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Abstract: In this paper, we consider the boundary stabilization of a degenerate 
hybrid system composed of an Euler-Bernoulli beam with a tip mass. It is 
proved that the system is exponentially stabilizable when the usual velocity 
feedback controls are applied at the end with the tip mass. We also establish 
time reversibility and spectral completeness of the closed-loop system. 
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1 INTRODUCTION 

We consider a hybrid system which consists of an Euler-Bernoulli beam linked 
to a rigid body. The system is governed by the following equations: 

{ 
pwu + pw1111 = 0, (x, t) E (0, L) X (0, oo), 
w(O, t) = w'(O, t) = 0, 
Jwft(L, t) + pw"(L, t) = g(t), 
Mwtt(L, t)- pw'"(L, t) = h(t). 

(1.1) 

where prime represents the derivative with respect to the spacial variable x, 
p, p > 0 are the elasticity modulus and mass density respectvely; J is the 
rotatory inertia of the tip mass M; g(t), h(t) are controls applied at the end 
x= L. 

for arbitrary values of the coupling parameter a. 
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There are many papers in the literature on the stabilizability of the system 
(1.1) including [3], and [7]-[8]. It was shown in [3] that using the feedback law 

{ g(t) = -awf(L, t) 
h(t) = -f3Wt (L, t) (1.2) 

where a, f3 > 0, (1.1) is strongly stabilizable, but not exponentially stabilizable. 
Moreover, Rao[7] proved the lack of exponential stabilizability for a general 
feedback law 

{ g(t) = -a1 w(L, t)- a2w'(L, t) - a3wt(L, t)- a4wf(L, t) (1.3) 
h(t) = -/31 w(L, t)- f32w'(L, t)- f33wt(L, t)- f34wHL, t) 

with a;,/3;,i = 1,···,4 being any real numbers. In the same paper, He also 
obtained the exponential stabilizability of (1.1) for the high-order feedback law 

{ g(t) = wf"(L, t) 
h(t) = t) (1.4) 

Recently, Rao in [8] studied the plate version of the hybrid system (1.1). When 
reduced to the beam problem, his result implies that when J = 0 and M, a, f3 > 
0, (1.1) is exponentially stabilizable by the feedback law (1.2). However, the 
case of J > 0 and M = 0 was left as an open question. The main purpose of 
this paper is to give an affirmative answer to this question. Moreover, we will 
show that the Co semigroup associated with the closed-loop system is actually 
a Co group and its infinitesimal generator has a complete system of generalized 
eigenfunctions. 

2 EXPONENTIAl STABiliZATION 

With M = 0, the controlled system (1.1) with feedback law (1.2) takes the 
form 

{ 

PWtt + pw"" = 0, (x, t) E (0, L) X (0, oo), 
w(O, t) = w'(O, t) = 0, 

t) + pw"(L, t) = t), 
pw"'(L, t) = f3wt(L, t). 

(2.1) 

The physical interpretation of this system is that the tip mass is small enough 
to be neglected, but not the rotatory inertia. This situation occurs when the 
beam is linked with a large, but very light antena. Let 

W ={wE H 2 (0, L)l w(O) = w'(O) = 0}, V = L). 

Define the Hilbert space 
1l = W x V x<C 

equipped with the inner product 

((wl,v1,zl), (w2,v2,z2))1l = 1L (2.2) 
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Furthermore, we define an operator A in 1l by 

V(A) {( ) I w,v E W, wE H4 (0,L), } 
= w, v, z pw111(L) = f'v(L), z = v'(L) ' (2.3) 

p 1 
A(w, v, z) = (v , --pw"", -J(pw"(L) + az)). (2.4) 

Let Y = (w, v, z). Then system (2.1) can be written as an abstract evolution 
equation in 1l 

dY = AY. 
dt 

(2.5) 

Theorem 1 A generates a C 0 -semigroup, etA, of contractions on 1£, and 
A- 1 E £(1£) is a compact operator. 

Proof. Since for z = (w, v, z) E V(A) we have 

Re(Az, z)H Re foL [pv"w"- pw""v]dx- (pw"(L) + az)z 

-f'lv(LW- alzl 2 :::; 0, (2.6) 

Hence, A is dissipative. It is easy to verify that for any (h,h,h) E 1£, 
equation 

A(w,v,z) = (h,h,h), (w, v, z) E V(A) 

has unique solution such that 

ll(w, v, z)IIH:::; Mll(h, h h)IIH, 

where the constant M > 0 is independent of (h, h, fa). Therefore, A- 1 E 
£(1£), 0 E p(A), and A is closed. It follows that the range R(>. - A) = 
1l for sufficiently small >.. > 0. By Theorem 4.6 in [5], V(A) = 1£. The 
generation of C0-semigroup now follows from the Lumer-Phillips theorem. By 
the compactness of embedding H 2 (0, 1) Y C 1[0, 1], we know that A- 1 is also 
a compact operator. D 

It is clear that exponential stabilizability holds if etA is exponentially sta
ble. We will employ the following frequency domain theorem for exponential 
stability of a Co -semigroup of contractions on a Hilbert space [[1 ],[2], [6]]: 

Lemma 2.1 A C0 -semigroup etA of contractions on a Hilbert space is expo

nentially stable if and only if 

p(A) ::l {i>..l >.. E IR} =: ilR, (2.7) 

and 
(2.8) 
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Now, we are ready t9 state the main result in this section. 

