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Abstract 
We consider the nonstandard infinite horizon quadratic cost minimization problem for a 
stable abstract linear control system, and show that it can be reduced to a J-inner coprime 
factorization problem (or equivalently, to a canonical spectral factorization problem) in 
the (often finite-dimensional) control space. More precisely, we show that the optimal 
solution of the quadratic cost minimization problem is of static state feedback type if and 
only if a certain spectral factorization problem has a solution. If both the system and the 
spectral factor are regular together with their adjoints, then the feedback operator can 
be expressed in terms of the Riccati operator, and the Riccati operator is a self-adjoint 
solution of an algebraic Riccati equation. This Riccati equation is similar to the classical 
algebraic Riccati equation, but one of its coefficients differs from the expected one. We 
apply our main theorems to prove the first available versions of the positive real and 
bounded real lemmas for abstract linear systems. Similar results are true for unstable 
systems. 
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1 INTRODUCTION 

This work treats a nonstandard infinite horizon quadratic cost minimization problem for 

a stable causal time-invariant abstract linear control system Ill = [ ~ g] on a triple 

of Hilbert spaces (U, H, Y). Here U is the input space, H the state space, Y the output 
space, A the semigroup, B the controllability map, C the observability map, and V is the 
input/output map of Ill. The object is to find the control u E L2(R+; U) that minimizes 
the nonstandard cost function 

W(x0 ,u) = f (y(s),Jy(s))ds, 
}R+ 

where J is a self-adjoint operator in Y, and y = Cx0 + Vu is the observation of Ill with 
initial data x0 E H and control u. (In the standard problem J is the identity operator.) 
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We do not require J to be positive, but we do require the input/output map 'D of Ill to 
be "J -coercive" the sense that there exists some f > 0 such that 1Y' J'D ~ d. 

After a short presentation of stable abstract linear systems in Section 2, we give a more 
precise definition of the nonstandard quadratic cost minimization problem in Section 3. 
Here we also define the notion of a J-inner right coprime factorization of 'D. As described 
in our first main Theorem 7 in Section 4, the solution of the quadratic cost minimization 
problem is closely related to such factorizations. In our second main Theorem 8 we derive 
the algebraic Riccati equation satisfied by the Riccati operator in the case where the 
system is regular. Finally, in Section 5 we apply the main theorems to get weak versions 
of the strict bounded and positive real lemmas for abstract linear systems. 

One of our most striking findings is that the appropriate algebraic Riccati equation 
differs significantly from the classical one. Roughly speaking, if the strictly causal part of 
the input/output map is "smoothing", then we get the classical equation. However, if, for 
example, the system contains discrete time delays, then, in order to get the correct Riccati 
equation, we must replace the operator D• J D in the classical equation by x• X, where 
D is the feed-through operator of 'D and X is the feed-through operator of a spectral 
factor of 1Y' J'D. In particular, this means that, in order to write down the correct Riccati 
equation, we must first solve a spectral factorization problem. This phenomenon was first 
observed and reported in Staffans (1994a). 

For more details and for extensions to unstable systems, see Staffans (1994a, 1994b, 
1995a, 1995b, 1995c). Many of the results presented here have been discovered indepen
dently by Martin and George Weiss (private communication; to be presented at the ECC 
conference in Rome, September 1995). See Callier and Winkin (1992) and their reference 
list for earlier work on spectral factorization results for systems with bounded control and 
observation operators, and Curtain and Green (1994) for a recent work on coprime fac
torizations. See Lasiecka and Triggiani (1991) and their reference list for work on Riccati 
equations for systems governed by partial differential equations. 

Most of our notations are self-explanatory. We let .C(U; Y) and .C(U) denote the sets 
of bounded linear operators from U into Y or from U into itself, respectively, and let 
R = (-oo,oo), R+ = [O,oo), and R- = (-oo,O]. The set of causal bounded linear 
shift-invariant operators from L2(R; U) into L2(R; Y) is denoted by SIC(U; Y) (this is 
the set of input/output maps whose transfer functions belong to H00(U; Y)). Additional 
notations are explained later as they are introduced. 

