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Abstract 
This contribution concerns the statistical characteriza

tion of the traffic involved by a Local Area Network with an 
objective of flow control on Asynchronous Transfer Mode 
networks. Many authors investigate the traffic measured 
on broadband networks on long time scales and they all 
conclude that the measured traffic is self-similar. Our ap
proach is rather different. We suspect that the apparent 
self-similarity of the traffic is due to the presence of non 
stationarities in a traffic with no self-similarity. To support 
our intuition we test the stationarity of the measured traffic 
on different time scales ranging from a few seconds to hours 
of traffic. We then propose to model the measured traffic as 
a locally stationary and semi-Markov processes. We study 
into details the estimation of the parameters of semi-Markov 
processes; both block and recursive procedures of estima
tion are exposed. We eventually generate three different 
non stationary and semi-Markov processes whose parame
ters are matching the estimates of the varying parameters of 
the measured traffic. We prove that if one relied on classical 
visual indexes of self-similarity one would conclude that the 
synthetic traffic is self-similar. These findings question the 
consensus about the possible self-similarity of the traffic and 
they lead the way to some realistic and tractable models. 
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1 Introduction 
A large number of contributions have been devoted to the statistical 
analysis of the traffic measured on broadband networks after the 
pioneering paper by Willinger et al.[l], who presented for the very 
first time the analysis of high quality LAN traffic data, recorded at 
Bellcore. Soon afterwards, a large number of data became available 
(not only for LAN, but also WAN, VBR video traffic, and so on ... ). 

It is interesting to note that most of the contributors used more 
or less the same statistical investigation methodology and came up 
with more or less the same conclusions. The authors affirm that 
the measured traffic is heavy tailed and long-range dependent that 
is to say R( k) = L( k )k2H - 2 , 0.5 < H < 1.0, R( k) denoting the au
tocorrelation of lag k of the series under study (inter-arrival times 
or block packet counts) and L( x) being a slowly varying function 
at infinity i.e. Vx > 0, L(rx)/ L(r) 'T4oo 1. These findings are at 
variance with classical models of traffic such as the Poisson process 
or the Markov modulated Poisson process [2] for which dimension
ing results have been established. It is known that quality measures 
such as the overflow probability or the delay are strongly underesti
mated by these traditional models if the real traffic has long-range 
dependence. 

It is often difficult to find a physical interpretation for self
similarity. An explanation of the phenomenon that is significant 
for teletraffic applications has been proposed by Taqqu [3]; Taqqu 
proves that the aggregation of several 0 N /0 FF renewal sources 
with Pareto distributed ON and/or OFF periods conducts asymp
totically to a self-similar traffic. Other classical models displaying 
long-range dependence are the fractional Gaussian noise and the 
fractional (p, d, q) ARIMA process. More recently semi-Markovian 
models with an underlying Markov process on a countable infinite 
instead of finite space, enabling a richer probabilistic behavior for 
the underlying process have been proposed by Robert et al.[4] [5]. 

It is interesting to note that long-range dependence only spec
ifies the autocovariance structure of the process for large lags, or 
alternatively, the behavior of the spectral density function at zero 
frequency. This is mainly because most of the works on long-range 
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dependent processes have been devoted to Gaussian processes and 
more recently to linear processes: for these processes, second-order 
structure in some sense specifies all the dependence structure of 
the process. Very few is known on non-linear long-range dependent 
processes, at the exception of fractional bilinear and ARCH models. 

As stressed above it is somewhat surprising that most of the in
vestigators have adopted the methodology prescribed by Willinger 
et al.[l] without trying other possible routes. The most question
able part of their analyses is undoubtedly the fact that the traffic is 
supposed to be second-order stationary on these long time scales. 
Most of the analyses are done on hours of traffic. Based on these 
large time scale data, the usual method consists in 'proving' long
range dependence by computing several easily visualisable tests, at 
the very first place the variance-time plot, despite the fact that this 
index is known to be a poor estimator of the Hurst parameter from a 
statistical point of view. Heavy-tailness is proved by displaying the 
histogram of the data or by computing a goodness-of-fit measure, 
such as the Kolmogorov-Smirnov or the chi-square tests. Funilly, 
the critical levels of the tests are often computed as if the data were 
independent, though the first claim is that they are long-range de
pendent; this would of course largely modify the critical intervals 
and even the speed of convergence of the test statistics. 

Our intuition is that the conclusions could have been different 
by adopting a perhaps more plausible assumption: the data are 
not stationary on a global scale but only locally i.e. stationary on 
a finer scale and non stationary on long time scales. It has been 
known ([6],[7],[8]) for years that deterministic jumps or trends in the 
mean of a time series without long-range dependence can mislead 
to the untrue conclusion that the series is long-range dependent if 
one relies on visual indexes of long-range dependence such as the 
variance time plot. 

