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Abstract 
This paper deals with state-constrained optimal control problems governed by semilinear 
parabolic equations. We establish a minimum principle of Pontryagin's type in a qualified 
form, the so-called strong principle. To achieve this result we formulate two different 
assumptions, any of them leading to the desired result. One of the assumptions is an 
extension of Slater's condition. Since no hypothesis of differentiability with respect to the 
control, even continuity, of the functions involved in the control problem is made, the 
generalization of Slater's conditions is not obvious. The second assumption is announced 
in terms of a certain Lipschitz dependence of the optimal cost functional with respect to 
small perturbations of the set of feasible states. 

Keywords 
Pontryagin's principle, Slater's condition, state constraints, parabolic equations 

1 SETTING OF THE CONTROL PROBLEM 

Let !l c rn.n, n ~ 1, be an open and bounded set, with Lipschitz boundary r. Given 
0 < T < +oo, we set !lr = n X (0, T) and Er = r X (0, T). Let (K, d) be a metric space 
and let us consider a function f : Er x rn. x K ---+ rn. of class C1 with respect to the 
second variable and satisfying the following assumptions: 

{ 

8f 
a(x,t,y,u):::; 0 'v'(x,t,y,u) E Er X rn. X K; 

vL > 0 3CM > 0 such that 'v'(x,t,u) E Er X K and IYI:::; M 

lf(x, t, 0, u)l + ~~~ (x, t, y, u)l:::; CM. 

(1) 
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The state equation is as follows 

I :~ (x, t) + Ay(x, t) + ao(x, t, y(x, t)) = 0 m !lT, 

avAY(X, t) = f(x, t, y(x, t), u(x, t)) on ET, 

y(x,O)=yo(x) inn, 

(2) 

where y0 E C(fi), A is a linear operator with bounded coefficients and satisfying the usual 
ellipticity condition 

Ay = -t 8.,1 {~[a;;(x, t)8.,;y(x, t)] + b;(x, t)y(x, t)} 
n (3) 

+ E d;(x, t)8.,1y(x, t) + c(x, t)y(x, t) 
j=l 

avAY(X, t) = t {~[a;;(x, t)8.,;y(x, t)] + b;(X, t)y(X, t)} llj(X), (4) 

v( X) being the outward unit normal vector to r at the point x. Function ao : nT X IR ----t IR 
is a Caratheodory function of class C1 with respect to the second variable and satisfies 
the following assumptions 

{ 31/>0 E LP((O, T], L<i(!l)) and C1 > 0 such that 
ao(x,t,y)y;::: 1/>o(x,t)- C1y2 'V(x,t,y) E !lT x IR; 

{ 
a0(·, ·, 0) E £P([O, T], L<i(O)) and 'VM > 0 3CM > 0 such that 

1
8ao I ay(x,t,y) :SCM 'V(x,t) E nT,JYI :S M; 

where q,p E (l,+oo] and~+ 2n. < 1. 
p q 

Once given the sate equation, we introduce the cost functional 

J(u) = f L(x,t,y.,(x,t))dxdt+ f l(x,t,y.,(x,t),u(x,t))du(x)dt, loT lET 

(5) 

(6) 

where Yu is the solution of (2) associated to Uj L : nT X lR ----t IR and l : ET X IR.x }( ----t IR 
are of class C1 with respect to the second variable, measurable with respect to the first 
one, and satisfying 

{ 
'V M > 0 31/>dM E L1(!lT) such that 'V(x, t) E nT, IYI ::::; M 

IL(x, t, O)l + 1:~ (x, t, y)l :S 1/>dM(x, t), 
(7) 
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J VM > 0 3t/JbM E L1(Er) such that V(x,t,u) E Er x K:,IYI $ M 

lll(x,t,O,u)l + l!~(x,t,y,u)l :5 tPbM(x,t). (8) 

The space of controls U is formed by the measurable functions u : Er ---+ K, such that 
the mapping (x,t) E Er---+ (J(x,t,y,u(x,t)),l(x,t,y,u(x,t))) E IR.l is measurable for 
every y E IR. In U we consider Ekeland's distance 

dE(u,v) = m:~:T ({(x,t) E Er: u(x,t) =f. v(x,t)}), (9) 

where m:~:T is the measure on Er obtained as the product of u and the Lebesgue measure 
in the interval (O,T). It is known (see Ekeland (1979)) that (U,dE) is a complete metric 
space. Finally we formulate the optimal control problem as follows 

(Ps) Minimize {J(u): u E U,g(x,t,y,.(x,t)) :56 V(x,t) E fir}. 

Before concluding this section, let us to state some results concerning the state equation. 

Theorem 1 Under assumptions {1}-(6}, problem (!!} has a unique solution in Y = 
C(fir)nL2([0, T], H1(!l)) for every controlu E U. Moreover there exists a constant M > 0 
such that 

IIYulloo + IIYuiiL2([o,T],H'(O)) $ M .VuE U. (10) 

Finally, if {u.~:}k:1 C U is a sequence converging to u in U, i.e. dE(u,~:,u) __... 0, then 
{y ... }k:1 converges toy,. strongly in Y. 

