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Abstract 
Important efforts have been invested to characterize the performance of an A TM multiplexer 

system loaded with a set of superimposed ON/OFF sources, since this ON/OFF source model 
has been extensively used as a coarse approximation of variable bitrate services (e.g. shaped 
LAN traffic). Literature exists on approximations for queueing systems, in which a large 
number of superimposed sources is considered, and replaced by a more tractable aggregate 
model. In this contribution, the focus is set on a discrete-time technique related to exact results 
for the ON-OFF[N]/D1l queueing system with infmite queueing capacity for the superposition 
of a small number of such sources. The discrete-time batch Markovian arrival process 
(D-BMAP) Queue Input Process (QIP) is first introduced. Complete solutions for the 
D-BMAP/D/1 queueing system with normalised service time are provided in terms of the 
system occupancy distribution, its moments, the sojourn time distribution and its moments. A 
proposal for expressing an aggregate of ON/OFF sources QIP as a D-BMAP is then 
formulated, and the sparsity of the matrices and vectors highlighted. Finally, the degenerate 
cases corresponding to no multiplexing gain ("underload" case), the superposition of two-state 
Markov sources (2SM) and Bernoulli sources are handled, and closed form expressions for the 
moments provided. 

Keywords: ATM, D-BMAP, Queueing Theory 

1. INTRODUCTION 

Lots of efforts have been invested in fmding techniques to determine the loss probability and 
delay of a group of homogeneous ON/OFF sources entering an A TM multiplexer of finite 
capacity. As the state space becomes extremely large as the parameters of the multiplexer 
system grows, exact analytical methods have been left aside in profit of less involving 
approximations methods. Approximate solutions have been obtained by relaxing some 
conditions in the aggregate of ON/OFF sources, e.g. by its replacement by a Markov 
Modulated Poisson Process (MMPP) source model [1]. 

In this contribution, we formulate the exact solution of an infinite-size queueing system 
(multiplexer) loaded by a bunch of N homogeneous discrete-time three-parameter ON/OFF 
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sources. The queueing system can be completely solved using discrete-time matrix-analytic 
techniques, when the aggregate traffic is expressed as one single Queue Input Process (QIP): 
the Discrete-time Batch Markovian Arrival Process (D--BMAP) [2]. The limits of such methods 
are of course the high state space involved. However, the usage of a clever D-BMAP 
expression of the aggregated sources and some sparse matrix/vector computation software 
yields the solution of queueing systems loaded by more than just a few ON/OFF sources. The 
results will be further used in future work as a basis for comparison with the performance of 
distributed access networks where the traffic scheduling may be operated by a Medium Access 
Control (MAC) Protocol, where the number of test sources is low anyway. 

In section 2, we present solution techniques of the general D-BMAP/D/l queue, its 
moments, the sojourn time (waiting and service time) statistics and its moments. These methods 
are then applied in section 3 to the superposition of a homogeneous set of ON/OFF sources, to 
"overload" (with multiplexing gain) and "underload" (no multiplexing gain) cases (section 3.3). 
Results for degenerated cases (two-state Markov and Bernoulli sources) are handled in section 
4. Finally, section 5 illustrates the numerous developments by some numerical examples. 

2. GENERAL SOLUTION OF A D-BMAP/D/I QUEUE 

A good overview of the techniques for solving the continuous-time BMAP/G/l can be found 
in [7] and [8]. In [2], the authors introduce an algorithm for assessing the ATM multiplexer 
performance through the analysis of the D-BMAP/D/l/K (finite capacity) queue. A recursive 
algorithm is presented for the computation of the loss probability for increasing multiplexer 
queue sizes. The D-MAP/G/l (no batch arrivals) has been handled in [3]. 

2.1. The D-BMAP and Multiplexer Models 
We assume that at each time slot, a random number of arrivals between 0 and N may occur 

at the queue input, which corresponds to a maximum of one arrival on each inlet of the 
multiplexer model (location 00 on fig. 1). The D-BMAP models the batch arrival process after 
aggregation @, this process constitutes the Queue Input Process (QIP). The D-BMAP has 
already been described in [2] : a discrete-time Markov Chain (MC) governs the cell generation 
process. We assume that the governing MC is irreducible and we define by H its number of 
states. The probability that the QIP MC produces a batch of n arrivals, 0 ~ n ~ N, while 
transiting from state i to state j is given by the matrix element [DnliJ' I ~ ij ~ H (the 
operator [']jJ returns the element in row i and column j). Consequently, matrix Dn 
encompasses all transitions occurring in the QIP MC accompanied by the generation of n 
simultaneous cell arrivals. The underlying source MC transition matrix D of dimensions HxH 
is then the sum of the (N+ 1) submatrices Dn, 0 ~ n ~ N : 

(1) 

The A TM multiplexer is modeled as depicted in figure 1; a set of N inlets, numbered from 1 
to N deliver a maximum of one cell per A TM slot to the multiplexer CD. Therefore, a maximum 
of N aggregated cells may arrive within one time slot into the queueing system @. The ordering 
of the cells within the multiplexing function is supposed to be performed randomly, i.e. if a 
batch of ak > 0 cells arrive at time slot k, the probability for a tagged cell within this batch to 
be placed as i-th cell into the queue is independent of i and equals l/ak. 
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Figure 1: Multiplexer model. 
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The per-cell service time is constant and defmes the unit of time; it corresponds to the cell 
transmission duration. The queue size nk at time slot k is therefore governed by the following 
recursive expression: 

(2) 

where ak is the number of cells in the batch arrival at time slot k described by the QIP MC 
matrix D, and [.]+ is defmed as max[O,]. Under these circumstances, the aggregate offered 
traffic p to the queueing system can be computed as [2]: 

(3) 

where eH is a row vector of dimension lxH consisting of ones, [.]T denotes the transpose 

operation, d is the steady state row vector of the arrival process MC defined by: 

d·D=d 
together with 

d.ik=1, 

(4) 

(5) 

and A. is the per-inlet <!> offered traffic. At any time slot, the state of the system under study can 
be identified with the couple of Random Variables (RVs) {Q, Xl, where Q ~ 0 describes the 
number of cells in the system (queue and server), and 1 ~ X ~ H the D-BMAP state at the 
same point in time. The multiplexer can be modeled by the bi-dimensional semi-Markov chain 
of transition matrix M: 