To support our intuition we analyze a common traffic trace. 
It was recorded at Bellcore and it was originally studied by Pax
son and Floyd [9] who concluded that this stream exhibits a high 
degree of burstiness that can not be explained by any markovian 
model and who discussed how this burstiness might mesh with self
similar models of traffic. In Section 2 we test the stationarity of 
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the measured traffic on different time scales ranging from a few 
seconds to hours of traffic. In Section 3 we introduce the Markov 
modulated Poisson process and a new model that we propose after 
careful analysis of different traffic data. In Section 4 we consider 
the estimation of the parameters of the proposed model: both block 
and recursive procedures of estimation are detailed. In Section 5 
we prove by simulation that the abusive use of classical indexes 
of long-range dependence for non stationary series conducts to the 
false interpretation of long-range dependence. 

2 Tests for stationarity 

2.1 Principles 

2.1.1 General Framework 

Basically the tests of stationarity that we propose rely on the com
parison of different empirical statistics calculated on two neighbour 
segments of finite length of the stream. The hypothesis of station
arity is rejected if the empirical statistics for the two neighbour 
segments are significantly different. 

Denote by {Xt} the sequence of the inter arrival times (IAT) 
from which a set of finite length is observed. Suppose 
that one aims at testing if this finite observation is strict sense 
stationary. Denote by T1 the presumed change point. For the sake 
of homogeneity we also define To = 0 and T2 = T. We do as if 
{Xth<t<-r1 and {Xt}.,-1+I<t<T were two realizations of finite length 
Ti = Ti-l of two {Xf} and {X;}. 

In what follows we test the stationarity of the IAT process in the 
sense of (i) the mean of the process (ii) the sampled cumulative dis
tribution function E(g(Xt)) where g( x) = (116. 1 ( x), · · · , liAN ( x) )', 
(.6.ih<i<N being a partition of JR+ and (iii) the first covariance coef
ficients E((Xf, XtXt+l, · · · , XtXt+N-1)'). We introduce a new time 
series {Zt} that is defined as (i) Zt = Xt (ii) Zt = g(Xt) or (iii) 
Zt = ( Xf, XtXt+l, · · · , XtXt+N -1 )' depending of the non stationar
ities that we want to detect. 
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2.1.2 A Central Limit Theorem 

Different Assumptions are needed to establish a Central Limit The
orem for the vector of the empirical statistics. 

Assumption 1 {Xt} is strict sense stationary. 

• T,· T-+oo O Assumption 2 ¥ -+ <; > . 

Assumption 3 {Xt} is a-mixing with an a-mixing coefficient that 
verifies af/(2H) < +oo and with JE(IXti 2H) < +oo. 

Assumption 4 Qt +oo and Qt = o(t). 

Let us recall that the a-mixing coefficient of the process {Xt} 
is defined as an = SUPA,B IJP(A n B) -JP(A)JP(B)I the supremum 
being taken on all sets A in M:.oo and Bin where = 
u(Xt,a t 

The Assumption 3 is verified by many usual processes and in 
particular by a large class of Markov processes. It is in particular 
verified by ARMA processes when the probability density function 
of the innovation is strictly positive on lR and by any finite state 
irreducible Hidden Markov Chain. 

Denote by = ·A +1 z; the empirical statistics for the 

segment of index i and denote by ZT = ((Zj.)'(Zj.)')' the vector of 
the empirical statistics for the two segments. 

Theorem 1 Assume {A1-A2-A3). Then it holds that 

v'1\Zr- (11)' 0 JE(Zt)) "'AN(O, r), 

where ro = E-::_00 /z(r) with /z(r) = JE(Ztz:+-r)- JE(Zt)lE(Z;) 
and where A® B denotes the Kronecker product of A and B. 

Note that f 0 is equal to the spectral density matrix of {Zt} at 
zero frequency. This remark permits the construction of a consis
tent estimator 

T T 
fo = L w(k)lR((LCYt-

0 1 1 
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where mr = v'T and w(k) = flk=O + 
The Demonstration of Theorem 1 can be found in Appendix 1. 

2.1.3 Tests 

• Stationarity of the mean and of the marginal distri
bution 

As stated above the test for stationarity consists in comparing 
Zj. and Z:j.. For the mean and for the marginal distribution 
of the process we consider the difference between Zj. and Z:j. 
on the two neighbour segments Zj. - Z:j. = U Zr, where U = 
(1- 1) in the test for stationarity of the mean of {Xt} and 
U = (1- 1) Q9 IN in the test for stationarity of the marginal 
distribution of {Xt}. 

