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Abstract 

On a discrete time Markovian model of a two-stage interconnection network we develop methods 
to find stochastic bounds on the number of lost cells at the second stage. We deduce bounds on 
the lost rate. These methods are based on comparison results of stochastic processes, Veinott's 
criterion and lumpability of transition matrices. We study the output process of a discrete time 
Geomx I D 11 queue at the first stage and we compute geometrical bounds on the output process 
of this Geomx I D 11 queue. 
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1 INTRODUCTION 

Most of the telecommunications systems are composed of interconnected nodes. The messages 
routed from a source to a destination through the interconnection network of nodes are generally 
cut into numbered frames also called packets or cells (in the context of the Asynchronous Transfert 
Mode (ATM)). Each node is a system which switches packets of messages from its input to the 
desired output. Roughly speaking a node is a black box composed of a commutation function 
(insures the routing of a packet from the input to the output of the node) and a capacity to store 
packets waiting the commutation. If a packet arrives at a full node it is lost. One of the most 
important problem is to determine the capacity of a node such that very few packets will be lost. 
This is called the dimensioning problem. To address this problem we have to compute the lost 
rate (i.e, the ratio of the mean number of packets lost by the mean number of packets arriving at 
the considered node). 
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The general context of our analysis is the one recommanded by the CCITT which is ATM. 
For this transfert mode the packets have a fixed length (53 bytes) to insure a quick commutation 
in a node. Due to the fixed lenght of the cells and the fixed commutation duration the time is 
discretized into unity. called slot. Knowing the fact that the behavior of a node depends of the 
behaviors of the other nodes connected to its inputs and also depends of the behaviors of the 
sources we first want to study only the behavior of a node submitted to an input traffic. This 
traffic is modelized by a stochastic process. This process represents the resulting behaviors of the 
sources and the other nodes of the network. 

Performance of a node or switch depends of its input traffic and its architecture. One of the 
most studied architecture for a node is the Multi-stages Interconnection Network (MIN). It seems 
that the choice of such architecture is made both by the industrials and the researchers. This is 
due to the fact that the realization of MIN has a low cost and performance measures interesting. 
Such a switch is composed of switching elements with very few inputs and outputs (to insure a 
very fast commutation). These switching elements have a commutation function and capacity to 
store cells waiting to be switched. The switching elements are connected ·by an interconnection 
network. 

The final aim is to proposed numerical methods with low complexity to address the dimension
ing problem for MINs. This will imply that these methods allow a designer of switches to choose 
the best possible configuration for a switch submitted to several kinds of input traffic (i.e, Bernoulli 
traffic, Bursty Geometric or ON/OFF traffic, and so on). In general a MIN is represented by a 
feed-forward queuing network and choosing a configuration means to choose the number of queues 
and their capacities and also the routing network between the queues. Let us also note that it is 
very important to be able to observe the behavior of a switch submitted to several kinds of traffic 
with different variance for the same mean number of arrivals because the lost rate depends of this 
variance. 

In this paper we are interested in the dimensioning problemofMINs. The performance criterion 
considered is the loss rate. This is a classical problem in telecommunication networks but the 
imposed lost rate of ,10-9 in high speed networks as ATM networks is a new difficulty in the 
performance evaluation of these kind of networks compared with the dimensioning problem of 
telephone networks with an imposed rate of rejected (or lost) calls of about 10-2 • Discrete time 
Markovian models of MIN s have state space with a very high number of states in practice and these 
kind of networks have no analytical solution, no product form solution for instance. Because of the 
number of states in these models the algorithmic complexity does not allow the computation of 
the exact solution for lost rate in particular. The use of approximation techniques to reduce states 
space is a natural way to address the dimensioning problem but pure approximation techniques 
must be validated using rare or very rare event simulation techniques which are generally very 
expensive techniques. So what we propose in this paper is to develop special approximation 
techniques to obtain bounds wich permit us to avoid validations by simulation. These bounds 
must be easy to compute (i.e., the complexity must be much lower than the complexity of the 
computation of the exact solution). The aim of this work is to present the basic methods and the 
basic mathematical results to address the dimensioning problem of a very simple model of MIN. 
This model is a Markovian model of a two-stages interconnection network with Bernoulli input 
traffic. Of course this model is not realistic when modeling ATM switch. This is due to the fact 
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that the Bernoulli traffic is not realistic but we focus our attention on the methodologies and we 
will give some tracks how to modify the basic methods for more general input traffics. 