DO Dt DN 0 

Do Dt DN 0 
o DO Dl DN 0 

M = 0 0 DO Dt DN 0 (6) 
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2.2. Formulation of the Queueing Equation 
The probabilistic formulation of the queueing system corresponding to the time-domain 

multiplexer equation (2) can be performed in Matrix Probability Generating Function (MPGF) 

form. A probability generating function (POP) X (z) for a random variable X is defmed as: 

_ 00 • 

X(z) = I,p[X = i] Zl 

i=O 
(7) 

where P[·] denotes the probability of an event. Similarly, we defme the MPGF of the arrival 
process as the matrix D(z) whose elements [D(z)lij represent partial PGFs of the number of 
arrivals when a transition from state i to state j occurs: 

N 
D(z)= I,Dnzn 

n=O 
(8) 

The per-slot average number of arrivals (corresponding to the offered traffic since the service 
time is deterministic and set to "one time slot") can be derived from (8) as well, by derivation 
with respect to z: 

(9) 

We further define the vector PGF of the queue size distribution ii(z) whose elements give the 
queue size partial PGF when the D-BMAP source process is in a particular state as: 

ii(z) = Iiil i (10) 
1=0 

where elementj of the row vector iiI gives the joint probability that the D-BMAP is in phasej 
while the queue size is I: 

(11) 

In order to express the nonlinear multiplexer equation (2) and remove the nonlinear operator 
[.]+, the boundary joint probability values corresponding to an empty system need to be 
introduced: 

[iio]j = p[Q = 0, X = j] (12) 

From the elements defined in (8)-(12), we can formulate the multiplexer equation (2) in 
MPGF form as follows: 

(13) 
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Expression (13) shows basically that the queue size Probability Mass Function (PMF): 

q(/) = P[Q = I] (14) 

equals the convolution of the shifted-folded queue size PMF and the number of arrivals PMF. 
The "folding" operation consists in removing the probabilities of negative values of a RV (i.e. 
P[Q < 0]) and adding them to the probability of value 0 (P[Q = 0]). Extraction of the queue 
vector ij(z) PGF from (13) fmally yields: 

ij(z) = (z -1) ijO' D(z)· [zln -D(z)r1 (15) 

where In denotes the identity matrix of dimensions HxH. The probability q(l) that the queue 

size equals I, and the probability generating function (PGP) Q(z) of the queue distribution are 
immediately available from the previously defined vectors : 

q(/) = ijl" iII 

Q(z)=ij(z)·iII 
(16) 

An essential and challenging task consists in finding the boundary probability vector ijo 
from which subsequent queueing performance variables can be derived. 

2.3. Known Approaches for the Determination of the Boundary Values Vector 
From the boundary values vector ijo that appeared in the queueing equation (15), all the 

performance variables of the queueing system with batch Markovian arrivals can be 
characterized. This boundary vector is well-known to play an essential role in the queueing 
theory, and various approaches have been applied in order to obtain this vector. For the exact 
resolution of queueing systems with correlated arrivals, at least three approaches are well
known: 

• the iterative matrix-analytic solution based on the "first passage" transition 
matrix G, [10], [7]; 

• the eigensystem decomposition of the queueing system equation (15), [6], [17]. 
• the functional-equation approach [4], [16]. 

We frrst sketch the principles of an eigenvalue decomposition and the equations that reveal the 
boundary probability values. An eigenvalue decomposition of the system equation MPGF (15) 
reads: 

(17) 

where At(z) are the polynomial eigenvalues of D(z), and Vl,i(Z), vLiz) are its associated right 

and left polynomial eigenvectors respectively. See [6] for a discussion of the number and 
existence of the eigenvalues. The set of roots composed by the zeroes in z-Ai(z) = 0 for each 
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i, contains the poles that make part of the queueing system PGF Q( z). Within this set, the roots 
that lie inside the unit circle have to vanish from the solution, since we assumed that the system 
operates in a stable configuration p < 1. Therefore, the equation: 

(18) 

must be respected at each vanishing root z = zk. These equations, with some others, yield the 
boundary values in ijo. 

This elegant approach attempting to express the queue size PGF ij(z) via the eigenvalue 
decomposition of the MPGF (15) has revealed to be effective only when the polynomial 
eigenvalues, A.j(z), of D(z) can be expressed analytically so that the vanishing and non-

vanishing poles in D(z).[zl-D(z)r1 can be computed numerically, [6], [17]. This is 
obviously possible only when the dimension of the traffic matrix D(z), i.e. H, is below 5, or 
when the system is a superposition of sources which are governed by a Me of dimension 
smaller than 5. 

The last approach among the three we mentioned earlier is called the functional-equation 
technique and has been applied in [4] for the computation of moments, while it has been 
tailored in [16] for the computation of the tail of queue distributions. This approach does not 
reveal the boundary values, but provides a handy relationship between some queueing system 
performance variables and the boundary values once they are known. 

We have applied this method in [12] for the derivation of closed form expressions of the 
moments of the distributions of the number of customers in a queueing system, when it is 
loaded with a homogeneous set of Li.d. three-parameter discrete-time ON/OFF sources. These 
expressions are function of the source parameters and the boundary probabilities. 

For what concerns the discrete-time ON/OFF source model and its multiple superposition 
(see section 3), the eigensystem decomposition appears to be precarious due to the high 
dimension of the D-BMAP matrices involved (often higher than 4) and we shall therefore apply 
the matrix-analytic solution throughout this work. 

2.4. Boundary Values Determination Based on the G Matrix 
In this section, we shall introduce the "first-passage" matrix G and how an infmite-capacity 

queueing system loaded with batch-Markovian arrivals may be entirely solved by the 
determination of this key matrix. 

2.4.1. The "First Passage" Matrix G 
The accuracy of the solution to our D-BMAP/D/l queueing system resides mainly in the 

accuracy of the computation of the "first passage" matrix G ([10], [7]). The elements of the 
matrix G describe the change of phase in the source process when the queue returns for the first 
time from level I to levell-I. More formally, [G]jj express the conditional probability that the 
D-BMAP enters statejwhen the number of cells in the system gets for the first time to 1-1(after 
any number of transitions ~ 1), given that it started from state i in the D-BMAP when the 
number of cells was I, I ~ 1. 