Theorem 2 Assume (A1-A2-A3}. Then it holds that 

VTUZr,...., AN(O, uroU'), TZr(r-l/2)Hr-l/2 Zr,...., x2(N) 

I I I 
where n· denotes a square root of r, r = r2(f2")'. 

• Stationarity of the first correlations 

In [10) Mauchly introduces the sphericity statistics to test 
whether two gaussian random vectors have the same covari
ance matrix. Drouiche and Mokkadem ([11],[12]) generalize 
this test as a test for spectral adequacy. We propose to use 
this measure of similarity to test whether a process is second 
order stationary. 

For any positive sequence p = (p0 ,p1 ,· • • ,pN-d denote by 
TN(P) the Toeplitz matrix TN(P) = P-rM-r where M-r is 
the matrix whose entry (i,j) is equal to M-r(i,j) = 8-r(li
il). For any two positive sequences J-l and v the sphericity is 
defined as the ratio 
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Our idea is to derive the asymptotic distribution of S( Zj,, Zj) 
normalized by a factor that depends on the length T of the 
observation and to reject the hypothesis of stationarity if the 
obtained value is lower than a prescribed threshold deter
mined by the false alarm probability a. 

Theorem 3 Assume {A1-A2-A3}. Then it holds that 

2TS*(Zr) zH\72S((1, 1)' ®IE(Zt))Z, Z rv Af(O, f) 

where V 2S*((1, 1)' 01E(Zt)) denotes the Hessian of S at point 
(1, 1)' 01E(Zt). 

The demonstration of this result is based on a Taylor develop
ment of Sat point (IE(Zt), IE(Zt)). AsS is maximum at point 
(IE( Zt), IE( Zt)) a second order Taylor development is needed. 

To establish the expression of \72 S one needs the second order 
differential of M -+ log IMI and of M -+ M-1 : 

• Thresholds 

(dA,dB)-+ -Tr(M-1dAM-1dB) 
(dA, dB)-+ 2M-1dAM-1dBM-1 

Theorems 2 and 3 permit to reject the set of Assumptions 
(A1-A3) with a false alarm probability of a. If the obtained 
statistics is superior to the (1 - a) quantile of the asymp
totic distribution one concludes that (A1-A3) is wrong which 
means that A1 and A3 are mutually exclusive. 

Note that in Theorem 3 the asymptotic distribution is a 
quadratic form in a multidimensional Gaussian random vari
able and that the prescribed threshold is obtained by Monte
Carlo simulation. 

2.2 Results 

The simulations are replicated for thirteen time-scales ranging from 
six seconds to one hour and thirty minutes and for ten pairs of 
neighbour segments for each time-scale. 
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Figure 1: Stationarity of the mean 

TimeScale 

+ + 1 hour 30 min. 

1 hour 15 min. 

1 hour 

45min. 

+ 30min. 

15min. 

10min. 

5min. 

+2min. 

1 min. 

30 sec. 

15 sec. 

10 sec. 

6 sec. 

250 

On the Figures 1 and 2 we plot T ZJf (r-112)Hr-112 Zr for all 
the pairs of neighbour segments. The 90% and 99% quantiles of 
x2(N) are represented in dotted lines. (A1-A3) is rejected when 
TZjf(r- 112 )Hr-lf2Zr is superior to the (1- a) quantile of x 2 (N). 

On the Figure 3 we plot the cumulative distribution function 
P(X 2TS(Zj,, Zj)) for the asymptotic distribution 
X= zH'l2S i(E(Zt),E(Zt)) z where z "'.Af(O, r). The 90% and 99% 
fractiles for the distribution of X are represented in dotted lines. 
(A1-A3) is rejected if P(X 2TS(Zj,,Zj)) is superior to (1- a). 

The conclusions of our simulations is that (A1-A3) is wrong for 
most pairs of neighbour segments for long time-scales. Classical 
models such as the stationary Poisson process or the stationary 
Markov Modulated Poisson Process are consequently not adapted 
to the traffic that we investigate on these long time-scales. 
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Figure 2: Stationarity of the marginal distribution 

Note that the Assumption A3 is wrong for long-range dependent 
processes such as the Fractional Gaussian Noise or the fractionally 
integrated autoregressive moving average process. Consequently 
the tests developed do not permit to reject Al for long-range depen
dent processes. The difficulty to decide between long-range depen
dence and non stationarities has already been discussed by Duffield 
et al.in [7]. 

