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Abstract 
The longitudinal shock wave propagates in the semi-infinite thin elastic layer and the material 
region in front of it is unstrained and at rest. Rods and layers are simple elastic structures and 
they are usually modeled as one-dimensional objects. In the paper a one-dimensional 
continuum theory with one internal scalar variable is used to describe the thin layer with 
propagating shock. In such a way the effect of small but finite transversal dimensions can be 
considered. From the singular surface theory and the equations of motion results a set of 
coupled evolution equations for the shock amplitude and the amplitudes of higher order 
discontinuities which accompany the shock. Using the perturbation method with a small 
perturbation parameter- the initial amplitude of the shock, we obtain the approximate solution 
of the problem; the longitudinal (or quasilongitudinal) shock propagates accompanied by the 
discontinuity of third order connected with the transverse motion. 
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1 INTRODUCTION 

In the simple nonlinear theories for wave propagation a slender layer can be treated as one
dimensional object endowed with structure i.e. additionally one internal scalar variable is 
introduced. This variable represent the axisymmetric motion and includes the effects connected 
with the transverse dimension (Wright, 1981). In this paper we wish to apply this 
approximation method to the studies of shock wave propagation in slender elastic layer. For 
above problem we are interested in the differences in quality between the averaged 
unidimensional theory for 3-D slender elastic layer (Wright, 1981) and the simplest 1-D theory 
for nonlinear wave propagation in thin uniform layer (Fu and Scott, 1989). The simplest 
perturbation solution of the problem gives the uncoupled with the transverse motion system of 
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equations for functions connected with the longitudinal motion only, identical as in Fu and 
Scott (1989). The influence of transversal shear and inertia gives additional effects for shock 
propagation. According to the boundary conditions, the longitudinal shock wave 
corresponding with the main motion, propagates accompanied by either third order 
discontinuity (see Figure 1) or third order discontinuity with transversal shock (see Figure 2). 
We shall work with the isentropic approximation and with nonlinear Murnaghan material. 
Numerical analysis (Kosiilski, 1995) shows that only shocks of a relatively small (of order up to 
10"3) strength can propagate in Murnaghan material. Thus it is reasonable then to consider 
perturbation methods as a means of finding an approximate solution of the evolution problem. 

2 BASIC EQUATIONS 

Suppose that a plane shock wave propagates through a thin elastic layer in the direction of the 
X1 axis in regionX1>0. See Figure 1. The axial symmetric motion (according to X2 axis) of the 
semi-infinite layer is assumed in the form : 

XJ =XJ, 
(1) 

where: f(X.J is an arbitrary odd function f e C1((-h,h) ~ R), and functions 

uk e C3((o,oo)x(o,oo) ~ R) k = I,2 (see (I6)) X; (i=1,2,3) is the position at time t of a 

particle which is at the position Xa (a=I,2,3) in the undeformed configuration BR and the 
principal assumption (Wright, 198I)) is made that this motion occurs without application of 
perceptible contact forces to the lateral boundaries X2=±h (see Figure I). Here and throughout 
this paper we assume the simplest form ofj(X,)=X2. The displacements U1, U2 the strains e1, 
e2 and the particle velocities vi> v2 are given by 

Ui =xi- Xi= ui(Xi,t), U2 = x2 - X 2 = X 2u2(Xi,t) 
xi =vi =rii(XI,t), .:i-2 =v2 = X2ri2(X~ot) ei =ul,I• e2 =u2,1 (2) 

For the assumed motion (I) the deformation gradient is given by 

(3) 

The material region Fin front of the propagating shock l:(X1ot) is initially unstrained and at 
rest, the region B behind of it ( comp. (I)) is in a state of plane strain deformation. The jumps 
of both displacements U1 and U2 on the discontinuity surface l:(X1ot) are equal zero, for this 
reason because of continuity we obtain that the jumps of the functions u1(X1,t), u2(X1,t) are 
also equal zero 