The G matrix plays a crucial role in the queueing system theory since it is not dependent on 
the initial queue size I [10]. The G matrix is found to be stochastic (see [10, p. 88] for a 
discussion of the G matrix) and satisfies the following non-linear equation: 
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(19) 

which can be solved iteratively according to 

(20) 

It has been advised to compute the summation in (19) using the recursive Horner's algorithm 
[10, p.162]. Horner's algorithm consists in starting with the matrix: 

(21) 

and then compute recursively each Yj as follows up to YN, which yields the final result 
corresponding to the right hand side of equation (19): 

(22) 

The start of the iterative computation (20) could be a stochastic matrix e.g. G(O) = D, 
which reveals to speed up the convergence. Intuitively, expression (19) tells us that the "first 
passage" from queue size / to queue size /-1 is the same as the one obtained when any n arrivals 
occur followed by a decrease of queue size by n cells. We see also that the transitions given by 
their non-null probabilities in Do are the only ones in the D-BMAP that allow the system size to 
be reduced by one within one transition. 

2.42. Boundary Values 
Once the relationships that tie successive queue length vectors (11) together via the G matrix 

are known, the determination of the boundary values and of the system occupancy distribution 
is straightforward. As we shall see, the boundary probability vector qo is in fact directly related 
to the first passage matrix left eigenvector g associated with the eigenvalue 1, i.e. the steady 

state vector of the underlying MC, defined by g. G = g and g. iiI = 1, which stresses the 
importance of the "first passage" matrix. 

In order to determine qO' we first remember that the "first passage" matrix G encompasses 
all the possible transitions "above" a given levell until the system reaches the levell-l just 
below I for the first time. From the previous assumption, an equation for the determination of 
qo can be drawn as follows: 

1. we start with an A TM multiplexer initially empty, 
2. a number of arrivals i occurs in the time slot following the one where the system 

was empty, with O:S; i :s; N, 
3. the system returns to an empty state by stepping downwards i levels; this 

decrease corresponds to i "first passages". 

In a steady state situation, the probability of the system to be empty before step 1 is the same 
as the probability after step 3. Consequently, the intuitive formulation of steps 1-3 enumerated 
above can be expressed analytically as follows: 



304 Part Four Methodology and ATM Switching 

N 
lio' I,Dn· an = lio (23) 

n=O 

In fact, in (23), the matrix I,~=oDn' an expresses the phase transitions in the D-BMAP 

between two successive epochs where the system is empty, and encompasses the complete 
system evolution between such epochs. The steady state vector g of the underlying Me 
provides the stationary phase vector of the D-BMAP at instants where the system is empty. 

Observing that the matrix I,~=oDn . an is nothing else than a itself according to (19), we 

deduce that iio is an invariant vector of (;. Moreover, as the probability that the system is 

empty is given by I-p, we obtain directly: 

iiO=(I-p)g (24) 

where g is the steady state vector of a, as defined earlier, and q( 0) = iio . e k = 1- p. 

2.5. The Queue Distribution 
Using the "first passage" matrix again, the complete system occupancy distribution can be 

characterized similarly to the case of the D-MAP/G/l queue [3]. The steps to be followed are 
similar to the ones in the previous section. We aim at expressing the relationships that lead to a 
particular levell, from all other candidate levels using the arrival process matrices Dj, and the 
matrix a corresponding to a single level decrease. We will conduct our reasoning under the 
assumption (without loss of generality) that level I is far enough from level 0, i.e. that the 
considered level I is higher than N. Levels 1 ~ I ~ N can be obtained similarly by adjusting 
the summation bounds. We observe the following (see figure 2) : 

• The lowest starting level from which the target level I > N can be reached 
within one time slot is I-N+ 1, since at most N arrivals may occur within one 
time slot and one cell departs. 

• The highest starting level is bounded by I, since levels higher than I are covered 
by the "first passage" matrix. A possible starting level j is then bounded as 
l-N+l~j~l. 

• When starting with a particular level} as bounded above, at least I-j+ 1 arrivals 
need to occur in the first time slot, in order to reach at least level I. The number 
of arrivals n must be therefore in the range l-j+ 1 ~ n ~ N. 

• After n arrivals occurred, the system level will have reached j+n-l (n arrivals 
and one cell departure), which is higher or equal to the target level!. 

• Exactly j+n-l-I"first passages" must occur in order to bring the system back to 
level!. 

An equation tying all possible starting levels to the destination level can be therefore expressed: 

IN. 
- - ~ - . ~ D . a}+n-l-I I> N ql - £... q} £... n ' (25) 

j=I-N+l n=l-j+l 
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Extracting iii from (25) directly yields the probability vector for level I as a function of the N-l 
previous levels (29). However, some care has to be applied for levels between I and N, since: 

• level 0 becomes a possible starting level, and due to the nonlinear operator [.]+ 
in (2), the intermediate level becomes j+n instead of j+n-l, and the powers of 
the matrix G in (25) have to be adjusted differently; 

• the summation needs to be performed from level one instead of level 
/-N+l ~ 1. 

t D~ ... , ~ ... No of cells in 
I I I I ~ 

0 /-N+l j / j-l+n j-l+N system 

LJ 
Gj-l+n-l 

Figure 2: Recursive relationship between successive queue lengths. 

Following these precautions, a complete set of equations for the determination of the 
complete queue occupancy PMF can be obtained from (16), from the boundary probability 
vector, from the G matrix and from the D-BMAP. In order to simplify the computations, let us 
defme the intermediate matrices Vel): 

N 
V(/) = 'i,Dn·Gn- l , 1 ~/ ~ N (26) 

n=1 

The expressions for the joint probability vectors of the number of cells in the system and the 
state of the D-BMAP can be then computed as: 

iiI = [iio' V(l)]' W, / = 1 (27) 

1 < / ~ N (28) 

[ 
1-1 1 iil= . 'i,iirV(l-j+l) ·W, 

;=I-N+I 
N < I (29) 

where the matrix W is defined as : 

(30) 

We observe that during the computation of the queue size PMF from (27)-(29), at most N 
successive queue vectors need to be stored, including the currently computed level. 
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2.6. Moments of the Queue Distribution 
In this section, we highlight the algorithm for the derivation of the moments of the queue 

occupancy distribution, and focus on the fIrst two moments whose expressions are explicitly 
provided. The fIrst two moments Q[I] = E[Q] and Q[2] = E[Q2] = Var[Q]+E[Q]2 of the 
queueing system can be computed from the factorial moments obtained by derivation of the 
queue length PGF (16) and by subsequent setting of z=l: 

d1J = II q(l) = ~Q(z)1 
1=1 dz z=1 

d2J = IP q(l)= d~ Q(Z)I +d1J 
1=1 dz z=1 

(31) 