It is thus difficult to decide if the evidences of auto-similarity 
mentioned by many authors result from a real auto-similarity of the 
traffic or from some non-stationarities that might have mislead to 
the conclusion of auto-similarity ([6],[7],[8]) or from the coexistence 
of both phenomena. 
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Figure 3: Stationarity of the first five correlations 
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3 Locally stationary and semi-Markov 
models 

3.1 Vindication of the locally stationary and 
semi-Markov models 

As mentioned in Section 2 it is impossible to decide between the 
hypothesis of self-similarity and the hypothesis of local stationarity 
on the simple basis of the tests of stationarity that we have devel
oped. In what follows we favor the hypothesis of local stationarity 
by comparison with the hypothesis of long-range dependence. 

As one can see on Figure 4 the measured traffic is not signifi
cantly correlated if one considers different slides of traffic that last 
approximately ten seconds. This ten seconds time scale corresponds 
to the shortest period of reallication of the band with at the User 
Network Interface that one can afford; for shorter periods of reallo
cation the control automata would be overloaded [13). A mixture 
of exponentials or of shifted exponentials seems to be a reasonable 
model for the marginal distribution of the inter-arrival times on this 
ten seconds time-scale. We think that the classical Markov mod
ulated Poisson process (MMPP;[2]) or a new model that we call 
the shifted exponential hidden Markov model (SEHMM) are both 
reasonable and tractable models of traffic on short time scales. 

A solution to model time series that are suspected to be locally 
stationary consists in proposing a parametric model whose parame
ters are varying slowly with time. On longer time scales we propose 
to model the measured traffic as a semi-Markov process whose pa
rameters are varying slowly with time. This solution has many 
advantages among which the existence of recursive procedures of 
estimation of the parameters of the process and the existence of 
queuing results for such input processes. 

3.2 The Markov modulated Poisson process 

The Markov modulated Poisson (MMPP) process is a generaliza
tion of the classical process that is commonly used as a 
model for teletraffic data. This model permits to a certain extent 
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to take the observed burstiness of the traffic into account while 
keeping in a markovian framework. For a review about the Markov 
modulated Poisson process we refer the reader to the tutorial paper 
of Meier-hellstern [2]. 

3.2.1 Representation of the MMPP as a DSPP 

The doubly stochastic Poisson process (DSPP) is a generalization 
of the classical Poisson process. In the case of the doubly stochas
tic Poisson process the intensity of the Poisson process is a non 
negative stochastic process. Denote by (A(t)) a continuous time 
non negative stochastic process, denote by (Ti) the successive in
stants of arrival and denote by N(t) the associated count process 
N(t) == ll(Ti t). We suppose that T0 = 0 and N(O) = 0. 
The doubly stochastic Poisson process is defined by 

(i)VO t1 t2 t3, V(p, q) E N2, 
r(Ntg- Nt2 = p, Nt2- Nt, = q I Fo) (1) 
= r(Ntg- Nt2 =pI Fo)r(Nt2- Nt, = q I Fo) 

where Foo = i7(At, t ;::: 0) is the complete filtration associated to 
(At)tElR· 

(2) 

where gs = i7(Nt;t s). 
The Markov modulated Poisson process is the particular case of 

the doubly stochastic Poisson process when the intensity process is 
a finite-state and continuous time Markov process 

(3) 

where Fs = i7(Ati t s). 
(At, A2, · · · , AK) is the set of states of the intensity process and 

K is the order of the Markov modulated Poisson process. The 
most common parameterization of the Markov modulated Poisson 
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process is ( Q, A) where Q is the stochastic transition matrix of the 
finite state continuous time Markov intensity process and where A 
is the diagonal matrix whose entry ( i, i) is equal to Ai. The Markov 
modulated Poisson process is then referred to as the ( Q, A) source. 

3.2.2 Representation of the MMPP as a MRP 

A Markov renewal process (MRP) is a discrete time stochastic pro
cess (Xn, Yn) such that (i) (Xn)neN is a finite state Markov chain. 

where Qn = o-((Xm, Ym); m ::; n) is the filtration associated to 
(Xn, Yn)• 

The most common parameterization of the Markov renewal pro
cess is its stochastic transition matrix F(t) = with 
Fij(t) = r(Xn+l = j, Yn+l ::; t I Xn = i). The transition matrix of 
the imbedded Markov chain (Xn)neN is then P = F( +oo ). 

Denote by Ui = 1i -Ti-1 the successive inter-arrival times and 
denote by ).i = AT; the state of the underlying Markov intensity 
process at time Ti. We demonstrate in Appendix 2 that ().i, Ui) is 
a Markov renewal process with Markov transition matrix F(t) = 
J; exp((Q- A)u) duA. 

3.2.3 Representation of the MMPP as a HMM 

A hidden Markov model is a stochastic process (Xn, Yn) such that 
(i) (Xn)neN is a finite state Markov chain. 