The starting point to obtain bounds is to use some structural properties of the model. The 
basic property we use in this work is that the number of lost cells at each slot t in a queue of 
a switching element is an increasing function of its input processes. Now what we want is to 
bound the output process of a queue by a very simple renewal process. That is why we propose 
methods for finding geometrical bounds on the output stream of a queue using comparison results 
on random variables and processes. We use the strong comparison [Sto76] because it is generated 
by increasing functions and the number of lost cells is an increasing function of the input processes. 
The second idea is to reduce the state space (note that this is generally done by other techniques) 
that is why we investigate results on lumpability [JJ60], [RS91]. 

The paper is organized as follows. The section 2 deals with the mathematical results useful for 
obtaining bounds on the loss rate. The main result concerns the comparison of Markov processes. 
The section 3 is devoted to the model description of the interconnection network. Roughly 
speaking this system could be considered as the first two stages of a Clos interconnection network 
[Clo53]. In section 4 we present methods based on lumpability results and in section 5 we 
present a method based on Veinott's Criterion to obtain an upper bound on the output stream of 
Geomx / D/1/ FCFS/C queue with service duration equal to 1. The section 6 is devoted to the 
study of numerical examples of the bounding methodologies and a discussion on these numerical 
results. Then we conclude in the last section. 

2 MATHEMATICAL RESULTS 
In this section we present the main central result (see proposition 2.3) concerning the comparison 
of discrete time Markov processes in the sense of the strong ordering. But before that we need to 
introduce some definitions and properties. 

The strong ordering is the basic notion of this paper. This ordering is generated by non
decreasing functions. 

Definition 2.1 (Strong Ordering) Let k > 0 be an integer. Let X and Y be two IRk-valued 
random variables. We say that X is lower than Y in the sense of the strong ordering iff: 
for all functions f : IRk ---t IR nondecreasing in the sense of the componentwise ordering on JRk 
the inequality 

Ef(X) :<:: Ef(Y) 

holds, provided that the expectations exist. 

The strong ordering has many properties and the reader is referred to [Sto76] for more details 
on this subject but here we need to mention the following property which will be used to simplify 
the study. 
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Proposition 2.1 (Comparing independent variables) Let us consider consider two vectors 
of independent variables , respectively denoted by X = (X1 , .•• , Xn) andY = (1'1, ... , Y,.). We 
then have the following result : 

X~ Y iff Vi X; ~.t Y; 

Let us notice that the previous proposition could be generalized to the case where X; (resp. Y;) 
is a random vector, for all i = 1, ... , n. 

To compare a vector of random variables in the sense of ~.t, we will use a sufficient condition 
called Veinott's Criterion (1965). We borrow the definition from [Sto76] suited to our case. 

Proposition 2.2 (Veinott's Criterion) Let U = (U0 , ••• , Ut) and V = (Vo, ... , ltt) be two vec
tors of random variables taking their values in t:. 

If 
Uo ~.t Vo (1a) 

and 

l;fj = 1, ... ,t V(x,u,v) E {0, ... M} x {0, .. . M}i x {0, .. . M}i, u ~ v 
Pr(U; ~ xiUo = uo, ... , U;-1 = u;-t) ~ Pr("J ~ xiVo = vo, ... , l-J-1 = v;-d (lb) 
noting that u = ( u0 , ••• , u;-1) and v = (v0 , .•• , v;-1 ) 

then U ~.tV 

The above criterion is very useful because it is taking into account the fact that the random vectors 
may have correlated components (which is the case when studying Markovian processes). 
Because we are studying processes with state space t: = {0, ... , M}, we give a specified version 
of definition 2.1 in this particular case. Noting that the set of nondecreasing functions on t: = 
{0, ... M} is generated by the functions 1{x?:k}• k = 0, ... , M we can express the ~.t -comparison 
as follows. · 

Let be X and Y two random variables taking their values in {0, ... M}. Let p (resp. q) be 
the row vector of distribution of X (resp. Y). We say that X is lower than Yin the sense of~., 
ordering and we denote X ~.t Y (or equivalently p ~~~ q) iff 

p K,, ~ q K,, componentwise (2) 

with K11 the (M + 1) X (M + 1) following matrix: 

K.{:! 1] (3) 
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For instance if M = 2 then 

K.t = ( ~ ~ ~) 
1 1 1 

If p = (0.1, 0.3, 0.6) and q = (0.7, 0.2, 0.1), then computing p K,, 
(1,0.3,0.1) we see that p ~., q. 

(1, 0.9, 0.6) and q K,, 

With the above mathematical tools we are now able to write the central result on comparison 
of Markovian processes in the following proposition. 