The moments of the D-BMAP/D/l queueing system can be computed starting from (15), by 
derivation with respect to z. Let us call D'(I), D"(I), and DIII(I) the three fIrst factorial 
moments of the matrix D(z) obtained by successive derivation of D(z) with respect to z and by 
subsequent setting z=l: 

N 
D'(I) = I,iDj , 

i=1 

N 
D"(I) = I,i(i -1)Dj, 

i=2 

N 
DIII(I) = I,i(i -1)(i - 2)Dj 

i=3 
(32) 

Of course, when N is smaller than 3, some of the previous derivations lead to null matrices. 
Following the steps in [10, p.143], the moments of the queue distribution can be obtained by 
derivation of (15) with respect to z. The approach is illustrated hereafter for the fIrst moment of 
the system occupancy distribution, higher moments can be obtained recursively following the 

same steps. The detennination of the fIrst moment d1J = q'(I)· eJ starts from the fIrst (33) and 
second (34) derivatives of both sides of expression (15) with subsequent setting z=l: 

q'(I).[IH - D] = qo· D+J .[D'(I)- I H] (33) 

q"(I)· [IH - D] + 2q'(I) = 2[qO +q'(I)]· D'(I) + J. D"(I) (34) 

since we observe that q(z)lz=1 = J and D(z)lz=1 = D, where D was defined in (1). While 

aiming at the extraction of q'(I) in (33), we observe also that I H - D is not inversible because 
D is stochastic and the value "one" is part of its eigenvalues; however, by adding 

[q'(I).eJ]ii =d1JJ to both sides of the expression, we obtain the inversible matrix 

Z-1 =IH -D+eJ.J and fInally q'(I) reads: 

(35) 

Since we still have two unknowns (d1J and q'(I», we need a second equation in order to 

eliminate q'(I). We achieve this by postmultiplying (34) by eJ and observing that 
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(I H - D) . iII = 6T. These operations yield: 

2Q[IJ = [2[qO + q'(I)]. D'(I) + d· D"(I)]. eJ (36) 

Inserting (35) into (36) and taking into account that d1Jd· D'(I) .eJ = d1Jp (cf. expr. (9)), 
we may now extract Q[l] and obtain finally: 

where 

Similar steps provide the second moment of the queue occupancy distribution: 

d 2J = d 1J +_I_{3(2QO .D'(I)+2q'(I).[D'(I)-IH ]+d .D"(I)).Z.D'(I) 
3(I-p) 

+3[qO + q'(I)]· D"(I) + d· D"'(I)}. eJ 

(37) 

(38) 

(39) 

Higher moments (say of order n) can be obtained recursively starting with the n-th and 
(n+l)-th derivative of (15), while re-using results at the previous levels. In the case of a 
superposition of a set of LLd. ON/OFF sources, a representation based on the source 
parameters which minimizes the vector-matrix operations can be found thank to the functional
equation technique initially developed in [4], these results can be found in [12]. 

2.7. The Sojourn Time Distribution 
Once the joint probabilities [qd) = P[Q = I,X = j] are known, the sojourn time W PMF, 

w(n) = P[W = nJ, of any cell entering the multiplexer, can be also derived. We have defined 
the sojourn time as the sum of the waiting time in the queue and of the service time (which 
remains constant and equals the time unit in our case) of the equivalent queueing system. The 
probability that an arbitrary cell waits n time slots in the multiplexer before leaving it equals the 
probability that the cell encounters a system already filled with n-I cells when it enters the 
system, which sums up to n sojourn time slots when taking into account its own service time. 
This assumption implies also that the cells are served according to a First-In-First-Out (FIFO) 
service policy. The observation of the system contents is made after a possible departure: 

nk+l = [nk -It (compare with (2)). Taking these assumptions into account, the sojourn time 

PMF can be computed as follows: 

n = I (40) 
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l<n~N (41) 

N < n (42) 

Note that a cell sojourns at least during one time slot in the multiplexer. The factor 1/ p can be 
easily understood, taking into account that: 

00 N 
"I,ib' InDn·e~=p (43) 
/=0 n=l 

Further on, having made the observations that: 

(44) 

and by identification with (25), we observe that: 

n _ [ N ]-T Iq/ .. IDj ·eH =q(n) 
/=n-N+l l=n-/+l 

(45) 

Similar observations can be made about the terms appearing in equations (40) and (41), so that 
finally we may state the significant result: 

1 w(n) = -q(n) 
p 

n ~ 1 (46) 

We have furthermore made the assumption in section 2.1 that when a batch of ak cells 
arrives at time slot k, each cell has an equal and constant probability to be stored as the i-th cell 
within the batch into the queue, 1 ~ i ~ ak. Consequently, the sojourn time PMF would be 
the same for a particular connection (the cells belonging to a particular connection are tagged). 

2.8. Moments of the Sojourn Time Distribution 
From expression (46), it is quite straightforward to obtain the sojourn time POF, and its 

moments, as the PMFs Q( z) and W( z) are almost proportional: 

- 1 [- ] W(z) = - Q(z)-1 + P 
p 

(47) 

and we also obtain directly the relationships between the i-th moment of the system contents 
and the waiting time: 
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[i]_ Q[i] 
W --, j ~ 1 (48) 

P 

which is nothing else than Little's law extended to all the moments of the sojourn time and 
system occupancy distributions! The relationship between the variance of the system occupancy 
and the variance of the sojourn time reads: 

(49) 

3. SUPERPOSITION OF ON-OFF SOURCES VIEWED AS A D-BMAP 

We consider a superposition of a homogeneous set of discrete-time ON-OFF sources that 
have been introduced in [13] for the computation of the busy and idle periods, and have been 
used in various publications, e.g. [5] for the assessment of an A TM multiplexer performance 
under periodic input load. 

3.1. The Discrete-Time ON/OFF Source Model 
The discrete-time ON/OFF source model that we consider throughout this section requires 

three statistical parameters in order to be fully characterized. A natural formulation of the source 
characteristics resides in the triplet {l, b, m 1, where: 

• A is the per-source offered traffic; 
• b is the average burst duration expressed in terms of the number of cells per 

burst; 
• m is the minimum cell inter-arrival time, i.e. r = lIm is the source peak: rate 

expressed relatively to the multiplexer output rate. 