(ii)r(Yn::; t I Xn = i, gn-d = r(Yn::; t I Xn = i) (5) 

where Qn = o-( ( Xm, Ym); m ::; n) is the filtration associated to 
(Xn, Yn)• 

The terminology "hidden" stems from the fact that the imbed
ded Markov chain (Xn)neN is not observed directly and that any 
statistical treatment should be based on the observation of (Yn)nEN 
only. 
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The hidden Markov model is parameterized by the transition 
matrix ofthe imbedded Markov chain P = where Pij = 
JP>(Xn+l = j I Xn = i) and by the either discrete or continuous 
distribution of Yn conditionally to Xn = i. 

Remark that any Markov renewal process (Xn, Yn) of order K 
can be represented as a hidden Markov model of order K 2 . Denote 
by (Xn, Yn) a Markov renewal process with Markov renewal matrix 
F(t). Denote by Xn = (Xn_ 1 ,Xn) the successive transitions of the 
underlying Markov chain. Then (Xn, Yn) is a hidden Markov chain: 
the transition matrix P of the imbedded Markov chain (Xn)neN is 
a structured transition matrix with entries equal to 

P(i1,i2)(it.h) = lli2=i1 Fili2 ( +oo) 

and the cumulative ditribution function of Yn conditionally to Xn = 
(i,j) is Fij(t). 

3.3 The shifted exponential HMM 
In this Section we briefly expose a new model that we have de
veloped after carefully analyzing different measures of traffic on 
broadband networks [9) [13). 

On Figure 4 we display the spectral density function of the inter
arrival times and the histogram of the natural logarithm of the 
inter-arrival times for five distant frames corresponding roughly to 
ten seconds of traffic. The spectral density function is estimated us
ing either standard smoothed periodogram techniques or the Burg 
maximum entropy method [14, 15, 16, 17). The logarithm trans
formation permits to visualize the distribution of the inter-arrival 
times in the region of short inter-arrivals. 

From a simple visual inspection of this plot it is seen that the 
spectral density function of the process evolves with time. It is note
worthy on the non parametric estimate of the sdf that the spectral 
density in the neighbourhood of zero frequency seems compatible 
with short-range dependence. Note that the maximum entropy 
estimate of the sdf cannot reveal long-range dependence: the max
imum entropy spectral estimation amounts to fit to the p first au
tocovariance coefficients of an autoregressive (AR) model and to 
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Figure 4: Histogram and power spectral density of five distant 
slides of traffic lasting ten seconds 

extrapolate the autocovariance coefficients after time index p as if 
the autocovariance sequence were that of an order p AR modeL 
Thus the extrapolated autocovariance coefficients decrease as an 
exponential for large lags. It is also interesting to note that the 
difference between the maximum and the minimum of the spectral 
density function is somewhat reduced, yet data are not compatible 
with a Poisson process since the inter-arrival times are significantly 
correlated. 

The analysis of the histogram of the logarithm of the inter
arrival times and of its evolution also reveals interesting features. 
It seems that a mixture of exponential distributions with different 
offsets. Our model of marginal distribution is close to the model 
proposed by Kofman et al.[18]. According to these authors who 
analyzed the traffic measured by Jain and Routhier [19] the distri-
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bution of the inter-arrival times is a mixture of exponentials. 
On the basis of these findings we propose to model the measured 

traffic as a hidden Markov model (Xn, Un), the distribution of Un 
conditionally to Xn = i being an exponential distribution with an 
offset time Si 

JP>(Xt = i I Ft-1' 9t-1) = P(Xt = i I Xt-d 
JP>(Ut E A I Xt = i,Ft-1,9t-1) = JA 1I[s;,+oo[(u),\e->.;(u-s;)du (6) 

where Ft = u(Us; s :::; t) and by 9t = u(Xs; s :::; t). 

4 Estimation of the parameters of hid
den Markov models 

In the previous section we have proposed different semi-Markov pro
cesses to model the traffic measured on broadband networks. One 
of these models (SEHMM) is a hidden Markov model. The sec
ond model (MMPP) can be represented as a hidden Markov model 
with structured stochastic transition matrix as we demonstrate in 
the previous section. In this Section we detail both block and recur
sive procedures of estimation of the parameters of a hidden Markov 
model. The block procedure is used on the time scales on which 
the measured traffic can be considered as stationary; the recursive 
procedures of estimation can be used to track the slow variations 
of the measured traffic on longer time scales. 