Proposition 2.3 (Comparing Markov Processes) Let {X.,t ~ 0} and {Yt,t ~ 0} be two 
Markovian processes taking their values in £. These processes are also denoted by (Po, P) and 
(qo, Q), respectively. The row vector Po {resp. qo) denotes the distribution vector of X 0 {resp. Yo), 
P (resp. Q) denotes the transition matrix of {X,, t ~ 0} (resp.{Yt, t ~ 0}). If 

Po:::;,, qo 

and 
P K,, :::; Q K., term by term comparison 

and A = P or A = Q is monotone ie : 

where A;,. is the jth row of matrix A, 
then 

moreover 

Vi :::; j A;,. :::;., A;,. 

'It (X,, ... , Xo) ::;.t (Yt, ... , Yo) 

-Proof: 

(4a) 

(4b) 

(4c) 

For the point by point comparison see [Kei77]. For the vectorial comparison we just have to note 
that Veinott's Criterion for Markovian processes is equivalent to (4b). This vectorial comparison 
could also be obtained using coupling argument (see Daisy [Doi92] ) D 

3 MODEL DESCRIPTION 
In this section we present a simple model of a switch architecture submitted to Bernoulli input 
traffic. This could be represented a very simple and not very realistic model (due to the assumption 
concerning the input traffic) ATM switch. 

The model of the ATM switch studied here is the same as that described in [BM93], [Bey93] 
where most of assumptions made are the same as in [KHM87]. After describing it we present 
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the evolution equations and the fundamental properties which induce the methods proposed here 
for bounding the loss rate. In the last point we present fundamental assumptions for using our 
bounding methodologies. 

3.1 The model 

Consider a two-stage interconnection switch with N entries and M outputs (see Fig. 2). We 
assume that this system operates in a discrete way at each time slot and we make our analyze at 
the cell level. 

We make the hypothesis that departures occur before arrivals of cells. 
The arrival processes at each entry are geometrically distributed with parameter p. Arrival 

processes at two different inputs are assumed to be independent. Let us notice that in the ATM 
context this assumption does not allow to treat the problem of the bursty traffics. This will be 
discussed at the end of this paper. 

Figure 1: Switching Element of stage k 

We assume that each stage k, k E {1, 2}, is composed of Ek non-blocking identical switching 
element. A switching element at stage k, k E {1,2} (see Fig. 1) has ak inputs and Sk outputs. 
Each output is a queue with service duration 1 (slot), service discipline FC F Sand a finite capacity 
Mk. This queue is denoted by ax/ D/1/ FC FS/ Mk and its service time is equal to 1. Let us notice 
that for k = 1, the arrival process at a queue of the first stage is a bulk geometrical process and 
the size of the batch arrival is less or equal to a 1 (recalling that a1 is the number of inputs of a 
switching element at stage 1). 

Let us denote (i,j, k) (resp. (o,j, k)) the input i (resp. output o) of the switching element j 
at stage k, k E {1, 2}. 

The commutation function of a switching element connects all input ports to all output ports. 
This function is supposed to be 
uniform, i.e the probability that a cell arriving at input (i,j, k) being switched to output (o,j, k) 
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stage I Slage2 

Figure 2: A Two-stage Interconnection Network 

is the same for all o and then is equal to .!. , 

independent of the state of the switch (i.:,• the number of cells in each queue of the switch). 
The interconnection network is modelized by the following bijection 

C: {1,: .. ,sk-t}x{1, ... ,Ek-dx{1} --t {1, ... ,ak}x{1, ... ,Ek}x{2} 
(o,J,'k) >---+ (i,j,k+ 1) = (j,o,k + 1) 

whose inverse is 
c-l : (i,j, k) >---+ (o,j, k- 1) = (j, i, k- 1) 

As an immediate consequence on the design of such a MIN we have : 

3.2 Evolution equations 

221 

(5) 

Let us denote by N;,j(t), the random variable number of cells of queue o of switching element j 
at stage k. 

Because of the previous assumptions made the stochastic process {S(t), t E IN} is Markovian, 
where IN is the set of integers and : 

The evolution equations of such system are : 
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(6) 

where (x)+ = max(O,x), A!)t) is the number of cells arriving to the output o of j at stage k 
between ]t, t + 1]. A!,;(t) is defined as follows : 

A!)t) = f: I;~j 1 (t) (e.lu7)t)) (7) 
i=l 

where (I) denotes the canonical scalar product in /Fr'. I;~ 1 (t) = 1{N.'"'(t)>O}' by definition of the ,,. 
connection between stages. Note that if k = 1 the variables Itj 1(t) are iid Bernoulli distributed 
with parameter p. 