Theorem 2 Let u, v E U. Given p E (0, 1), there exist m:~:T-measurable sets Ep C Er, 
with m:~:AEp) = pm:~:T(Er), such that if we define up = u + (v- u)XEp' XEp being the 
characteristic function on the set Ep, and if we denote by YP andy the states corresponding 
to Up and u, respectively, then the following equalities hold 

(11) 

{12) 

where z E Y and zo E 1R satisfy 

8z 8ao 
at + Az + ay-(x, t, y(x, t))z = 0 in Or 

8f 
8vAZ = By(x,t,y(x,t),u(x,t))z (l3) 

+f(x,t,y(x,t),v(x,t))- f(x,t,y(x,t),u(x,t)) on Er, 

z(x,O) = 0 in !l 
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l ~ 1 m z0 = -0 (x,t,y(x,t))z(x,t)dxdt+ -0 (x,t,y(x,t),u(x,t))z(x,t)du(x)dt 
llTY ETY 

+ f (l(x,t,y(x,t),v(x,t)) -l(x,t,y(x,t),u(x,t))]du(x)dt. 
jET 

The reader is referred to Casas (1995} for a. proof of these theorems. 

2 PONTRYAGIN'S PRINCIPLE 

Given a ~ 0, we define the Hamiltonian Hor : ~T X m. x K x m. --+ m. as follows 

Hor(x, t, y, u,<p) = al(x, t, y, u) + <pf(x, t, y, u). 

(14} 

Theorem 3 If u E U is a solution of (Ps), then there exist a ~ 0, jj E C({h) n 
L2((0, T], H1(fl}}, rp E L•([o, T], W1•"(fl}}, for all p, r E [1, 2} with (2/r} + (n/p) > n + 1, 
jl E Z' and .X E R! such that 

a+ lliillz• +!XI> 0; 

a-

1 
0~ + Ajj + ao(x, t, jj(x, t)) = 0 in OT, 

OvAy(x, t) = f(x, t, y(x, t), u(x, t)) on ~T, 

jj(O) =Yo in fl; 

a.p+A*_+aao( t-)- _aL( t-)+ag( t-)-1 . n - f}t <p By x, 'y <p = a f}y X, 'y fJy X, 'y Jl. llT In T, 

a - of( t- _)_+_m( t- -)+ag( t -)-1 ..., vA•<p = Oy X, ,y,u <p a Oy X, ,y,u fJy X, ,y Jl. ET on L<T, 

rp(T) = :: (x, t, y)iilox{T} in fi; 

f [z(x, t)- g(x, t, y(x, t))]djj(x, t) ~ 0 Vz E C(fir }, with z(x, t) ~ h; 
loT 

[ Ha.(x, t, fi(x, t), u( x, t), .p(x, t) )du(x )dt 
jET 

=min f Ha.(x,t,y(x,t),u(x,t),rp(x,t))du(x)dt; 
uEU jET 

(15} 

(16} 

(17} 

(18} 

(19} 

where A* denotes the formal adjoint operator of A. Moreover, if one of the following 
assumptions is satisfied: 
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AI) Functions f and 1 are continuous with respect to the third variable on (K:, d) and this 
space is separable; 
A2) There exists a set E} C ET, with mi:AE}) = ffii:T(ET), such that the function 

(x, t) E ET --+ (f(x, t, y, u), l(x, t, y, u)) E IR.2 

is continuous in E} for every (y,u) E 1R x K:; 

then the following pointwise relation holds a.e.[u] X E r and a. e. t E (0, T] 

Ha(x, t, y(x, t), u(x, t), c,O(x, t)) =min H6 (x, t, y(x, t), u, cp(x, t)). 
uEK: 

(20) 

See Casas (1995) for the proof of this theorem. Our aim is to formulate some conditions 
under which the theorem remains to be true with a = 1. In this section we introduce 
a Slater's type hypothesis that leads to the desired result. In the next section, we will 
develop another method to achieve the same goal. 

Slater Assumption: There exists u0 E U such that 

- ~ - -g(x,t,y(x,t)) + oy(x,t,y(x,t))zo(x,t) < 8 V(x,t) E flT, (21) 

z0 E C(OT) n L2((0, T], H1(0)) is the solution of (13), with u0 = v, i.i = u and fj = y. 

Corollary 1 If i.i is a solution of (P6) and Slater's assumption holds, then Theorem 3 
remains to be true with a = 1. 

Proof. If a> 0, then we can divide relations (16)-(18) by a and rename ({;/a and [1./o as 
cp and J.t, respectively, obtaining the searched result. Let us prove that Slater's assumption 
implies the strict positivity of a. 

