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Abstract 
The quadratic regulator problem for boundary control systems was studied in many pa
pers, compare Lasiescka. and Triggiani (1991) and Bensoussan et al. (1993) for a.n overview 
of the existing results. In particular, precise results are available in the case of control sys
tems whose free evolution generates a. holomorphic semigroup, due to the high regularity. 
However, the analysis of the regulator problem was carried out completely in the time 
domain. Hence, we propose to rederive existing results for parabolic boundary control sys
tems, and standard quadratic cost, following a. route which is largely (but not completely) 
in the frequency domain. 
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1 INTRODUCTION 

The control system that we are going to study is the system 

x = A(x- Du) x(O) = Xo (I) 

where as usual x E X, a Hilbert space, and the operator A generates a stable holomorphic 
semigroup on X. The vector u belongs to a Hilbert space U and D E C(U, X). Even more, 
welassumejimD ~dom(-A)1-a, 0 <a< 1. A crucial consequence of this assumption: 

IIAR(z; A)DII = IIA(zl- At1 Dll =s; lz~" Vz E {lRez > 0}. 

We associate the following cost to the system described by (1) 
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roo 
J(xo; u) = lo {11Qx(t)ll2 + llu(t)W} dt (2) 

where x(t) = x(t; x0 , u) solves Eq. (1) so that the cost does depend both on the control 
u(·) and on the initial datum x0 • We I assume I that Q = Q* E C(X), Q ;::: 0. 

The cost is finite for each square integrable control since we I assume I that the semi
group generated by the operator A is exponentially stable. 

2 PRELIMINARIES 

In this section we set up the preliminary material and the notations that we use in the 
present paper. 

It is well known that any L2(JR)-function admits a Laplace transform 

A roo 
f(z) = lo e-•tf(t) dt 

which belongs to the Hardy space H 2 of the right half plane; i.e. such that 

Any such function has boundary values on the imaginary axis (defined as non-tangential 
limits) which identify an L2(ilR)-function (whose norm is equal to (2)). Iff(·) is also in 
L1 ( -oo, +oo) we can define its Fourier transform 

A l+oo F(w) = f(z) = -oo e-wtf(t)dt 

and it is known that a continuous extension exists to all the square integrable functions, 
thanks to Parseval equality 

l +oo 1 l+oo 
-oo lf(tWdt = 27r -oo IF(wWdw. 

Moreover, F(w) = }(iw). For simplicity we shall always write f(iw). 
The Fourier transform is a continuous function from L2 ( -oo, +oo) to itself while the 

Laplace transform is a continuous transformation from L2(0, +oo) to the Hardy space H2 

(of the right half plane). We use these facts in order to express the transformations of 
solutions of Eq. (1). 

Let us assume that the input u( ·) is both square integrable and Cl, with square inte
grable derivative. It is known that this set of functions is dense in L2(0, +oo ). We introduce 
the function 

By definition, a solution to Eq. (1) is the function 

x(t) = ~(t)- Du(t) 
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and it is possible to prove that 

(A formula that can be extended by continuity to any square integrable input u(·), com
pare Balakrishnan (1978).) Let us take the Laplace transform of the function e(-). We 
have 

f(iw) = R(iw; A)e(o)- R(iw; A)D[iwu(iw)- u(O)] 

and e(o) = Xo- Du(O). from which we obtain 

x(iw) = R(iw; A)x0 - iwR(iw; A)Du(iw) + Du(iw) 
= R(iw; A)x0 - AR(iw; A)Du(iw) = R(iw; A)x0 - H(iw)u(iw) 

(3) 
(4) 

Now, this expression was derived under the differentiability assumption on u(·); but, the 
right hand side depends continuously on u(·) E L2(0, +oo) so that we are justified if we 
assume the expression (3) as the definition of the solution to Eq. (1) for each input u( ·) 
which is simply square integrable. 

The assumption that the semigroup be exponentially stable, can be removed. 

3 THE REGULATOR PROBLEM 

After this introduction we study explicitly the system described by 

e(o) = eo = x(O) - Du(O) (5) 

under the framed assumptions listed in sect. 1. This system is equivalent to (1) only if 
the control u( ·) is differentiable. Consequently, it is not at all obvious that we shall find 
a minimum for the cost, when using this system. 