(4) 
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but we assume that the both derivatives u1,1 , u2,1 can suffer a jump on the discontinuity surface 

1:( X 1> t). The deformation gradient on both sides of 1:( X 1 ,t) has the form 

r1+u1,1(X1,t) 0 ol 
[x1 .. t=lX2u2,1(X1,t) 1 oJ [x1 .. t=S1.. (5) 

0 0 1 

3 AVERAGED EQUATION OF MOTION 

The equations of motion for the deformation gradient (3) are reduced to the system of 
equations for plane deformation: 

TR11,1 + TR!2,2 = p Riil 

1R21,1 + TR22,2 = p RX2ii2 

TR33,3 = 0, (identity} 

(6) 

where the stress component TRill used here are the unsymmetric Piola-Kirchhoff stress 
components and p R is the density in BR. The boundary conditions on the lateral surfaces of the 
layer require that two stress components vanish. 

t; = TR;a.Ka = 0,} 
Ka = (O,l,O) ~ TRl2 = TR22 = 0 for X 2 = ±h (7) 

The equation (6h is multiplied by X2 and we average now the both equations of motion (6) 
over the unit length cross section A (A = 1 x 2h has unit length in the direction of the X3 axis 
and is perpendicular to the X1 axis). After integration of (6) and for the stress free lateral 

lh lh b . . surfaces TR22 -h = TR 12 -h = 0 we o tam equatiOns 

(8) 
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The above system of averaged equations is consistent with the system of Euler-Lagrange 
equations which for such two independent functions have the form 

u1 (X~> t) ~ ;t (:~} a~J a!~J- :~ = o, 

u2(X~>t)~ :~(:~}a~Ja~~J-:~ =O 

(9) 

where L = K- W(e1,e2,u2 ) is the Lagrangian function, K- kinetic energy and W- internal 
elastic energy is function of both strains e1, e2 and displacement u2. After some calculations we 
finally obtain the form. (The prime indicates differentiation with respect to X1). 

. aw aw aw 
s'= p1u~> Q'-P= p2u2 , w1th S=-a-,Q=-a-,P=~ 

U1,1 U2,1 oU2 
(10) 

The comparison of the two equivalent equations forms gives the following relationships 
between the stresses and averaged values and densities 

h h h 

S = ~ f TR11dX2 , Q = 2~ f X2TR21dX2 , P = 2~ f TR22dX2 , 

-h -h -h (11) 

h2 
Pl = PR, P2 =PRJ" 

The averaging of the stresses over the cross section, gives the system of three forces P, Q, S 
and every such quantity is function of two variables; variable XI> and internal scalar variable h 
-half thickness of the layer. 

4 APPLICATION FOR SHOCK ANALYSIS 

Very important for the study of shock propagation in 1-D are the kinematical conditions of 
compatibility (Chen (1971), Fu and Scott (1989)) whichever of them can be derived from: 

(12) 

The space derivative d/dX1 following the wave front L(X1,t) is related to the displacement 
derivative d/dt by (12h, UN is the normal shock speed. Replacing.JtXt,t) in (12) in turn by: 
ul> v P =uP and v p,x, = ii~ ·we obtain through continual use of (12)} relation which are 

very useful for transformation of the equation of motion. 
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From the equation expressing the balance of momentum on the discontinuity surface and 
assuming that only two components of the deformation gradient [x11]~0 and [x2I]~O suffer a 
jump on }{X1,t) we obtain (see (5)) the expression for the shock wave speed . 

(13) 

The entropy jump [11] ([11)>0 for stable shocks) can be calculated from the balance laws on 

the discontinuity surface (Wesolowski (1978)), because (TRia ( = 0 

(14) 

The averaged equations of motion are satisfied on both sides of the discontinuity surface 
}{X1,t).Differentiating these equations with respect to XI we obtain 

(15) 

On taking the jumps of last two above equations across }:(X 1, t) we finally obtain the basic 
system of equations for the analysis. 