Remark that renewal processes such as the simple Poisson pro
cess are particular cases of hidden Markov models when the order 
of the model is I< = 1; the procedures of estimation that we de
velop in this Section apply to renewal processes. We verify that the 
offsets (sih9::;K do not vary significantly with time and we conse
quently do not consider the problem of the estimation of the offsets 
(sih:5i:5Ki in what follows we assign the offsets (si)t::;i::;K a constant 
value. 
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4.1 Unconstrained parameterization 

One should remark that the parameters of the Shifted Exponential 
Hidden Markov Model are subject to the following constraints 

'v'1 ::; i, j ::; K 
'v'l ::; i ::; K 

and 'v'1 ::; i ::; K 
(7) 

These constraints must be taken into account in the optimiza
tion steps of the procedures of estimation that we expose in what 
follows. Another solution consists in proposing an unconstrained 
parameterization of the model and in using standard optimization 
techniques for the problem without constraints. The second solu
tion is retained in what follows. 

To overcome the constraints of positivity Ai > 0, 1 ::; i ::; K one 
can substitue Ai for ci>(Ai) where ci> is a bijection from JR.+ into JR. 
e.g. Ai -t log Ai· 

The constraints concerning Pi,: = ( Pi1 , • · • , PiK) are equivalent 
to setting Pi,j = ( )2 where ui = ( is a unitary vector of 

JR. K that is to say verifies ( )2 = 1. This remark permits to 
parameterize Pi,: by (K- 1) Givens angles 

Proposition 1 Any unitary vector u in JR.K is the image vector of 
eK where e = (e1 , • • • , eK) is the canonical basis ofll?..K by a product 
of (K- 1) Givens rotations in JR.K : 

K-1 

u = IT Gk,K-1(ak)[O .. · 01f, 
k=1 

0 ::; /k < 271" and 

h-1 
sinak ) 

cos ak 

represents the matrix of rotation of angle ak in the subspace ( ek, eK) 
ojll?..K. 
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4.2 Off line estimation of the parameters 

In this Section we briefly recall the basic principles of the Expec
tation Maximization (EM) algorithm [20]. The EM algorithm is 
a constructive method of the maximum likelihood estimate of the 
parameters of a mixture or of a finite state Hidden Markov Model. 
Denote by {(Yt,Xt)h<t<T a finite length realization of a hidden 
Markov chain. The basic idea of the EM algorithm consists in con
structing a sequence (Ok)kEN that verifies Q(Ok,+t,Ok);:::: Q(Ok,Ok) 
when Q(Ot, 02) = IE(L(Xt:T, Yt:Ti 01) I Xt:T = Xt:T, 02). A con
sequence of Jensen's inequality [21] is that the likelihood of the 
observed {Xt} 19:s;T is an increasing sequence 

L(xl:Ti Ok+I) ;:::: L(xl:Ti Ok) 

and thus that it converges on a local maximum of the log-likelihood 
0 --+ L( x 1,T; 0) since L( Xt:Ti 0) is always inferior to zero. 

Each iteration of the EM algorithm can be decomposed into two 
steps. 

• Expectation Step: 

This step permits to get the distribution of the imbedded 
Markov chain Yi:T conditionally to the observed X1:T = x 1,T 

with an algorithm of linear complexity. It is based on the 
recursive construction of two lattices 

O:t( i) 
f3t ( i) 
at+l ( i) 
f3t-1 ( i) 

= IP'(Xl:t, Yt = i I Xl:T = Xt:Ti Ok) 
IP'(XtH:T = Xt+l:T) I Xl:T = Xt:Ti Ok) 
l:j at(j)PjiPi(Xt+t)/ l:i,j Pjiat(j)pi(xt+t) 
l:j(xt)Pijf3t(j)/ l:i,j Pijf3t(j)pj(xt) 

(8) 

Pi( •) denotes the probability density function of Xt condition
ally to Yt = i. 

Straightforward manipulations conduct to 

/'t(i) IP'(Xt+l:T = Xt+l:T I Yt = i; Ok) = O:t(i)f3t(i) 
(t(i) IP'(lt = i, ltH = j I Xl:T = Xt:Ti Ok) (9) 

at(i)P;2pj (xt+t ).6t+t (j) 
Li,j O!t(i)PijPj(Xt+t).Bt+tU) 
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• Maximization Step: 

This step consists in maximizing Q( 0, Ok+I) with respect to 
0. Note that Q(O, Ok) can be decomposed into two terms 
Q(O, fh) = Q1(0, fh) + Q2(0, Ok) where 

= IE(L(Y;O) I X= x;fh) = l:ilogpia1(i) 
+ l:i,j log Pij 2::'{=2 (t(i,j) 
IE(L(X I Y; 0) I X= x; fh) 
l:i It( i)(log Ai - Ai( Xt - si)) 

(10) 

depend separately from and from 
Q(O, fh) can thus be maximized separately with respect to 

and with respect to : 

•J 

• 

Ei-2 Ct( i,i) 
L:3 Et Ct(i,i) 

Et "Yt(i) 
(11) 

Note that for these formulae of actualisation the constraints 
(7) are automatically verified and though that one can use the 
most common parameterization 0 = ((Pij ). 