Fourier transformation gives 

(zl- A)(x- Du) = Xo- zDu (6) 

i.e. 

x = R(z; A)x0 + H(z)u H(z) = -AR(z; A)D (7) 

Parseval equality implies that we must minimize 

. l+oo J(xo, u) = -oo {IQx(iwW + iu(iwW} dw (8) 

on the solutions to Eq. (6). We noted already that it is conceivable that we lost the optimal 
control, if the optimal control is not differentiable. But, in fact, we see directly that Eq. 
(3) makes sense for every square integrable control u(·) and that x(-) is a continuous 
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function of u(·) (in the L2 norms). Hence, the minimum of the cost defined in (8) along 
the solutions of (3) exists and is unique for each given x0• 

We can characterize the optimal control u+(·;x0 ) (and the optimal state x+(·;x0 )) in 
the frequency domain in two ways, both useful. The first is easier: 

{ti, u+ + H*Qx+) = o (9) 

This condition is obtained by computing the derivative at p = 0 of the function p ~ 
i(x0 , u+ + p&) for any tiE H2• Hence, we find that 

(10) 

where P+ denotes the projection of L2 (i1R) onto H 2 and MH·Q is the multiplication by 
H*Q. 

A second expression for the optimal control is more artificial. We extend the control 
u( ·) to the negative axis. Let us assume for the moment that the extended function is 
differentiable. We introduce the function 

Moreover, we define i(·) = lO + Du(·) so that 

x t = { x(t;xo,u) . ~ft > 0 
() -f~00 eA(t-•lDu(s)ds+Du(t) tft<O 

and, we define ](x0 ; u) = J!;'{(x,Qx)+ ju(t)l2} dt. We note that neither f(·) nor .X(·) are 
continuous at t = 0; But, the transformations from u(·) to lO and to x(·) are continuous 
transformations from L2( -oo, +oo; U) to L2 ( -oo, +oo; X). 

As i(t) = x(t) fort > 0 the!l J(x0,u) ~ ](x0 ,u) and equality holds if u(·) is zero 
for negative times. Hence: infu J(Xoj u) = infu J(xo; u). We see that if we compute the 
function which minimize the cost J(x0; u) we find the optimal control for the original 
regulator problem (1), (2): The artificial extension of the control u(·) to the negative axis 
is not going to change either the optimal control or the value of the mi~imum. 

We take the Fourier transforms and we get the following form for off(-), when u(·) E 
C1( -oo; +oo ): 

. 10 l(iw) = R(iw; A){e0 + -oo e-A• Du(s) ds}- iwR(iw, A)Du(iw) 

= R(iw; A)[~o + Du(O)]- Du(iw) + H(iw)u(iw) + AR(iw; A)v 

and 

10 1 1+oo v = e-A•Du(s)ds =- R(iw;A)Du(iw)dw E domA7 

-oo 211" -oo 
1 < 1/2+a. 
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Consequently, we add DV. and we get 

i(iw) = R(iw,A)x0 + H(iw)V.(iw) + AR(iw; A)v. (11) 

Now we minimize in the frequency domain the functional i. We differentiate with respect 
to p the expression 

i(xo, v.+ + pv) = 

l +oo 
= (1/211") -oo { (x+ + pHv + pAv, Q[x+ + pHv + pAv]) + (u+ + pv, v.+ + pv)} dw 

where 

Av = AR(iw;A) loo e-A•Dv(s)ds. (12) 

The derivative above must be zero for each v E L2 (i1R; U). Consequently, 

(13) 

The projection operator is now replaced by the subtraction of -A*Qi+ (and, we recall, 
x+(-) = x(·)). 

A point should be noted: we are making these computations in the frequency domain; 
but, the operator A acts on the time function v( · ). We should take this into account in 
the computation of the of the adjoint of A. Standard calculations give A*: 

l +oo 
A*z = D*A*R*(iw;A) -oo R*(is;A)z(is)ds, JJA*.ZJJ = O(l/w1-") 

Now we have: 

Theorem 1 The function t --+ x+(t) is continuous for each t? 0 and each xo. 

Proof. The Fourier transform oft--+ x+(t) is the function 

x(iw) = R(iw; A)x0 + H(iw)u+(iw) (14) 

The inverse transform of R( iw; A)x0 is the function eA1x0 for t ? 0 while it is zero for 
t < 0: it is a continuous function for t ? 0. 

It is known that the inverse Fourier transform of an P ( ilR) is continuous on lR Hence, if 
we can prove that H( iw )V.( iw) is an integrable function then the inverse Laplace transform 
of H(iw)u+(iw) is even continuous on lR The following bootstrap argument shows that 
H(iw)u+(iw) is integrable by proving that V.(iw) = 0(1/w1-"+') for large JwJ. 