The OFF duration is multiple of one slot time and is geometrically distributed, with 
expectation lip, and minimum duration one time slot. The ON phase consists of a geometrically 
distributed random multiple of m slots (minimum m time slots), in which the first one contains 
a single cell and the m-l remaining slots are empty. The expectation of the number of "trains" 
of m consecutive slots is assigned the value l/q, and the ON state duration expectation becomes 
m/q slots. Consequently, p and q are the parameters of the geometric distributions involved in 
the state residence durations. The translation from parameter set {A, b, m 1 to the set {p, q, m 1 
reads as follows: 

p= b(l-Am)' 
1 

q=
b 

(50) 

This 3-parameter ON-OFF source can be modeled by an m+ 1 state MC where state 2 is the 
only one producing a cell when entered. State 1 represents the OFF state, while states 2 to m+ 1 
model the ON state. States 3 to m+ 1 correspond to the m-l empty slots following a generated 
cell in state 2. A corresponding D-BMAP formulation of this source model using matrices Po 
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and PI can be obtained directly, where the transitions in column 2 are associated with PI, and 
the other with Po. The MPGF P(z) = PO+zPI is given by: 

1-p pz o 0 0 

0 0 1 0 0 

P(z) = 
0 

0 
(51) 

0 0 1 

q (l-q)z 0 0 

m+1 

and Po = P(z=O), PI =P(z= 1 }-P(z=O). When N such ON/OFF sources are superimposed, the 

total offered traffic becomes p =NA. The parameters characterizing our queueing system is 
therefore upgraded to the set {p,q,m,N}. Two important loading cases need to be 
distinguished: 

• Underload case: when the number of sources N is lower than or equal to the inverse 
of the peak rate, 1/r = m, no multiplexing gain is achieved since the aggregate peak 
rate remains permanently lower or equal to the multiplexer output rate. We will refer 
to this case as the "underload" case hereafter. A direct consequence of the "underload" 
situation is that within a set of m consecutive slots, N S m arrivals may occur, while 
at most m departures may occur. The number of cells in the system when N S m 
may never override the upper bound of N cells in this case. The underload case is 
handled in section 3.3. 

• Overload case: on the other hand, when N > m, the aggregate peak rate may 
temporarily override the one of the multiplexer output. This case will be referred to as 
an "overload" situation. Some multiplexing gain is achieved. The system occupancy 
may grow to any level larger than N. 

We observe also, that in order to have some queueing, the number of superimposed sources 
needs to be N ~ 2. 

3.2. Expression of an Aggregate of ON/OFF Sources as a D-BMAP 
In this section, we formulate the expression of an aggregated set of N i.i.d. three-parameter 

ON/OFF sources. Then, from the previous results, the complete queueing system performance 
variables can be obtained. The D-BMAP is expressed using the transition probabilities between 
two overlapping arrival patterns. We first compute the state space size, i.e. the number of 
possible arrival patterns that can be obtained when superposing N ON/OFF sources of 
minimum cell inter-arrival time m. Then, we express the transition probability between two 
compatible arrival patterns. 

32.1. Number 0/ Arrival Patterns 
The D-BMAP defmed by D corresponding to the superposition of a set of N i.i.d. ON-OFF 

sources could be constructed as a simple combination of the individual ON-OFF source 
D-MAPs P [2] (for example, DO can be obtained by an N-fold Kronecker product of matrix Po: 
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DO = ®!IPO)' However, the state space size reaching (m+ 1)N states would be absolutely 
prohibitive. Instead, we propose the usage of a sensibly reduced D---BMAP of size H(N,m), 
where H(N,m) corresponds to the number of possible arrival patterns iii = [llj,l ... llj,m]' 
1 ~ i ~ H(N,m), over m successive time slots, for a superposition of N i.i.d ON-OFF 
sources, where H(N,m) can be computed as: 

( N+m) (N+m) H(N,m) = N = m (52) 

In lij = [llj,l ... llj,m] , aij denotes the number of cells in the j-th batch arrival within the 

interval of m consecutive slots, 1 ~j ~ m, in the i-th arrival pattern iii' according to a 

particular pattern ordering. Expression (52) corresponds to the typical problem of the number 
of configurations that can be obtained when putting a variable number of objects from 0 to N 
into m boxes. When the number of objects is known, i.e. say that there are i objects to be put 
into m boxes, the number of possible configurations Hi,m can be computed using the following 
recursive algorithm: 

{
I form = 1 

Him= i 
, Lk=oHk,m-1 form> 1 

(53) 

and HO,m = Hi,l = 1. Reducing the recursion in the previous expression provides the number 
of configurations available when putting i objects into m boxes, which yields: 

. _(i+m-l) H1m - . 
, 1 

(54) 

However, in our case, a variable number of sources i between 0 and N inclusive may be active, 
so that H(N,m) is the sum over i of Hi,m: 

N (N+m) H(N,m) = ~Hi,m = HN,m+1 = N 
1=0 

(55) 

by virtue of the recursive relationship (53). 

322. Transition Probabilities for Two Adjacent Patterns 
Several contributions, e.g. [5], [13], exploited the fact that the transition probability from 

one arrival pattern iii to the next one iij for adjacent time slots can be easily formulated. We 

shall build a D-BMAP representing a QIP of the aggregate of ON/OFF sources. We define 

[Dn]i,j as the probability of obtaining pattern iij at time slot k+l, knowing that pattern lij was 

obtained at time slot k, and that n arrivals occur in the last slot of pattern iij (aj,m = n). Let 

si = L:=lllj,u be the sum of all arrivals within pattern iii; 0 ~ si ~ N. The matrix 

D = L:=oDn (as defined in (1» of the D-BMAP of a superposition of a homogeneous set of 
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ON-OFF sources can be constructed as: 

{
T (n, sa) when aj,Jc-l = Q;,Jc, for 2 ~ k ~ m 

[ ] 
p,q,m,N -i,I, j, j,m 

[D]. . = Da. = and 0 ~ aj,m ~ N -Sj +aj,1 
I,) J,m i,j 

o otherwise 

(56) 

In our case, and for a given transition from a pattern ~ to another pattern a j' a unique number 

of cells can be produced, since an arrival pattern fmishes with a unique number of arrivals aj,m, 
This observation together with expression (56) also implies that elements (i, J) in the matrices 
Dn, 0 ~ n ~ N, whose associated patterns do not finish with n arrivals equal forcibly zero: 

[Dnl . = 0, when n *" aJ· m I,) , 
(57) 