The random variables u~.;(t) represent the commutation function of a switching element and 
take their values et, ... , e., ... , e •• where e., o = 1, ... , sk is a row vector with sk components all 
equal to 0 except the o1h which is equal to 1. The event ut;(t) = e0 (or equivalently the event 
(ufJ(t)leo) = 1 ) means that cell arriving at i chose the output o of the switching element j at 
stage k. 

3.3 Fundamental properties 

The following propositions give the fundamental properties of the model used in finding bounds 
on the lost rate : at each slot t the number of cells in a queue and the number of lost cells at the 
same queue are increasing functions of the input processes. 

Proposition 3.1 (The number of cells is a nondecreasing function of the inputs) For all 
k ;?:: 0, for all t ;?:: 0 we have the following result. 

For all o,j, N;J(t) is a nondecreasing function of((I.7j1(t-1), ... J.7j1(0)); (~J(t), ... , c~;(O))) 

where: 

and 

-Proof: 
Using relations (6) and (7), the result is proved by induction on t. D 

Moreover if II!,;(t) denotes the number of lost cells at queue o of switching element j at stage k 
and at instant t, then we have the following result : 

Proposition 3.2 (The number of lost cells is a non decreasing function of inputs) For all 
k ;?:: 0, for all t ;?:: 0 we have the following result. 
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For all o,j, II~,j(t) is a nondecreasingfunction of((I.:T1(t), ... ,l:T 1 (0));(c~j(t), ... ,c~j(O))) 

where : 

and 

-Proof: 
We just have to note that the evolution equations of the number of lost cells are 

(8) 

and then use the previous result of proposition 3.2. D 
Finally we have to mention the following remark : 

By assumption the random variables {l~j(t)}i::;;::;a,;l:5i:5E, are independent for all t ~ 0. Then due 
to the interconnection network between stage 1 and stage 2 the random variables {Il)t)h::;;::;a2 

are also independent. 
This last remark means that if the entries of a switch are independent then the input ports 

of a switching element of the second stage are also independent. This is another restrictive case 
for applying our bounding method of a switch model. But this means for instance that a Delta 
network with independent inputs have the same property at each stage : the inputs of each 
switching element are independent. 

3.4 The dimensioning problem 

Define the lost rate at stage k, k E { 1, 2} by 

. EII~,j(t) 
rr(k) = hm EAk ( ) t-++oo . t 

O,J 

(9) 

then, the dimensioning problem of the deigner of switch architecture can be characterized by the 
following iterative algorithm using an exact or a bounding methodology : 

DimSwitch 

step 1 : Define the Switch (E1,aJ,SJ,a2,s2) 
step 2 : Put capacity of queues Mk, k = 1, 2 
step 3 : Compute exact (if possible) or lower and upper bounds on rr(k), k = 1, 2 
step 4: If rr(1) and rr(2) are acceptable then Goto step 5 

Else, goto step 2 
step 5 : If designer decide it is OK Stop Else Goto step 1 
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This procedure means that the designer has to fix first an architecture (step 1). Then he has to 
propose some capacities for the queues (step 2). For the whole configuration one has to estimate 
(or bound) the loss rate (step 3). If the loss rate is acceptable (i.e, less or equal to a given value) 
then the designer can decide to stop the procedure or to explore new architecture (i.e, restart a 
whole procedure). Let us remark that the decision to stop the design process is generally due to 
the calculus of an economical cost of the implementation of designed switch. 

3.5 Difficulty of the problem 
Because of assumptions on input processes and switching function, it has been shown (see [Bey93], 
[]) that the behaviors of the queues of the first stage are identical. These behaviors are represented 
by the processes { N;J( t), t E IN} which are identical Markovian processes whose transition matrix 
denoted by T1 is defined as 

[~~) b1(p) b2(p) bM,(p) +···+b.,~) l 
bo(p) b1(p) b2(p) bM, (p) + · · · + ba1 (p) 

0 bo(p) b1(p) bM,-!(P) + ··· + b.,(p) if a1 > M1 

0 0 bo(p) b1(p) +···+b., (p) 
bo(p) b1(p) ~(p) b., (p) 0 0 

T1 = bo(p) b1(p) ~(p) b., (p) 0 0 
0 bo(p) b1(p) b., (p) 0 0 

0 0 bo(p) b1(p) b2(p) b.,(p) otherwise 

bo(p) b1(p) ba,-!(P) + b.,(p) 

bo(p) b1(p) ~(p) + ... +b., (p) 
0 0 bo(p) b1(p) +···+b., (p) 