[S1= PI[iiJ1, [Q1-[P]= P2[ii2], 16) 

Using the compatibility conditions for the jumps of the right hand sides of them we can· 
obtain system of equations for shock amplitudes and the amplitudes of higher order 
discontinuities which accompany the shock. 

5 SELECTED PARTICULAR CASES 

Analysis of the problem is restricted to a special kind of second order elastic material, called 
Murnaghan material 

1+2m 3 A.+2J.1+4m 2 8J.1+n 
W(e1,e2 ,u2 )=pRcr=----z4(11 -3) + 8 (/1 -3) +-8-(11 -3) 

m 4Jl+n n 
-4(/1 -3)(/2 -3)--8-(/2 -3)+8(/3 -1) 

(17) 

where I 1 =Bu , 12=(BuBjj-Bi)Bij)/2 , I3=det(Bij) are the invariants of the left Cauchy-Green 
strain tensor Bij , A. and J.1 are Lame coefficients, and I , m , n are the elastic constants of 
second order. 

On }:(X1,t) all functions depend on one single variable XI, the deformation gradient has 
the form (5) and we seek perturbation solutions in the form: 
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[ed = eJ; +E 2f2+ .. , [e1,d = Z0 +EZ1+ .. , [e1,11 ] = Wo +ew;+ .. , 

[e2] = E~ +E 2Yz+ .. , [e2.d = Zo +eZ1+ .. , [e2,11] = Wa +e~+ .. , (18) 

where E is a small dimensionsless perturbation parameter which can be taken to be initial 
shock strength and we assume the boundary conditions at X 1 =0 

[e11 ~. =k =>Z0 (0)""k, · Jlx,=o 

[e2,1t,=o = 0 => Z0 (0)"" 0 (19) 

Substituting these expansions into the basic system of equations we obtain the uncoupled 
(with the transverse motion) system of equations for functions connected with the longitudinal 
motion only. Equating the coefficients oflike power Eo El we have: 

I 1 Y.(X )Z (X) df(XI) 0 ,.o => E => -cl I I 0 I +-d){ = , o:. 
4 I 

0 (20) 

(3A.+ 6Jl + 21 +4m) 
where c - -'----'-----'-

1 - (A.+ 2Jl) 

There are exactly the equations and solutions obtained (Fu and Scott, (1989)) after the 
application of the simplest theory for nonlinear wave propagation in a straight uniform rod. 

k h 
[e~,~] = c/,X0 ' [eJ = ~ c kX 

1+--X l+_I __ o X 
2 I 2 I 

(21) 

For the transverse motion the equations are partly coupled with the longitudinal motion and 
the first two terms in expansions have the form 

[e2,d""Zo=O,[ez,ul""Wa(XJ=-~+A."h3zZo(XI)= A. 32 :X (22) 
"' ,.. A.+ Jl h ci o 

1+-2-xl 

For the isentropic approximation used here the entropy condition is satisfied and the shock 
is stable. According to our perturbation procedure, from the fact that 
ef = e{1 = 0 => [e2,d = ef1 and that the jump [e2,1] ""Z0 = 0, it follows that on the 

discontinuity surface (where all the functions depend on one single co-ordinate X1 only) the 
function [e2 ] remains unchanged [e2 ] ""E~ (0) = E~ (X1) = const, 
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0 

Figure 1 Third order discontinuity [~ nl corresponding with the transverse motion which 
accompany the main longitudinal discontinuity of first order 

e~11=0 
e(1 =0 ~=0 

Figure 2 Constant discontinuity of first order [ e2 ] = h = const and the third order 
discontinuity [ e2•11 ] caused by transverse motion coupled with the main longitudinal motion. 

Assuming now (see Figure 2) that the initial longitudinal shock h is accompanied by the 
transverse one h i.e. 

(23) 

When a shock is initiated by longitudinal loading only the relationship between the initial shock 
values in the boundary conditions can be given as TR21 (h,h) = 0. 
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