Also, the destination pattern of the transition must include the history of arrivals of the 
previous pattern, and only the last (new) number of arrivals may be variable, i.e. arrivals ai,2 to 
ai,m must match arrivals aj,l to aj,m-l. The transition probabilities Tp,q,m,N (ai,l, Sj, aj,m) 
result from the convolution of the distribution of two contributions. The next number of arrivals 
aj,m equals the sum kl+k2 of the number of sources kl, 0 ~ kl ~ ai,I, that were active m time 
slots before and remain active (each such event occurs with probability l-q): 

p[ kl sources remain active] = ( ak~1 )<1- q II qai,l-k1 , 0 ~ kl ~ ai,l (58) 

and of the number of sources k2, 0 ~ k2 ~ N-Si, that were not active one time slot before and 
that become active (each such event happens with probability p): 

since each active source produces exactly one cell in a window of m successive ATM slots (due 
to the enforced spacing of m-l empty slots between cells), so that the number of cells in any 
such window gives the number of sources that are active at the end of this window period. The 
probability that aj,m = kl+k2 sources produce a cell in the slot following the last slot of the 
observation window is then the convolution of PMFs (58) and (59), since all sources are 
considered independent: 

(60) 

The transition probabilities depend only on ai,I. Si and ajm as can be seen in (60). 
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3.2 3. Nwnber of Boundary Probabilities and Sparsity of the Matrices Involved 
Considering the conditions in (56) for a transition probability to be non zero, one sees that D 

becomes more and more sparse with increasing m. When m=l, the conditions in (56) are 
always true and the (N+ l)l transition probabilities in D are all non zero. 

The B-DMAP formulation of the problem based on the source arrival patterns yields some 
immediate results. First, the steady state of the underlying source process MC of matrix D can 
be directly expressed by a multinomial PMF. The steady state probability of state i equals the 
probability of apparition of an arrival pattern ilj: 

[til =p[ilj] = N! m J1.Sj(l-mJl.t-Sj (61) 
I (N-Si)!Iln=ltli,n! 
Second, all arrival patterns are not compatible with any queue size I. In particular, the 

patterns ilj that allow an empty system must, among other conditions, have their last batch 
arrival aim equal to zero according to (2), since there remains at least aim cells in the system 
when the m-th batch arrival pertaining to pattern i occurs. In fact, the function giving the 
amount of different arrival patterns that allow queue size 1 and possibly higher in the overload 
case (but not lower), can be described by a function F /(N,m) of the number of sources and the 
minimum cell inter-arrival time m. This function is analyzed in the following. 

Clever observations of the pattern generation process lead to the determination of the 
function F for overload and underload cases. This function plays an important role, since it will 
provide us with a compact algorithm for the computation of the system occupancy distribution 
in the "underload" cases (see section 3.3), while F=Fo(N,m) informs us directly about the 
number of boundary probabilities in a particular queueing system (see end of this section) that 
need to be solved in order to derive all performance measures. We illustrate hereafter the 
determination of Fo(N,m) in the "overload" case; other values of F/(N,m) can be derived 
similarly, at the expense of tedious reflections. 

Let us monitor our multiplexer system during a window of m contiguous time slots such 
that the system is empty after the batch of arrivals occurring during the last slot in the window, 
and tag these slots from slot number k+ 1 up to slot number k+m. As we are in an "overload" 
case, we have N > m, and one expects that the number of patterns allowing an empty system 
should not depend on N, since a maximum of k+m-j arrivals may appear at time slot j (for 
k+l ~j ~ k+m), Le.j-l time slots before the system is required to be empty (time slot k+m), 
in order to flush completely the arrivals (otherwise the system may not return to the empty state 
even if it was empty at time slot k). The number of allowable arrivals depends then on the time 
left until "system empty" status and not on the amount of sources N, and let us call this 
particular case of the function Fo(N,m) as FO(oo,m). The last number of arrivals occurring at 
time slot k+m must therefore always be zero. The patterns allowing an empty system all 
terminate with zero arrivals, and clearly FO(oo,I)=I, Le. iiI = [0] is the only arrival "pattern" 
compatible with an empty system in the case m= I. 

For m> 1, patterns allowing an empty system and corresponding to a spacing of m+ 1 can be 
constructed recursively, starting from those for a spacing of m, as illustrated on figure 3. The 
number of patterns at "depth" m results from a series of embedded summations as described by 
the expression: 

I iI+I h+l im-l+1 
Fo(oo,m) = L L L ... Ljm (62) 

iI=lh=2h=2 im=2 
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Figure 3 : illustration of the recursive construction of arrival patterns 
allowing an empty system up to m=3. 

Reducing level by level the summations in (62) reveal the final function Fo(oo,m) as can be 
seen in (63) and (64). Similar observations lead to the general function F/(N,m) that is 
presented hereafter: 

OS/SN-m, (2m+1 )/+1 
m+l+l m 

N>m N-mS/SN-l, H(N,m)-(:_~:I) 
NSl, H(N,m) 

F/(N,m) = I (N+m) (N+m) OS/SN-l, -
N-I N-l-l 

NSm I=N 1 

I>N 0 

(63) 

In (63), overlapping conditions yield the same value. When observing the number of arrival 
patterns that allow an empty system only, a more handsome formulation can be obtained, Le.: 

{(
N+m)_m-_N_+l, forNSm-l 

N m+l 
F=FO(N,m)= 1 ( 2m ) 

- , forN~m-l 
m m+l 

(64) 

From now on, it is assumed that the patterns are sorted within the D-BMAP according to an 
increasing allowance I of the number of cells in the system, i.e. patterns from 1 to FO(N,m) 
allow an empty system and any other queue size in the "overload" case; patterns F o(N ,m)+ 1 to 
F1(N,m) allow queue sizes 1 and higher, and so on up to pattern number H(N,m) that allows 
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queue size(s) N (and higher in the "overload" case): iiH(N,m) = [0 ... 0 N]. 

As a direct consequence of these observations, the number of non-zero boundary value 
elements in iio match exactly F = Fo(N,m). Thank to our arrival pattern ordering, we deduce 

that [iio]j = 0 for j > F. Moreover, a "first passage" can only occur with a pattern iij , 

1 ~j ~ J(N,m), finishing with zero arrivals. Consequently, the "first passage" matrix G 
encompasses exactly H(N,m)-](N,m) zero columns, where: 

](N,m) = H(N,m -1) (65) 

is the number of arrival patterns that fmish with zero arrivals (the F arrival patterns that allow an 
empty system are a subset of the ](N,m) patterns that terminate with zero arrivals). We have 
observed as well that most of the non-zero elements of G are grouped within its F first 
columns. The steady state vector of G needs therefore to be computed only from the submatrix 
G F composed by the first F rows and columns of G. Let iF be this vector defined by 

iF· GF = iF and iF· eft = 1; then clearly i = [iF 6]· 
Also, the contents of the G(O) matrix needs to be properly initialised in order to ensure that 

the intermediate matrices G(k) in the computation of (20) remain sparse ones. We refer to [14], 
for a complete algorithm for the determination of the non-zero elements in G. 