(10) 
for all o,j, and t > 0 where, 

b;(p)=Pr(A0 (t)=i)= ( ~ 1 )(E_);(1-E_)",-i 
o,J t St St 

(11) 

is the probability that i cells arrive at queue (o,j, 1). 
We note that 1r(1) is computable (we only have to compute the steady-state probability vector 

of T1 ). The only problem still remaining is the exact computation of 1r(2). To compute 1r(2) we 
only have to study a queue at the second stage and the upstream queues of the first connected 
to it. This problem is an O(((M1 + l)E' x (M2 + 1W) complexity problem because this kind of 
networks has no analytical solution (based for instance on a product form result). 

So, the major problem we have is a complexity problem. It means that for a "small" switch 
with a few number of queues with very low capacities it is possible to obtain the exact value of 
1r(2). But this implies that we cannot explore a lot of switch configurations. 
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However noticing that (see [Bey93]) : 

Vo,j lim E(A!i(t)) = ~ p(1- 1r(1)) 
t-++oo ' s2 

(12) 

we only have to focus our attention on the computation of limt-++oo E(IT~)t)). The result of 
proposition 3.2 suggests the following fundamental remarks to develop bounding methodologies : 
if the input processes of a switching element at stage 2 are Bernoulli then 7r(2) is easy to compute 
because of the increasing function property of the number of lost cells at each slot t we want to 
use the strong ordering, 
because of the variables Ii~i(t) = 1{N>:-I(t)>O} (let us recall that the output stream of a queue ,,. 
(o,j, k) is the stochastic process {1{N!,,(t)>O}• t E IN}) we want to use lumpability results [JJ60] 
because the input stream of a switching element at stage 2 are independent and the result of the 
proposition 2.1 we only have to bound (in the sense of~.,) the output stream of a queue of stage 
1 by Bernoulli processes (also called geometrical processes). 

Finally we just have to focus our attention to the resolution of the following problem. Let 
us consider an homogeneous and irreducible Markov chain {X,, t E IN} with state space £ = 
{0, ... , M} which will be denoted from now by (To, Tx) (where To is the initial condition and Tx 
the transition matrix) and a process {Yt, t E IN} such that for all t ~ 0, 1';+1 is an increasing 
function of the vector (1{X,>O}> ... , 1{Xo>O})· We want to find geometrical lower (resp. upper) 
bounds Gin/ (resp. Gsup) such that : 

Vt ~ O(Ginf(t), ... ,Gin/(0)) ~., (1{x,>o}, ... ,1{Xo>o}) ~.t (Gsup(t), ... ,Gsup(O)) (13) 

4 BOUNDS BY AGGREGATION 
The aim of this section is to find lower (resp. upper) Markovian processes Xt~1 (resp. x:~p) 
strongly lumpable according to the partition B = (B(O), B(1)) with B(O) = {0} and B(1) = 
{1, ... , M} such that processes Gin/ = {1{x:;,(t)>O}• t ~ 0} and Gsup = {l{x:~.(t)>O}• t ~ 0} are 
geometrical delayed processes (see [Ros82]) and satisfy (13). 

First we give the definition of strong lumpability in our special case. 

Definition 4.1 (Strong Lumpability [JJ60]) A Markov chain (To,Tx) is strongly /umpable 
according to B iff 

Vk E B(1)Tx(k, B(O)) = cste = Tx(O, 0) (14) 

Theorem 4.1 (Main Result) (To,Tx) is a Markovian process such that {1{x,>o},t ~ 0} has a 
geometrical/ower {resp. upper} bound of parameter pf~J (resp.p:~p) with 

and 

M 

Pi~1 = min L; Tx(k,j) 
kEB(l) i=l 

M 

p:~P = max L; Tx(k,j) 
kEB(!) j=l 

(15) 

{16) 
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-Proof: 
Because of the definitions of Pi~/ and p:~P we note that T;~1 K,1 ~ TxK.t ~ T;~PK,1 with 

and 

( 

1- Pi~! 
1- Pi~! 

T;~l = 1 - Pi~! 

1- Pi~! 

Pi~! 0 · · · 0 l 
Pi~! 0 · · · 0 
Pi~! 0 · · · 0 
. . . . • 0 • • . . . . 