A direct observation of the expression (11) for .i(iw) shows that i(iw) = O(l/w") for 
some positive a, 0 < a <min{ a, (3/2)- a. 
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We use this observation in the expression (13) for u(iw) = -H*Qi/- A*Qi+ and we 
find that the first addendum is of the order 0(1/w"+") and the second addendum is of 
the order 0(1/w"+"-'). In fact, 

(A*i)(iw) = D*(-A)*"(-A)*1-"-*R*(iw) j_:oo (-A)*"-'R*(is;A)0(1/s")ds 

The integral is convergent and the factor in front of it is of the order of 1/w"+<>-<. Hence, 
this is also the order of u(iw) for lwl -+ +oo. 

In the case that a+ u > 1 we are done; otherwise we repeat this procedure. We replace 

again in the expression (11) for i+(iw) and we find that 

we gained a - 2E of regularity above the previous estimate as long as a + u - 2E < 0. 
If we insert this further information in the expression (13) we see that u+(iw) 

0(1/w"+<+(a+<>-2<1). 
We iterate these steps till we have 

and consequently x( iw) is the sum of R( iw; A)x0 (whose inverse Fourier transformation is 
continuous on t :2: 0) and of a function which is continuous on the whole real axis. D 

Analogously, 

Theorem 2 The function t -+ u+(t; xo) is a continuous function oft for t :2: 0 and 
moreover Xo -+ u+(t; xo) is continuous for each t :2: 0; the function x0 -+ u+(·; x0 ) is 
continuous from X to L2 (0, +oo). 

Proof. We replace u+(iw) in the the expression (11) of i(iw); then we replace the resulting 
formula in the expression (13) of the optimal control. We note that when v = u+ then 
AR(iw;A)v =Au+, compare (12). Hence, 

u+(iw) =-{I+ (H + A)*Q(H + A)}-1{H* + A*}QR(iw)xo. 

The first brace is bounded for large lwl and the second is the order of 1/w" so that 
w -+ u+( iw) is integrable, since R( iw; A) = 0(1 /w ): the optimal control is a time contin
uous function. Moreover, the expression above depends continuously, as an L1 ( -oo, +oo) 
function, on x0 • This shows that x0 -+ u+(t; x0 ) is continuous for each timet :2: 0. D 

The next crucial step is the following result: 

Theorem 3 The transformation (t, x0 ) -+ x+(t; x0 ) is a Co-semigroup. 

Proof. We know that t-+ x(t;x0 ) is a continuous function from [O,+oo) to X and that 
x0 -+ x(t;x0 ) is continuous from X to X (compare previous Lemma). 
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The semigroup property is a consequence of the causality of the problem, and can be 
proved with a time domain argument for example as in Lasiecka, Lukes, Pandolfi, {1995). 

0 

Let use denote A+ the infinitesimal generator of the semigroup T+(t)x0 = x+(t; x0 ). 

We note that A+ generates an exponentially stable semigroup because we know the 
function t-+ x+(t; x0 ) is square integrable for each x0• Hence, exponential stability follows 
from Datko (1970). 

It is also possible to study further regularity property of the optimal control. We already 
noted continuity. Moreover, we can prove 

Theorem 4 The optimal control belongs to Wk•2 if x0 E dom(A+)k+1 • 

Proof. We present first a different proof of the continuity of the optimal control, which 
however requires the further condition x0 Edom A+· We proved that 

so that t -+ u+(t) is the restriction tot 2: 0 of the inverse Fourier transform of MH•QX+. 
We prove that this inverse Fourier transform is continuous on Jl4. We note that the inverse 
Fourier transform of x0 /(1 + iw) is zero fort< 0 and it is e-1x0 fort 2: 0: its restriction 
to 114 is continuous. Now, 

* { (" ) 1 } H*Q(A I)R(iw,A+) H Q R 1w, A+ x0 - -. --1 Xo = + + . 1 xo 
zw+ zw+ 

= (-. -1-H*(iw)][QR(iw, A+)(A+ + I)xo] 
zw+ 1 

if x0 E domA+· The second bracket is bounded on the imaginary axis since A+ generates 
an exponentially stable semigroup. The first bracket is 0(1/wl+") is integrable. Hence, 
the inverse Fourier transform is continuous. 