3.3. Solution of the Queue Distribution in the "underload" Case 
We have defined earlier an "underload" condition of the queueing system corresponding to 

the case where N ~ m, i.e. the aggregate peak rate of the sources cannot exceed the output rate 
of the multiplexer and therefore no multiplexing gain is achieved. In this case, the maximum 
number of cells in the system cannot exceed N, since up to m departures may occur within m 
slots, and the corresponding number of arrivals is lower or equal to that value. 

When N < m, and for the same reasons, within each period of m consecutive slots, the 
system returns to empty at least once. The system contents at the end of each pattern depends 
therefore only on the arrivals since the point in time where the system was empty, and not on 
the size at the beginning of the pattern. When N = m, the systems returns at least once during 
every period of m slots to a level equal or less to "once cell in system". Consequently it is 
sufficient to know the history of arrivals during the last m slots in order to determine the system 
contents at the end of the period, Le. each arrival pattern iij is associated with just one system 
size obtained by applying recursively (2) m times, starting with nO=O and mapping each ak with 
ai,k- Let us define the additional function KJ(N,m), giving the number of arrival patterns that 
are compatible with system contents up to level I: 

-1 ~ I ~ N (66) 

The handy ordering of the arrival patterns we designed previously enables us to write the 
probability of a number I of cells in the system qJ in the following compact form : 

(67) 
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and the steady state vector elements of the submatrix GF are given also directly: 

[gF]"=_I-P[aj],ISjSF 
J I-p 

Consequently, in the "underload" case, I,~l p[ ilj] = 1-p. 

4. SUB CASES OF THE ON/OFF SOURCE REVISITED 

(68) 

Based on the results of the previous section about ON/OFF sources, we can derive some 
simplified expressions for the following parameter restrictions of the ON/OFF source model: 

• the 2 State Markov source (2SM) that corresponds to the restriction m = 1 in 
the general ON/OFF source model and; 

• the Bernoulli source model further restricted with the condition p+q=1. 

The handling of queueing process involving 2SM and Bernoulli sources drastically differs 
from the problematic of the general ON/OFF sources superposition because in the former 2 
cases, the boundary probability is unique and can be determined beforehand. Solving the 
boundary probabilities using (20) is not necessary, therefore most of the results can be 
expressed in closed-form expressions. We shall derive in the next two subsections striking 
results for these two subcases. 

4.1. Simplifications for the Subcase of a Superposition of 2SM Sources 
When the parameter restriction m = I is applied to our ON-OFF source model, we obtain 

the so-called 2SM source model, whose peak rate equals the multiplexer output rate,. There are 
exactly N+ 1 possible arrival patterns (check with (52», i.e. from pattern al = [0] to pattern 
aN+l =[N], among which only the fIrst one al =[0] is compatible with an empty system 
(check with (64». Matrix D is therefore of dimension (N+l)x(N+l), whose elements are all 
non zero under normal circumstances. Consequently, we have [gl. =gl =1, gj = 0, 

2 SiS N+l, p[Q=O,X=I]= [qO]l = I-p, and [qO]j =0 for 2 Sj S N+l in this case. 

As we consider arrival patterns over m = 1 slots only, Si reduces to Sj = Clj,l in equation 
(60). The elements in the matrix D can be immediately expressed as: 

Min[i,j] (iXN -i) k (" k) "k N " "k 
[D]i+l "+1 = L " (l-q) ql- pJ- (l-p) -I-J+ ,0 S iJ S N (69) 

,J k=Max[O,i+ j-N] k J - k 

Of course, as previously, the j-th column of D, I Sj S N+I, is the same as the j-th 
column in matrix Dj-t.Since arrival pattern aj = [j -I] generates j-I arrivals. The j-th column 

in the remaining N matrices Dn, 0 S n S N, n ". j-I, equals the (N+ I)xl column vector of 

zeroes Ok+l = [0 ... O]T. Element i in vector d follows a simple binomial distribution 

bl(N,A;i-I): 
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for k < 0 or k > N 

forO~k~N 

of parameters the number of superimposed sources N and the per-source offered traffic A: 

I~i~N+I 

where the per-source offered traffic A (sec. 3.1) reduces to A = p/(P+q). 
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(70) 

(71) 

The only arrival pattern allowing an empty system is also the only one that is the target of a 
"first passage" (zero number arrivals). Therefore, the G matrix can be immediately 
characterised as follows: [G li,1 = 1, and [G] iJ = 0, for 2 ~ j ~ N + 1 (some queueing 
occurs only when N? 2), and 1 ~ i ~ N + 1. A direct consequence is that Gn = G, n ? 1, 
when m = 1. The computation of the matrices V(n) defined in expression (26) can be 
simplified as follows: 

V·(n} = ~ D .. d-n = {Dn +(. I,Dj)'G 
."'" I J=n+l 
l=n DN 

when I~n<N 
(72) 

whenn=N 

A special form can be obtained for V· (I) 

(73) 

The system contents can be easily computed from (27)-(29). The first two moment can also 
be developed easily and a closed form formula expressed, thank to the unique boundary 
probability in the 2SM case. A handsome formulation for the first moment of the queue 
occupancy distribution has already been established [9] (this result has been obtained by other 
authors in different forms, e.g. [15], [4], [11]): 

d l ] =P+~G(P,q)(I--.!..) 
2(I-p) N 

where G is the source granularity [9]: 

2 
G(p,q) = --1 = 2b(1- A )-1 

p+q 

(74) 

(75) 

where {b, A} and {p, q} have been related to each other in expression (50). A closed form 
expression can be found also for the variance of the queue occupancy: 
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p2 N 1{ Var[Q]=p(l-p)+ 2 ~ 3G(p,q)2(N -1)+ 
12(I-p) N 

+(1- P)[(I- P)(3G(p,q)2 + 12G(p,q)+ 1) + 2 - (76) 

-2(N -1)(1-3G(p,q)2)_(I-p)(N -1)(6G(p,q)2 -12G(P,q)-5)]} 

Using relationships (48), we obtain: 