Pi~! 0 · · · 0 

( ~=~~t: ~ ::: ~ ~~t: l 
Tsl 1 _ sl 0 . . . 0 sl 

sup = (•up : : : Ps:up 

1-p!~P 0 ··· 0 P!~P 

(17a) 

(17b) 

We see that the processes (To, T;~1 ) and (To, T;~P) are Markovian monotone and strongly lumpable 
according to B. So we can apply result of proposition 2.3. 
To complete the proof, note that a {0, 1 }-valued Markov process with a transition matrix 

( ~ = ~ ~ ) is a delayed geometrical process. D 

5 BOUNDS USING VEINOTT'S CRITERION 
Another way to obtain bounds is to use directly Veinott's Criterion. We only develop the method 
to obtain an upper bound because of the duality of the problem. Let us consider a Markov chain 
(To, Tx) with state space£. Our aim is to find a geometrical delayed upper bound Gsup such that 

and 

Gsup(O) = 1 

Vt;:: 1 Gsup(t) iid 

'v't(1{x.>o}, ... , 1{Xo>O}) ~.t (Gsup(t), ... , Gsup(O)) 

(18a) 

(18b) 

(18c) 

Definition 5.1 (Possible Sequence) For a fixed initial condition To, the sequence B(u0 ), ••• , B(u1) 

with 'v'i,u; E {0, 1} and 'v'iB(u;) E B is possible iff 

(19) 

Theorem 5.1 The parameter p:~P of the geometrical upper bound is such that 

p:~P =min sup Pr'TO(Xt E B(1)!Xo E B(uo), ... , Xt-1 E B(ut-d) (20) 
To t>O,B(u,), ... ,B(u.) 

where B( u0 ), •.• , B( u1_I) is a possible sequence for the initial condition T0 • 
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-Proof: 
For a fixed initial condition To a sufficient condition for satisfying (18a)-(18c) for all t > 0, using 
Veinott's Criterion (1a-1b) could be written in a simple manner (because Gsup(t) are iid), that is 

'v't'v'(x,u) E {0,1} x {0,1}1 

the case x = 0 is trivially satisfied. Then the result is obtained by definition of the function sup 
and using the fact that we want the smallest possible geometrical bound. D 

Now we have to give condition of existence and to give a way for computing this bound. If 
T} = [Tx(i,j))(i,j)eB(1)xB(1)• then we have the following result. 

Theorem 5.2 (Main result) If T} = [Tx(i,j))(;,;)eB(1JxB(1J is a positive matrix such that the 
following assumptions are true 
A1 : T} has no null row vector or T} is invertible 
A2 : T} is diagonalizable in (/}, the set of complex numbers, or irreducible 
then the parameter p:~P exists and is computable using the following algorithm (where r(T}) is the 
maximum eigenvalue ofT}} 

Begin 

w = L:M 1 ( (Tx(O, 1), ... , Tx(O, M)) 
•=t Tx O,k) 

max= max(r(T}), llwT}IIt) (* where : ll(xt. ... , Xn)ll1 = I:;'=1 x; *) 
While (1) do (* loop *) 

wT+ 
w = JlwT!IIt 
max= max( max, llwT}Ih) 

enddo (* end loop *) 

End. 
which converges. 

-Proof: 
The fact that r(T}) exists and is associated to a vector of distribution is due to the Perron
Froebenius-Gantmacher [Gan64) theory. 
Noticing that 1{X;>O} = u;, u; E {0, 1} has exactly the same meaning than X; E B(u;), u; E {0, 1}, 
we use result in Rubino et al [RS91) to write that : 

PrT0 (X1 E B(1)1Xo E B(uo), ... ,Xt-1 E B(ut-1)) = Pr13(X1 E B(1)) 

227 
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with f3 =/(To, B(u0), ••• , B(ut-1)), where f is defined for all possible sequence by 

{ /(To,B(uo)) = T~(uo) 
/(To, B( uo), ... , B( uk)) = (!(To, B( uo), ... , B( uk_t)Tx )B(u•) 

(22) 

where cP, C E B denotes the row vector with Card( C) components defined for any distribution 
vector a such that Lkec a( i) # 0 by : 

'Vi ac(i) = { f•:~~(k) ifi E C 
(23) 

otherwise 

using the fact that /(To, B(u0), •.. , B(O), B(u;), ... , B(uk)) = /(18 (oJ, B(u;), ... , B(uk)), where 1 
denotes the row vector with all its components equal to 1, we only have to consider two infinite 
sequences : S(O) = B(O), B(1), ... , B(1), ... and S(1) = B(1), B(1), ... , B(1), .... These two 
special sequences mean that in fact we just have to study the time spent in the partition B(1) 
when at instant 0 we were in B(O) or already in B(1). 