Let us assume that a = 0, then (14) implies that Jt =f. 0. Since Jt =f. 0, the inequality 
(18) is strict for every z E C(OT) with z(x, t) < 8 V(x, t) E fiT, in particular (21) leads to 

f ~g (x, t, y(x, t))z0(x, t)dJ.t(x, t) = 
loT uy 

kT { [g(x, t, y(x, t)) + :~ (x, t, y(x, t))z0(x, t)] - g(x, t, y(x, t))} dJ.t(x, t) < 0. (22) 

On the other hand, (19) along with (13) and (16) gives 

0 ~ f fH6 (x, t, y(x, t)u0(x, t), cp(x, t))- Ha(x, t, y(x, t)i.i(x, t), cp(x, t))]du(x)dt = 
li:r 

f cp(x, t)[f(x, t, y(x, t), u0(x, t))- f(x, t, y(x, t), i.i(x, t))]du(x)dt = 
}I;T 
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f 0°g (x, t, y(x, t))z0(x, t}dji(x, t). (23} 
lnT y 

Thus (22} and (23} prove that a can not be zero. D 

A similar assumption to the above one was used by Fattorini and Frankowska (1991} 
to derive the optimality conditions in a qualified form. 

3 THE STABILITY ASSUMPTION 

In this section we introduce a stability notion which allows to prove a qualified Pontrya
gin's principle. Here the qualification is not a consequence of Theorem 3, but it requires 
a new proof of this theorem with a = 1. 

Definition 1 We say that (P 5} is strongly stable if there exist f > 0 and C > 0 such that 

(24} 

This concept was first introduced in relation with optimal control problems by Bonnans 
(1991}; see also Bonnans and Casas (1995}. A weaker stability concept was used by Casas 
(1992} to analyze the convergence of the numerical discretizations of optimal control 
problems. The following proposition states that almost all problems (Ps) are strongly 
stable. 

Proposition 1 Let 80 ~ 0 be the smallest number such that {Ps) has feasible controls for 
every D > D0 • Then (P6) is strongly stable for all D > Do except at most a zero Lebesgue 
measure set. 

Proof. It is enough to consider the function h : ( 80 , +oo) --+ lR defined by h( 6) = in£ (P 6) 
and remark that it is a nonincreasing monotone function and, consequently, differentiable 
at every point of (60 , +oo} except at a zero measure set. Now it is easy to check that (Ps) 
is strongly stable at every point where h is differentiable. D 

Theorem 4 If (P5) is strongly stable and u is a solution of this problem, then Theorem 
3 holds with a= 1. 

The proof of this theorem is carried out by showing that the stability assumption implies 
the possibility of an exact penalization of the state constraints. Indeed, let us define 

Q6 = {z E C(!}r): z(x,t) ~ 8 V'(x,t) E !'h}. 

Since C{!h) is separable, we can take in C(!h} a norm 11·11 equivalent to the usual such 
that the distance function dq6 : C(!'h)--+ lR, dq6(z} = inf{IIY- zll: y E Q5} is convex, 
Lipschitz and Gateaux differentiable at every point z (j. Q5; see Li and Yong (1995}. 
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Proposition 2 If (P6) is strongly stable and ii is a solution of this problem, then there 
exists qo > 0 such that for every q ~ qo ii is also a solution of 

inf Jq(u) = J(u) + qdq,(g(·,y,.)) ueu (25) 

Proof. Let us suppose that it is false. Then there exists a sequence { qk}k:,1 of real numbers, 
with qk--+ +oo, and elements {uk}k:,1 C U such that 

where y,. is the state corresponding to Uk. From here we obtain that 

dq,(g(·,y,.)) < J(ii)- J(uk)-+ 0 when k--+ +oo 
qk 

and g(·,yk) rf. Q5. Let 6k > 6 be the smallest number such that g(·,yk) E Q6 •• Since 
6,.--+ 6, we can use (24) to deduce 

which is not possible. D 

Since Jq is not Gateaux differentiable on Q6, we are going to modify slightly this func
tional to attain the differentiability necessary for the proof. 

Proposition 3 Let us take q ~ q0 and for every f > 0 let us consider the problem 

{ 2 2}1/2 
(P6,<) ~~£Jq,,(u) = J(u) + q dq,(G(y,.)) + f • 

Then inf(P6,.)-+ inf(P6) when f--+ 0. 

Proof. It is an immediate consequence of the inequality Jq(u) ~ Jq,,(u) ~ Jq(u) + qE 
VuE U. D 

Proof of Theorem 4. Propositions 2 and 3 imply that ii is a u~-solution of (P6,,), with 
u, --+ 0 when f --+ 0, i.e. Jq,,(ii) ~ inf (P6,.) + u~. Then we can apply again Ekeland's 
principle and deduce the existence of an element u• E U such that 

Now we can argue as in the proof of Theorem 3; see Casas {1995). D 
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