2 A REVIEW OF ABSTRACT LINEAR SYSTEMS 

In order to formulate the axioms satisfied by a stable abstract linear system we introduce 
the "past time" projection 1r _,the "future time" projection 1r +• and the "time shift" group 
r(t) that operate on functions u E L2(R; U) in the following way: 

(7r_u)(s) 

(r(t)u)(s) 

{ u(s), if s E R-, 
- 0, ifsER+, 

u(t+s), t,sER. 

{ u(s) if s E R+, 
(1r+u)(s) = ' 0, if s E R-, 
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Definition 1 Let U, H, andY be Hilbert spaces. A (causal) stable abstract linear system 

on (U, H, Y) is a quadruple 111 = [ ~ ~ ), where A, B, C, and V are bounded linear 

operators of the following type: 

{i) A(t): H-+ H is a bounded strongly continuous semigroup on H; 
(ii) B: L2(R; U) -+ H satisfies A(t)Bu = BT(t)'lr_u for all u E L2(R; U) and t E R+; 

{iii) C: H-+ L2{R; Y) satisfies CA(t)x = 'lf+r(t)Cx for all x E H and t E R+; 
(iv) V: L2(R; U)-+ L2(R; Y) satisfies r(t)Vu = Vr(t)u, 'lf_V'lf+U = 0, and 'lf+V'Ir_u = 

CBu for all u E L2(R; U) and t E R. 

/j, in addition, A(t)x-+ 0 as t-+ co for all x E H, then 1}1 is called strongly stable. 
The different components of 111 are named as follows: U is the input space, H the state 

space, Y the output space, A the semigroup, B the controllability map, C the observability 
map, and V the input/ output map of 111. In the initial value setting with initial time zero, 
initial value x0 E H, and control u E L2(R; U), the controlled state x(t) at timet E R+ 
and the observation y of 111 are given by 

( x(t)) = (A(t) Br(t)) ( xo ) = (A(t)xo+BT(t)'lf+u). 
y C V 'lf+u Cx0 +V'If+u 

The condition imposed on V in Definition 1 requires that V E SIC(U; Y) (i.e., V 
is shift-invariant and causal), and that the Hankel operator induced by V is equal to 
CB. Intuitively, the controllability map B takes past controls into the present state, the 
observability map C takes the present state into future observations, and the input/output 
map V takes inputs into outputs in a causal way. 

The axioms listed above describe standard properties of the corresponding operators 
for exponentially stable systems with bounded control and observation operators B and 
C. For such systems, we have 

Bu = loo A(-s)Bu(s)ds, 

Cx = (t ~---+ CA(t)x), 

Vu = (t ~---+ loo CA(t- s)Bu(s)ds + Du(t)), 

x(t) A(t)xo + 1' A(t- s)Bu(s)ds, t E R+, 

y(t) = CA(t)xo + l CA(t- s)Bu(s)ds + Du(t), t E R+, 

where Dis a given bounded linear feed-through operator. 
The sets of axioms used by Salamon (1987, 1989) and Weiss (1994a, 1994b) to define an 

abstract linear system differ slightly from the one in Definition 1. In particular, Salamon 
and Weiss do not discuss the stability of the system. 

3 QUADRATIC COST MINIMIZATION, COERCIVITY, AND 
J-INNER COPRIME FACTORIZATIONS 

We consider the following nonstandard infinite horizon quadratic cost minimization prob
lem: 
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Definition 2 Let II' = [ ~ ~] be an abstract linear system on (U, H, Y), and let J E 

.C(Y) be self-adjoint. The nonstandard quadratic cost minimization problem for II' consists 
of finding, for each xo E H, the minimum over all u E L2(R+; U) of the cost function 
W(xo,u) = fR+ (y(s),Jy(s))ds, where y = Cxo + 'D1r+u is the observation ofll'. 

Observe that we do not here require the operator J to be positive. Instead we shall 
require V to be J-coercive: 

Definition 3 Let J E .C(Y). The abstract linear system II' = [ ~ ~] on (U, H, Y) is 

called J-coercive ifV• JV;:::: d for some f > 0, i.e., 

JR (('Du)(s),J('Du)(s))ds;:::: tllulli•(R;U)' 

The following result is immediate (Staffans, 1995c, Lemma 3.3): 

Lemma 4 Let J E .C(Y) be self-adjoint, and let II' = [ ~ ~] be a stable J -coercive ab

stract linear system. Then, for each x0 E H, the nonstandard quadratic cost minimization 
problem for II' has a unique solution Uopt· 

Definition 5 If II' is J -coercive, then the Riccati operator of II' (with respect to J) is the 
unique self-adjoint operator II that satisfies (xo, Ilxo) = W(xo, U 0 pt) for all Xo E H, where 
Uopt is the unique solution of the nonstandard quadratic cost minimization problem. 