Then noticing that 
/(To, B(O), B(1), ... , B(1)) = /(18 (0l, B(1), ... , B(1)), 
/((O,v1),B(1), ... ,B(1)) = (O,vi), with v1 the probability vector associated to the eigenvalue 
r(T.tl, 
((0 )T )B(I) _ vT+ 

,v X - II•T!Ih 

{ 
wo > 0 

and the series defined by 
Wt+I 

1/woiii = 1 ..,,rJ is such that liiDt-++oo 1/wtT.il/ 1 converges to r(TJ), 
= llw•Txlh 

the result is obtained. D 

6 NUMERICAL RESULTS 
In this section we give numerical results concerning the dimensioning problem applied to a two
stage interconnection network to obtain a loss rate less or equal to 10-9 • 

The configuration of such a switch is completely defined defined by the 4-tuple (E~, a~,s1 , s2 ) 

(let us note that because of the connection in the switch: a2 = Et). 
We have chosen a fixed value for the parameter of the input Bernoulli processes which is 

p = 0.8. This means that for any input port at each slot the probability that a cell arrives is 
0.8. This value is chosen because it corresponds to a quite heavy traffic on the input ports of the 
switch. 

To obtain the delayed geometrical output processes bounding the output stream of a queue at 
the first stage of the switch, we apply results on section 4 and section 5 to the Markov process 
denoted by ( ., T 1) where T 1 is the transition matrix defined by (10). Applying results on section 
4 we have: 
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(
b0 (p) 1-b0 (p) 0 ... OJ (0 0 ... 1) 
bo(P) 1 - bo(p) 0 ... 0 0 0 . . . 1 

. . . . :S:st T1 :S:st . . . . . . . . . . . . . . . . . . . . 
bo(p) 1-bo(P) 0 ... 0 0 0 ... 1 

so we deduce that using aggregation technique Pi~J = 1-b0(p) and p;~P = 1 (this is the saturation 
case). An interpretation of the Pi~J can be done : the output process of a Geomx I Dl FC FSIM1 

is lower bounded by the output process of the particular queue Geomx I D I FC F S 11. 
For the configuration of the switch (2, 2, 2, 2) with p;~P = 1 and M2 = 500, the loss rate is 

only 7.810-4 but with p~~P = 0.956 the loss rate value of 10-9 is reached as soon as M2 is greater 
or equal to 100. So we see that the upper bound is more efficient using result of section 5 than 
the upper bound obtained using the result of section 4 (which is the worst case). That's why 
we focus our attention on bounds on the loss rate at the second stage obtained for geometrical 

parameter Pi~J and p~~p· 
In the table 1 we give the configuration of the switch, the values of the parameter of the 

bounding geometrical output stream Pi~J (recalling that this value is obtained using results of 

section 4) and p~~P (recalling that this parameter is obtained using the algorithm of theorem 
5.2), the capacity of a queue at the first stage such that loss rate is 10-9 , the capacities of queues 
at the second stage M;ur and M~nf such that the loss rate is equal to 10-9 when the arrival process 

at an input port of the second stage is geometrically distributed with parameter p~~P and Pi~1 , 
respectively. 

The computation of the values in each column is done as follows. First we put a configuration 

of a switch (first column). Then we compute M1 (fourth column) such that the loss rate is equal to 
10-9 when input process is geometrically distributed with parameter p = 0.8. Then we compute 
pf~J using results of section 4 and p~~P using algorithm given in theorem 5.2. Then we finally 

compute M;up and M;nf such that loss rate is equal to 10-9 by using the same procedure as for 

the computation of M1 but with parameter p respectively equal to p~~P and Pi~J· 

(Eh a1, S1, s2) Pi~r p~~v M! M;up M;nJ 
(2,2,2,2) 0.64 0.956 23 100 12 
(10,2,2,10) 0.64 0.956 23 172 21 
(4,2,2,8) 0.64 0.956 23 13 9 
(4,2,4,4) 0.36 0.617 7 17 9 
( 4, 2, 4, 8) 0.36 0.617 7 9 6 
(5,4,4,5) 0.59 0.968 34 210 17 
(5, 4, 4, 10) 0.59 0.968 34 13 9 
(2,4,8,2) 0.344 0.672 10 15 6 
(2,4,8,4) 0.344 0.672 10 7 5 
(2,4,8,6) 0.344 0.672 10 5 4 

Table 1 
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6.1 Discussion 

First of all let us recall to the reader that the saturation case (i.e., when P!~P = 1) is the worst 
case for some configurations as (2,2,2,2) or (2,4,8,2). But when the configuration is "good" 
(i.e., when the number of outputs is much greater than the number of inputs for all switching 
elements) the results indicate that this saturation case is efficient for addressing dimensioning 
problem. As an example for the configuration (2, 4, 8, 6) the loss rate value of 10-9 is obtained as 
soon as M 2 > 6 with P!~p· The same value is obtained with p~~P as soon as M 2 > 4. 