Leroux [22] proved the consistency of the maximum likelihood 
estimator under mild conditions in the case of hidden Markov mod
els and later Bickel and Ritov [23] proved the local asymptotic nor
mality of this estimator. 

4.3 On line estimation of the parameters 

Procedures of recursive estimation of hidden Markov models pa
rameters have been considered by Holst and Lindgren [24], Krish
namurty and Moore [25], Ryden [26] and Mevel [27]. In the papers 
of Holst et al.and of Lindgren et al.no convergence results are es
tablished although simulation studies show that their algorithms 
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often work out well in practice. Ryden and Mevel prove that their 
recursive estimator converges to the set of minima of the Kullback
Leibler divergence and is asymptotically normal under suitable con
ditions. In this Section we expose the procedure of Mevel which is 
used in the sequel to follow the slow variations of the parameters 
of the non stationary hidden Markov model. 

Note that the log-likelihood can be decomposed into 

T T K 

L(xt:Ti 0) = 'L)ogp(xt I Xt:t-li 0) '= L log L bi(t; O)pi(Xti 0) 
t=l t=l i=l 

(12) 

where Pi( •; 0) denotes the probability density function of Xt condi
tionally to Yt = i and where 

bi(t; 0) = IP(Yt = i I Xl:t-1 = Xt:t-li 0) (13) 

denotes the one-step ahead prediction filter. 
Mevel proposes an algorithm of linear complexity to approx

imate the one-step ahead prediciton filter as well as its gradient 
w.r.t. 0 

L:j Pji(O)pj(xt; O)bj(i; 0) 
bi(t + 1; 0) = E P··(O) ·( . O)b·( . 0) = F(b.(t; 0), Xt) (14) ij J1 PJ Xt, J t, 

and similarly 

a a 
aobi(t + 1; O) = G(b.(t; O), ai·(t; o), xt) (15) 

Mevel proves that one can estimate the true parameter Otr by 
looking for an at least local minimum of the Kullback-Leibler di-

r.-r(O) p.s.;lhr 1. 1 1 p (Xt ·lh ) • h · · Vergence n. = 1m - og n :n, r Wlt a recurs1ve estl-•• .,.,--++oo n Pn(Xt:n;9) 
mator 

where G is a closed, bounded and convex subset of the param
eters space and Pa is a projection on this convex set and where 
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"'t = 1ot-cx where < a 1. Note that in the non stationary 
context of tracking of the slowly varying parameters then "'t = 1 
and none of the convergence results mentioned here above holds. 

The lattice procedure of estimation of the one-step ahead pre
diction filter and of its gradient permits to estimate 

%9 logp(xt I X1:t-1i 0) = (log bi(t; O)pi(Xti O)t 1 

bi( t; 0) + Pi ( Xti 0) 
(17) 

Another solution consists,in replacing the most common con
strained parameters with the unconstrained parameters 
f)= as exposed in Section 4.1 so 
that no projection is needed. 

5 Indexes for self-similarity 

5.1 Variance time plot 
Denote by {Xt} a series with long-range dependence i.e. 

R(k) = L(k)k2H-2 0.5 < H < 1.0 (18) 

where R(k) = JE((Xt - X)(Xt+k- X)) denotes the autocorrelation 
of lag k of { Xt} and where L( x) is a slowly varying function at 

infinity that is to say L( rx) / L( r) 7 4 00 1 for all x > 0. 
It is well known [28] that if denotes the aggregated se

ries Xt(m) = Xk the sample variance varX(m) of the 
aggregated series is varX(m) f'J u5m2H-2 as m +oo. This per
mits the construction of a visual index of long-range dependence. 
One plots log varX(m) versus log m for various aggregation levels. 
If the series is long-range dependent the graphic fits a straight line 
with a slope -1 < f3 = 2H - 2 < 0. The slope of this straight line 
provides an estimate of the Hurst parameter H. 

5.2 R/S analysis 

Another classical result is that a series with long-range depen
dence satisfies to the Hurst effect. Consider X1:n a finite set of 
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Figure 5: Variance-time plot 

observations of length n. Denote by X = 1t.,n Xk and s = 
L.. l<k<n 

L:t<k<n(Xk - X) 2 the sample mean and the variance of 
X1 : n; then the range of X 1:n is defined as R = max(O, W1 , • · · , Wn)
min(O, W1 , · • • , Wn) where Wt = L:t<k<t(Xt- X), 1 ::; t ::; n. 

