.,. M2. 

Consider the optimal control problem (P): 
J(x, u) = iflo(x(T)) + J:{ L(t, x(t), u(t))dt-+ inf 

s.t. 

{ :i:(t) + A(t, x(t)) = f(t, x(t), u(t)), 
x(O) = Xo, u E Uad 

a.e.oni 

Suppose 
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Hypothesis (U*). U : I-t Ptc(E) is Lq_bounded multi-function. 
Hypothesis (F**). f(., Xn(.), un(.)) ----+' f(., x(.), u(.)) in V* as Xn ----+8 x 

in Z = LP(I, Y) and Un ----+w u in Lq(I, E). 
Hypothesis (L). L :I x X xE -t R U { +oo} s.t. 

(a) (t,x,u)-+ L(t,x,u) is measurable; 
(b) (x,u) -t L(t,x,u) is l.s.c.; 
(c) u -t L(t, x, u) is convex; 
(d) ¢(t)- c (jjxjj + jju\\E) :S L(t, x, u), a.e. on I, 

with¢ E U(O, T) and c 0. 
Hypothesis (P). P ::: K(T) n Q =j:. ¢, where Q denotes a weakly closed 

subset of H-space H. 
Hypothesis (<I> a). </>a : P H -t R is w .l.s.c. 
Hypothesis (J). There exists an admissible state-control pair (x, u) such 

that 
J(x, u) < +oo. 
Theorem 3. If Hypotheses (A), (F*), (F**), (Ho), (U*), (L), (P), (<T> 0 ), and 

(J) hold, then the problem (P) has an optimal pair (x,u). 
Proof Suppose that (xn, un) is the minimizing sequence, then it satisfies 

the following initial value problem: 

{ Xn(t) + A(t, Xn(t)) = f(t, Xn(t), Un(t)) 
Xn(O) = Xo 

(4.2) 

Recalling Lemma 5 and boundedness of Uad in Lq(I, E), by passing to a 

subsequence, if necessary, we may assume that Xn ----+w x in Wpq, Axn ----+w b 
in V*, xn(T) ----+w z E Q in H, and Un ----+w u in Lq(I, E). By virtue of Mazur 
Lemma and Hypothesis (U*), we have 

u(t) E cow -limn sup{ Un(t)}n2:1 C U(t),a.e. on I. 

Hence, u E Uad· As in the proof of Theorem 1, we can prove that x satisfies 

{ 
x +Ax= f(., x(.), u(.)) 
x(O) = xo 
x(T) = z E Q 

Therefore, x(T) E P H. Next, it follows from ( 4.2) that < < Xn - x ,xn -

X>>+<< Axn -AX,Xn -X>>=<< f(., Xn(.), Un(.))- f(., x(.), u(.)), Xn(.)
x(.) >>. 

By Lemma 1, we obtain that 

cjjxn - xllt :S djjxn-
+ << f(., Xn(.), Un(.))- f(., x(.), u(.)), Xn(.)- x(.) >>. 
Therefore, by Hypothesis (F**), Wpq Y LP (I, Y)compactly, we claim that 

Xn----+'x in V. Since xn(T)----+wx(T)in H, Hypothesis (<T>o) infers that 

</>o(x(T)) :S li!.!!n-too<f>o(xn(T)). 
By applying Hypothesis (L) and Balder theorem 2.1 ([6]), we conclude that 

I: L(t, x(t), u(t))dt :S li!.!!n-too I: L(t, Xn(t), Un(t))dt 

Consequently, 
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J(x, u) J(xn, Un) = J(xn, Un)· 
This shows that (x, u)is the desired optimal pair. 

5. Examples 
Our results can be used to the following the initial boundary value problem 

of parabolic system of order 2m 

{ 
gtx(t,z) + L(t)x(t,z) = f(t,z,x(t,z)), on/ x G 
Df3x=0 onlxaG, 
x(O, z) = xo(z), onG 

where L(t)x(t, z) = ( -1)1!31 DJ3 A13(t, z, O(x(t, z)) ), 
f(t,z,x(t,z)) = ,B = (,81,,82,···,,Bn) is 

n-tuple of nonnegative integers, I,BI = ,8;, DfJ = Df1 ••• D; = 
O(x) = {D.Bx: I,BI m}, 7J(x) = {D.Bx, I,BI k},and k < m. Take 

X= W;''P(G), Y = w;•P(G), H = L 2 (G). 
Their dual spaces are 
X*= w-m,q(G), Y = w-k,q(G), H* = H, 
respectively. From Soblev embedding theorem, we know that 

X <-t Y <-t H <-t Y* <-t X*, 
with all embedings being continuous, dense, and compact([1]). Define, 

a1(t, x, y) =fa ElfJI<m z, 8(x))Df3ydz, 

a2(t, x, y) =fa ElfJI=m z, 8(x))Df3ydz,for all x,y EX, 

b(t, x, y) =fa f.a(t, z, 7J(x))Df3ydz. 

Under some reasonable assumptions similar to Section 30.4 of [3], one can 
verify that there exist operaters A; (., . ) : I x X -+ X* ( i = 1, 2) and f( ., . ) : 
I x Y -+ X* satisfying 

< A;(t, x), y >= a;(t, x, y),i = 1,2; 

< f(t, x), y >= b(t, x, y). 

Define 
A(t,x) = A1(t,x) +A2(t,x). 
By Proposition 26.16 of [3] and Corrollary 26.14 of [3], we can check that the 

operaters A and f satisfy the assumptions of Theorem 1. Hence, the existence 
of weak solutions can be proved. Futher, under some assumptions of Example 
1 of [1], we can solve the following optimal control problem: 

J(x, u) =fa lx(T, z)idz + J{ fa tlx(t, z)- Yo(z)i 2dtdz 

+ J{ fa iu(t, z)i 2dtdz inf, 
s.t. 

{ 
gtx(t, z) + L(t)x(t, z) = f(t, z, x(t, z)) + b(t)u(t, z), 
DfJ x = 0, on/ x 8G, I,BI m - 1 
x(O, z) = xo(z) onG 

on/ x Q 
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