A central role in this work is played by coprime factorizations with a J -inner numerator: 

Definition 6 Let J E .C(Y) be self-adjoint. 

(i) An operator.N E SIC(U;Y) is called J-inner (or more precisely, (J,I)-inner) iff 

.N• J.N = I, i.e., fR ((.N u)(s ), J(.N u)(s )) ds = llulli•(R;U) for all u E L2(R; U). 

{ii) (.N, M) is called an J-inner right coprime factorization of'D = .N M-1 E SIC(U; Y) 
if .N is J -inner and (.N, M) is a right coprime factorization of'D (Staffans, 1995b, 
Definition 4.2). 

In the stable case, (ii) is satisfied if and only if V = .N M-1 and M-1 is a canonical right 
spectral factor of V* JV, i.e., M is invertible in SIC(U; U), and v• JV = (M-1 )" M-1. 

4 THE TWO MAIN THEOREMS 

The following two theorems are our main results. These theorems are proved in Staffans 
(1995a, 1995b, 1995c) (in a more general form). 

Theorem 7 Let J E .C(Y) be self-adjoint, and II' = [ ~ ~] be a stable J -coercive ab

stract linear system on (U, H, Y). Let Yopt be the optimal observation and Uopt the optimal 
control in the nonstandard quadratic cost minimization problem described in Definition 2. 

{i) If(.N,M) is an J-inner right coprime factorization oj'D, and if E is an arbitrary 
invertible operator in .C(U), then 

(IC :F)=(-7r+E-1N*JC (J-E-1M-1 )) 
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is an admissible stable state feedback pair for \ll (Staffans, 1995a, Definition ..{.3), 
and 

( Yopt) (C~) (C+NEK) (C) (}1/) N*JC 
Uopt = K~ Xo = MEK Xo = 0 Xo- M 11"+ Xo 

is equal to the observation of the closed loop system 

B~ ] [A(·)+Br(·)MEK 

( V~) = (C +NEK) 
F~ MEK 

with this feedback pair, initial value x0 , initial time zero, and zero control u. The 
optimal observability map satisfies 1r+N• JC~ = 0, and the Riccati operator II of \If 
can be written in the following alternative forms: 

II= C* JC- K*E* EK = C* (J- JN1r+N• J)C = C* JC~ = C0 JC~. 
(ii} Conversely, if the solution of the quadratic cost minimization problem is of state 

feedback type in the sense that ( Yopt) is equal to the observation of some state 
Uopt 

feedback perturbation \If~ of \If with initial value x0 , initial time 0, zero control u, 
and some admissible stable state feedback pair ( K F), then there exists an in
vertible operator E E C(U) such that (N,M) is a J-inner right coprime factor
ization of V, where M = (I- Fr1 E-1 and N = VM. Moreover, K is given by 
K = -1r+E-1N* JC. Thus, part {i} captures all possible state feedback solutions to 
the nonstandard quadratic cost minimization problem. 

Theorem 8 Make the same assumptions and introduce the same notations as in The-

orem 7. Extend the system \If into \If = [ ( ~) (!) ] by adding the optimal state 

feedback pair (K, F). Let \ll~ be the optimally controlled feedback solution to the quadratic 
cost minimization problem given by Theorem 7. Denote the generating operators of \ll and 
\ll~ by the same letters as the corresponding operators (Salamon, 1989, Theorem 3.1}. 

(i) The Riccati operator II of \ll satisfies the Lyapunov equation 

(Axo, IIx1) H + (xo, IIAx1) H = - (Cxo, JCx1)y + (EK xo, El{ xi)u, 
xo,xi E dom{A). 