The series is said to be self-similar if the rescaled adjusted range 
E((R/S)(n)) is 

lU'( R ( ) ) n-++oo H 0 0 5 H 1 0 JI:..sn rv en c>,. < <. (19) 

This phenomenon is known as the Hurst effect. Broadly speak
ing this result means that the integrated process visits more space 
when the increment process has long-range dependence than when 
it does not have any long-range dependence. This phenomenon 
was obsedrved by Hurst [29] in 1951 in a study on the Nile floods. 
This result permits the construction of a second visual index of 
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long-range dependence. One plots log IE( R/ S) versus log n and the 
series is self-similar if the graphic fits a straight line with slope 
0.5 < H < 1.0. The slope of this straight line provides an estimate 
of the Hurst parameter H. 

Other procedures of estimation of the Hurst parameter are peri
odogramm regression techniques [30] and Whittle's maximum like
lihood estimate. 

5.3 Results 

Our intuition is that the apparent self-similarity that many authors 
observe may be due to some non stationarities in a time series with
out long-range dependence. To support our intuition we simulate 
different non stationary and semi-Markov traffics whose parame
ters are matching the estimates of the parameters of the real traffic 
and we visualize the variance time plot and the R/S indexes for 
self-similarity of the traffic that we simulate. Three different non 
stationary models are proposed: the non stationary Poisson pro
cess, the non stationary Markov modulated Poisson process of order 
2 (MMPP(2)) and the non stationary shifted Exponential hidden 
Markov model of order 4 (SEHMM(4)). 

We display on Figures 5 and 6 the results of the analyses for the 
real traffic [9] and for the three synthetic locally stationary synthetic 
traffic without self-similarity. As one can see on Figures 5 and 6 if 
one relied on the simple visual indexes for self-similarity one would 
conclude that the synthetic traffics with no self-similarity but with 
some non stationarities are self-similar. The estimates of the Hurst 
parameter that one deduces from the variance time analysis and 
from the R/S analysis are close if one takes into account the bad 
quality of these estimators. 

6 Conclusion 

In this contribution we have demonstrated that the apparent self
similarity of the traffic measured on broadband networks might 
stem from some undetected non stationarities in a traffic with-
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out self-similarity rather than from a real self-similarity of the 
trafffic. This is a major finding since that means that one can take 
advantage of the numerous results that have been obtained for years 
for semi Markov traffics. On the contrary very few is known if the 
real traffic happens to be effectively self-similar. In the future we 
plan to support our findings by intensive simulation on other mea
sures of Ethernet traffic and of high bit rate video data. 

A Demonstration of Theorem 1 

The demonstration of Theorem 1 requires to establish the following 
Central Limit Theorem 

Lemma 1 Assume {A1-A2-A3}. Then it holds that 

r; 

VT(_.!_ "' Zt- IE(Zt)) rv AN(O,ci 1 fo), 1 i 2 Ti 0 
t=ri-1 +1 

The demonstration of Lemma 1 can be found in for example 
[21]. 

To prove Theorem 1 we mimic the approach of Epps [31]. We 
define a new estimator where the first qT terms are removed 

The basic idea consists in proving that VT and VT converge 
in distribution to the same normal distribution and in proving that 
VT Z} and VT Zj. are asymptotically independent, in the sense that 

It results from the Davydov Theorem [21] that 
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and though Z} and Z:j. are asymptotically independent. 
Denote by Di = -/T(zi - zi ) = -IT Zt the differ-T T T T; L....it-r,_t +1 

ence between and It results from (A2-A4) that the 
covariance matrix of tends to zero as T tends to infinity. It 
then results from Lemma 1 and from the Slutski Theorem [17] that 
VT(Zr- (1, 1)' 01E(Zr )) "'AN(O, r) which concludes the proof 
of Theorem 1. 

B Representation of the ( Q, A) source as 
a Markov renewal process 

Consider the ( Q, A) source introduced in Section 3.2. We are going 
to demonstrate that this ( Q, A) source can be represented as a 
discrete time Markov renewal process with Markov renewal matrix 
F(t) = J: exp((Q- A)u) duA. For that matter we closely follow 
the demonstration of Meier-Hellstern [2]. 

Denote by M(t) the matrix whose entry (i,j) is equal to Mij(t) = 
IP'(N(t) = 0, At= Aj I Ao = Ai)· 

M(t) satisfied to the following Chapman-Kolmogorov equation: 

Mij(dt) = Ek#j Mik(t)Qkjdt + Mij(t)(Qjj(t)- Aj)dt 
Mij(dt) = L:k Mik(t)(Qkj- Aki)dt 
M'(t) = M(t)(Q- A) 

with M(O) = IK so that M(t) = exp((Q -ILambda)t). 
Remark now that 

that is to say that 

F'(t) = M(t)A = exp((Q- A)t)A 

with the initial condition F(O) = 0 and though F(t) = J; exp((Q
A)u) duA =(A- Q)-1(/K- exp((Q- A)x) A. 
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