We can iterate this procedure and we find that the optimal control belongs to Wk•2 

if x0 E dom( A+ )k+l. We show this for the case k = 1. In this case x0 Edom A! and we 
consider 

* . 1 (A++ I) 
H Q{R(zw;A+)xo- -. - 1xo- (" 1)2xo} 

zw+ zw+ 

= -. -1-H*(iw)Q(A+ + I){R(iw;A+)-~1 xo} zw+1 zw+ 

(" 1 )2 H*(iw)QR(iw;A+)(A+ + I)2x0 = 0(1/w2 ) 
zw+ 1 

i.e. its inverse transform belongs to W1•2( -oo, +oo; U). As both the inverse transforms of 
.,...£1L1 and of (A( .++Jl))~o belong to W1•2(0, +oo; U) we have the result. 0 
1w+ 1w+ 

Now we consider the value of the optimal cost: 
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In fact, the inner product (u+, H*Qx+ + u+) is zero, compare Eq. (9). Consequently 

It follows from these inequalities that imP <;dom ( -A*)1-• for each f > 0 (compare 
Lasiecka, Triggiani (1991)). In particular, D* A* P admits a continuous extension to X. 
We proved already that t--+ u+(t; x0) is continuous if x0 E domA+. Hence we can compute 
u+(O; x0 ) which is the value of the inverse Fourier transform at 0: 

l +oo 
u+(o;x0) = -(1/27r) -oo H*(iw)Qx+(iw;xo)dw 

l +oo 
= -D*A*{ -oo R*(iw;A)Qx(iw;x0 )dw} = -D*A*Px0 • (15) 

(We can use the formula for the inverse Fourier Transform since the integrand belongs to 
L1(i1R)). The previous relation was proved under the assumption that x0 E domA+. We 
saw that x0 --+ u+(o; x0 ) is continuous on X so that x0 --+ D* A* Px0 admits a continuous 
extension to X, i.e. equality (15) holds on X. 

In particular, the function t --+ u+(t; x0 ) is bounded on [0, +oo ). 
Now, 

Theorem 5 Ifx E domA+ then Px E domA*; ifx EdomA then Px E domA*. 

Proof. We show that y--+ {Px,Ay) is continuous on X for each x E domA+. In fact, we 
make use of Parseval equality and we see that 

l +oo r+oo + 
{Px, Ay) = (1/27r) -oo {QR(iw; A+)x, AR(iw; A)y) dw = fo (QeA •x, AeA•y) ds 

roo + = -(Qx, y)- fo (QeA • A+x, eA•y) ds 

a continuous function of y. 
In order to see the second property, we note that 

x+(iw) = R(iw; A)x0 + H(iw)u+(iw) = R(iw; A)K1 Ax0 = 0(1/w2 ) + 0(1/w")u+(iw). 

Hence, 

l +oo 
A*Px0 = -oo A*R*(iw;A)x+(iw;x0 ) 

is expressed by a convergent integral. 0 
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Moreover, 

Theorem 6 The operator A+ generates a holomorphic semigroup. 

Proof. The system is causal. This implies that u+(s + r; x0 ) = u+(s; x+( r; x0 ))'v's, T ~ 0. 
We put s = 0 a.nd we get: 

'v'xo E domA+. 

If x0 E domA+ then t-+ x+(t; x0 ) is differentiable so that 

x+(t) =A[ I- DD* A* Pjx+(t) 

i.e. domA+ = {x,[I- DD*A*P]x E domA} A+x = A[I- DD*A*P]x. As in La.siecka., 
Triggia.ni (1991) this implies that 

The brace is bounded for ~ez > 0 since A1-"' R(z)o(1/lzl"'). Consequently IR(z; A+)l < 
M/lzl for Rez > 0 i.e. A+ generates a. holomorphic semigroup. 0 

Now we use a.ga.in Pa.rseva.l equality and the fact that A, A+ generates holomorphic 
semigroups in order to arrive at the usual Ricca.ti equation. We note that the following 
computations make sense for x EdomA+, y EdomA: 

(y,PA+x) = L:00 (y,R*(iw;A)QR(iw;A+)A+x)dw 

= L+00 (eA1y,QeA+tA+x)dt = -(y,Qx)- L+00 (eA1Ay,QeA+tx)dt = 

-(y, Qx) - (Ay, L+oo eA*tQeA+1x) dt = 

-(y, Qx) - (y, A* L+oo eA*tQeA+'x) dt = -(y, Qx)- (y, A* Px). 

Hence we obta.ined the following equality which holds for each y Edom A and x Edom A+: 

(y, P A[ I- DD* A* P]x) = -(y, Qx)- (Ay, Px) 

Now, y Edom A so that the first inner product is equal to 

(y, P A[ I- DD* A* P]x) = (A* Py, x) - (D* A* Py, D* A* Px). 

Hence we arrive at the Riccati equation 

(y, PAX)+ (Ay, Px)- (y, (D* A* P)(D* A* P)x) + (y, Qx) = 0. 

This equality wa.s derived for any y Edom A and any x Edom A+, but we note that each 
addendum is a continuous function of x so that the equality can be extended to hold for 
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any x E X. In particular, if we choose x Edom A we get the usual form of the Riccati 
Equation. 
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