(ii} In addition, suppose that the extended system \ll is regular together with its adjoint 
(Weiss, 1994a, Definition 2.2). Denote the feed-through operators with the same 
letters as their corresponding input/output maps, and let an overline denote the 
strong Abel extension of an observation map (see Weiss (199..{a), for example, Cx = 
lim.\_,ooC.\x, where C" = >.C(U -At1 is the Yoshida approximation ofC). Then 

where the equation for B0 should be interpreted as B~ = E* M*B*. 
(iii} In the regular case, the operator 1i*II satisfies the equation 

EKx = -M* (B*II + D* JC) x, x E dom(A). 
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(iv) In the regular case we can combine (i) and (iii) to get the algebraic Riccati equation 

(Axo, IIx1} H + (xo, IIAx1} H 

=- (Cxo, JCx1}y + (M* (B"II + D* JC) xo,M* (B"II + D* JC) x1)u, 

xo, x1 E dom(A). 

Part (ii) of this theorem is due to Weiss (1994b ). 

5 APPLICATIONS: THE BOUNDED AND POSITIVE REAL 
LEMMAS 

The preceding theory gives us the first available versions of the strict bounded and positive 
(real) lemmas for general abstract linear systems. To see this we have to consider a slightly 
different setting where instead of minimizing a quadratic functional of the observation y 
alone we minimize a quadratic functional of both the control u and the observation y. 
We can reduce this setting to the setting considered above by simply adding a copy of 

the control to the observation, i.e., we replace 111 = [ ~ g] by the extended system 

Wext = [ (~) (~)],and apply Theorems 7 and 8 to Wext instead of to 111. 

By applying Theorems 7 and 8 to Wext we can obtain one version of the strict bounded 

real lemma as follows: We choose J to be J = (~I ~~I), where 1 is a positive constant. 

Then 

W(xo,u) = !2 lluii~'(R+;u) -IIYII~'(R+;Y), 
and Wext is J-coercive if and only if the operator norm of 'Dis less than/, in which case 
Theorem 7 applies. The central formulas in that theorem become 

'D NM- 1 , , 2M*M-N*N=I, EK=1r+N•c, 

(~~) = (~)+(~)EK=(~)+(~)7r+N*C, 
II= ! 2K'¢K¢-C'¢C¢=-C*(I+N7r+N*)C. 

The connecting and Lyapunov equations in Theorem 8 become (for Xo and x1 E dom(A)) 

EI<xo = -M* (B"II- D*C) xo, 

(Ax0 ,IIx1}H + (xo,IIAxl}H = (Cxo,Cx1}y + (EI<xo,EI<xi)u· 

Observe that the parameter 1 enters these equations only through the operator M, which 

in the classical case satisfies (M M*t1 = ( D* I) J ( ~) = 12 I- D* D. In our setting II 

is negative definite; to get the standard setting where II is positive (Green and Limebeer, 
1995, Theorem 3.7.1), we must replace J by -J and maximize instead of minimize. 

The strictly positive (real) lemma is a statement about a stable system 111 = ( ~ g] 
on (U, H, U) (i.e., the output space of this system is equal to its input space). The in-
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put/output map V of Ill is called strictly positive iff there exists some f > 0 such that 
V+V* ~ fl, i.e., 

/R (u(s), (Vu)(s)) ds + k ((Vu)(s), u(s)) ds ~ f llulli•(R;U), 

Define J = (~ ~).Then Q(xo,u) = fR+ (u(s),y(s))ds+fR+ (y(s),u(s))ds, and Wext 

is is J-coercive with respect to this operator iff V is strictly positive. The formulas in 
Theorem 7 become in this case 

V .NM-1 , M*.N +.N*M =I, EX::= -7r+M*C, 

(~:) = (~) + (Z) EX::=(~)- (Z) 7r+M*C, 

II = X::¢C0 + C¢X::0 = -(EX::)* (EX::) = -C* M1r+M*C. 

The connecting and Lyapunov equations in Theorem 8 become (for x0 and x1 E dom(A)) 

EKxo = -M* (FII +c) Xo, 

(Axo,IIxl)H + (xo,IIAxl)H = (EKxo,EKxl)u· 

In the classical case M satisfies (MM*t1 = D+D*. Again II is negative; to get a positive 
II we should change the sign of J and maximize instead of minimize (Green and Lime beer, 
1995, Problem 3.25). 

In the Pritchard-Salamon case, the applications to the bounded and positive (real) 
lemmas that we have presented above are found in (Weiss, 1994c, Remark 4.34). 
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