Theorem 2 The semigroup etA defined above is exponentially stable. 

Proof We only need verify conditions (2.7) and (2.8). 
(i) Suppose (2.7) is false. Then, there exsit a nonzero A E lR and Y E V(A) 

with IIYII1l = 1 such that 
(iA- A)Y = 0. (2.9) 

Take real part of the inner product of (2.9) with z in 1l, then apply (2.6). We 
obtain that 

v(L) = z = 0. (2.10) 

Thus, (2.9)-(2.10) can be reduced to the following initial value problem 

{ -A2 pw + pw"" = 0, 
w(L) = w'(L) = w"(L) = w'"(L) = 0. 

(2.11) 

There is nothing but w = 0. Furthermore, v = z = 0 follows from the first and 
third equation in (2.9). This contradicts to IIYII1l = 1. 

(ii) Suppose (2.8) is false. Then by the Resonance Theorem, there exist a 
sequence of real numbers An -t oo and a sequence of vectors Yn = ( Wn, Vn, Zn) E 
V(A) with IIYnll1l = 1 such that 

ll(iAnl- A)Ynll1l -t 0 as n -too. 

I.e., 

iAnWn- Vn := fn -t 0 

iA pv + 'E.w"" := Yn -t 0 n n p n 

iAnZn + + O!Zn) := hn -t 0 

In view of (2.6) and (2.12), we have 

which further implies that 

In what follows we first show that 

lw"(L)I-t o. 

in W, 

in V. 

in <D. 

Solve Vn from equation (2.13) and substituting it into (2.14), we have 

\ 2 p Ill/ • \ f, 
-AnWn + -Wn = 9n +ZAn n· 

p 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 
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¢n = 1 = (pfp) 114 . We take the inner product of (2.19) 
wtth ,/n e-'Yrl>n( -x) m £ 2 {0, L) to get 

(2.20) 

Clearly, the inner product on the right-hand side of (2.20) converges to zero. 
After integrating by parts four times to the second inner product on the left
hand side of (2.20), we can cancel the resulting inner product with the first 
inner product on the left-hand side of (2.20). Using the boundary conditions 
of Wn at x = 0 in (2.1) and at x =Lin (2.17), we rewrite {2.20) as 

(- + 1 w;:o)) - r; --+ 0. (2.21) 

From equation (2.14), we see that wn(>.n is bounded in H 4 (0, L). Applying the 
trace theorem, we obtain 

1- + 'Y w;:O) I ::; C¢ne-'YL4>n --+ 0. (2.22) 

The claim in (2.18) follows from (2.21)-(2.22). With these boundary conditions 
of Wn at hand, we now take the inner product of (2.19) with the standary 
multiplier in £ 2 (0, L). A straight forward calculation via integration by 
parts leads to 

+ 0. (2.23) 

This, together with equation (2.13), yields 

llvnll --+ 0. (2.24) 

In summary, we get that llYn 111l converges to zero. A contradiction. 0 

3 BACKWARD WELLPOSEDNESS AND SPECTRAL 
COMPLETENESS 

In this section, by means of theory developed in Liu and Russell [4], we will 
prove the following: 

Theorem 1 A generates a Co group and has a complete system of generalized 
eigenfunctions. 

Proof From discussions in [4],§3,4, we need prove that there exist T, o > 0 such 
that 

V Yo E V(A). (3.1) 
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Set ( w(-, t), v(-, t), z(t)) = etA yo, E(t) = etA yo For Yo = (e, 1], zo) E 
V(A), we know that 

{ wE C2 ([0, oo); V) n C1 ([0, oo); W) n C([O, oo); H4(0, L)), (3.2) 
Wt = v, z(t) = t) 

and w satisfies (2.1). Thus, 

(3.3) 

We may assume without loss of generality that w(x, t) is real-valued. Multi
plying the first equation of (2.1) by Wt and integrating by parts, we obtain 

E(O)- E(t) =fat [.Bwt(L, s) 2 + o:waL, s) 2] ds. (3.4) 

It follows that 

TE(O) -1T E(t) dt = 1T (T- t) [,Bwt(L, t) 2 + t)ZJ dt. (3.5) 

We now multiply the first equation of (2.1) by (T- t)xw'. Then we integrate 
by parts to get 

1T (T- t) [Pwt(L, t) 2 + Lpw"(L, t) 2) dt + 2T 1L xe'11 dx 

21T (T- t)w'(L, t)[L,Bwt(L, t)- pw"(L, t)] dt + C1 1T E(t) dt (3.6) 

where C1 is some positive number independent of (e, ry). Combination of (3.5) 
and (3.6) yields 

(3.7) 

for some CT > 0 independent of (e, 77). Applying a standard compactness 
argument, we can now obtain the desired estimate. D 
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