For all configurations explored here the maximum error is about llOO% which could be suffi
cient to choose the best configurations which are here ( 4, 2, 4, 4), ( 4, 2, 4, 8), (2, 4, 8, 2), (2, 4, 8, 4) 
and (2,4,8,6). 

Last but not least, we have to mention here the most important result of this work. We have 
found approximated method wich allows us to address dimensioning problem (of course for a 
simple model) and such that : 
it computes an upper bound for the capacities of the queues at the second stage M;"P which insure 
that a queue with capacity M;"P is less than 10-9 ' 

it computes a lower bound for the capacities of the queues at the second stage M~nf which allow 
us to compute an upper bound on the error made M;"P - M~nf. 

As a final remark let us notice that this information is available for all possible configurations 
of the switch and we do not have to validate the results using rare event simulation. 

7 CONCLUSION 

We found bounding methodologies to address the dimensioning problem of a simple ATM switch. 
We found delayed geometrical bounds on the output stream of a Geomx I DI1IM queue with 
finite capacity M at the first stage of this switch model which allows to bound the loss rate. 
Except bounds based on the saturation case (which is the worst possible case) this method is 
only applied to answer dimensioning problem of queue of a switching element which is connected 
with independent queues from the previous stage. In other words we can imagine that this set of 
methods could be applied to address dimensioning problem of a Delta switch but we know at the 
first sight that this will give bad results when dimensioning the third stage of a Clos Network. 

The key ideas of this work are to used results on lumpability and Veinott's Criterion which is a 
sufficient condition for the comparison of two random vectors in the sense of the strong ordering. 
In the two approaches the aim is to reduce the state space. For methods based on lumpability the 
idea is to find two stochastic matrices which are bounding a given stochastic matrix. The matrices 
found must be strongly lumpable. For method based on Veinott's Criterion we have noticed that 
in some cases it was exactly the same as the weak lumpability results (see [RS91] for instance). 
The Bounds we found are not optimal except when the transition matrix corresponding to the 
evolution of the number of customers in a Geomx I DI1IM is strong or weak lumpable. A case 
when this transition matrix is trivially strong lumpable is when the capacity M of the queue is 
equal to 1. 

The complexity of the methods found are very interesting. Concerning methods based on 
the lumpability results (see section 4) their complexity for obtaining the loss rate at the second 
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stage is in O(Mf + M~). Concerning the application of the Veinott's Criterion (see section 5) 
the computation of p:~P is very fast (i.e., the computation time is very much lesser than the 
computation of the loss rate) in practice and the computation of the loss rate with p:~ is still in 
O(Mn P 

What we want to stress is that the set of the methods presented in this paper contents methods 
which guarantee a lost rate less or equal to a given value (i.e, 10-9 in the ATM context) and give 
an upper bound on the error made. This result is obtained only using numerical methods without 
any simulation. The bounds could be improved and as an example let us notice that· the upper 
bound obtained by saturation could easily be improved by leaving queues of the first stage on the 
input ports of a switching element of the second stage. 

But these methodologies have to extended in two directions to having more importance in the 
ATM performance measuring community. The first one concerns the input traffics, the second 
one is the number of stages. 

7.1 Input traffics 

One of the most restrictive assumption made for this work concerns the input traffics wich are 
Bernoulli traffics. But if the input traffic is modelized by a Markovian process the results could 
again be applied. Of course the precision of the results will be worst. One of the possible track 
to avoid this is to modify the method based on Veinott's Criterion, but this is a further work. 

7.2 Adding stages 

One of the most problem is probably the problem of the performance measures of MIN with more 
than two stages. Assuming that the input processes are independent, the problem of the correlation 
input processes of switching element at the other stages is due moslty to the interconnection 
network of the switching elements. This means that the method prop'osed here could be adapted 
for a Delta network and the computation of the loss rate at the third stage. But the bounding 
methodologies could not be used to estimate the lost rate at the third stage of a Clos switch. Of 
course in a further work we have to focus our attention on this problem. 

Acknowledgement : the author would like to thank Jean-Michel Couvreur from the Institut 
d'Informatique d'Entreprise (IIE-CNAM, France) for helpful discussion on the algebraic part of 
the technical proof of the theorem 5.1. 
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