W[l] = 1 + -p-G(p,q )(1-..!.) 
2(I-p) N 

(77) 

Var[W] = p 2 G(p,q)2(1_ ..!.)2 _ 
4(I-p) N 

(78) 

12d'- p) NN-'/ {~3G(P,q)2(2 - N) + 5N - 4]- 3(G(p,q)2 + N)} 

42. Simplifications for the Subcase of a Superposition of Bernoulli sources 
With the further restriction p+q=I, while keeping the restriction m = I, a superposition of 

N Bernoulli sources is obtained. Successive batch arrivals are uncorrelated so that simple 
operations on PGFs lead to the PGF of the system occupancy: 

Q(z) = (l-p)(z.::-I)A(z) 
z-A(z) 

(79) 

where A(z) corresponds to the PGF of the number of arrivals at an arbitrary slot, which is a 
binomial PGF for a superposition of N Bernoulli sources: 

A(z)=(I-p+pzt (80) 

We may also apply the results in section 2.7 to the case of the superposition of Bernoulli 
sources. These operations yield the sojoum time PGF (compare with (47»: 

W(z)=.!.[Q(Z)-(I-P)] = 1 (l-p)Z[~(Z)-l] 
p P z-A(z) 

(81) 

and: 

d1] =P+~(l-..!.) 
2(l-p) N 

(82) 
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2 N 1 
Var[Q]=p(l-p)+ p 2 ~ (lSN-Sp-26Np+5p2+11Np2) 

12(1-p) N 
(S3) 

and the moments of the sojourn time equal : 

Well = Q[l] = 1 + -P-(l-~) 
P 2(1-p) N 

(S4) 

Var[W] = p 2 N~1[6N+P(2P_5)(N+l)] 
12(1-p) N 

(S5) 

5. NUMERICAL EXAMPLES 

For illustration purposes, we have resolved a couple of "small" cases corresponding to 

A = O.OS, N = 10, m = 5 and variable mean burst sizes b (A cases in figure 7). The typical 
"knee" that can be observed in curves representing the loss probability versus buffer size for 
limited-size multiplexers (e.g. in [5]) appears in the queue length PMF as well. It appears 
mainly for higher mean burst sizes, i.e. 10, 20 and 50 (figure 4) in our case. The "knee" 
delimits two regions corresponding to the "cell scale" congestion for small queue occupancies 
(less than m sources active) and the "burst scale" congestion for large queue occupancies (more 
than m sources active). As it is already well known, the decay after the "knee" reduces with the 
increase of b. 

The cell sojourn time complementary cumulative distribution function for a couple of 2SM 
source loadings has been illustrated on graph 5 (B cases in figure 7). The moments of the 
contents and the sojourn time for the A cases can also be obtained using expressions (37), (39), 
and (4S) or directly from the boundary values and the source parameters using the results in 
[12] (see graph 6). 

System Occupancy PMF 
IO°+-+--+--+--+-+-+-+--J~!---+ 

10" . 

~A.l 
-<>-A.2 

f·······t······t·····+·····y·····t····· :::~:~ ...... . 
!! i 

Number k of Cells in System 

Figure 4: System contents PMF, 
P[Q=k] for an overall offered traffic 
p=O.S, with N=lO sources and m=5. The 
mean burst size b is varied between 2 and 
50 cellslburst 

Cell Sojourn Time k Expressed in Slots 

Figure 5: Similar case to graph 4. Sojourn 
time complementary cumulative distribution 
function for 2SM sources, an overall offered 
traffic p=O.S, with N=lO sources. The mean 
burst size b is also varied between 2 and 50 
cellslburst. 
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Expectation and Standard Deviation 
oftbe Variables 

lif~~~~~~~~ 

Figure 6: Expectation and standard 
deviation of the number of cells in the system 
Q, and of the cell sojourn time W. 

Case P N m b 

A.l 0.8 10 5 2 
A.2 0.8 10 5 5 
A.3 0.8 10 5 10 
AA 0.8 10 5 20 
A.5 0.8 10 5 50 
B.l 0.8 10 1 2 
B.2 0.8 10 1 5 
B.3 0.8 10 1 10 
BA 0.8 10 1 20 
B.5 0.8 10 1 50 
C 0.8 10 1 25/23 

Figure 7: Table describing the testcase 
parameters. Cases A.I to A.5 correspond to a 

superposition of homogeneous ON/OFF 
sources, B.l to B.5 to 2SM sources, and C to 
Bernoulli sources. 

The number of arrival patterns al to aH(N,m) patterns corresponding to the A cases 

computed above reach H(10,5) = 3'003. The number of boundary patterns equal 
F(IO,5) = 42. The number of non zero elements in the G matrix equals 118'954 over a total 
amount of3'OO3x3'OO3 elements, which yields a density of 1.32%. 

6. CONCLUSIONS 

Correlated source models representing the A TM input traffic have been developed and so 
was the suitable D-BMAP source model. We have summarized the expressions that solve 
completely the queue distribution (equations (27) to (30» and the first two moments (equations 
(37) to (39» of a general D-BMAP/D/l queueing system, that is often used as a basis for the 
computation of ATM multiplexers performance. We have then established the relationships 
between system contents distribution and sojourn time distributions, as well as the moments 
«40) to (49». 

Based on these frrst results, we have defined the D-BMAP that models a superposition of a 
small set of three-parameter ON/OFF sources, explained the sparsity of the matrices and vectors 
involved while computing the boundary probabilities. Subcases of the ON/OFF sources, such 
as the underload cases (sect. 3.3), where no multiplexing gain is achieved, or a homogeneous 
superposition of two-state Markov sources and Bernoulli sources have been fully handled (sect. 
4). 

The contribution of this work is threefold; first we have extensively derived from previous 
results the solution of a D-BMAP/D/l queue (queue length and sojourn time distributions), with 
service time unity. These results are particularly relevant in the ATM context. Second, we have 
obtained exact results (to the extent of an exact computation of (20» for the queue distribution 
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when a small set of high bitrate ON/OFF sources load a switching/multiplexing element. These 
results might be particularly relevant for equipment testing purposes. Finally, using the results 
on the moments together with results provided in [12], we are able to express directly from the 
boundary probabilities the delay and jitter of a group of homogeneous connections. Another 
significant result resides in the observations made about the "underload" cases: the computation 
of the boundary probabilities can be bypassed in these cases, and the moments obtained 
immediately. 
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