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Accurate Approximation of the Cell Loss Ratio in ATM Buffers with Multiple Servers 
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In this paper, we focus attention on discrete-time buffer models with general 

independent arrivals and multiple output links, a class of queueing models which is 

well-suited to address performance issues in slotted systems, such as ATM. Calculating 

the Cell Loss Ratio (CLR), a key performance measure whenever finite-capacity buffers 

are involved, requires solving a set of linear equations, the size of which depends on the 

buffer capacity J(. Therefore, the CLR is often approximated by some appropriate tail 

probability of the buffer contents in the corresponding infinite-capacity queueing model; 

however, how these two quantities are related, is generally not very well known. In this 

paper, using a generating-functions approach,. we establish an exact relation between the 

distribution of the number of cells lost pelf slot in a finite-capacity queue, and the 

distribution of the buffer contents in the corresponding iniinite-capacity queue. This 

eventually leads to an extremely accurate dosed-form approximation for the CLR in the 

finite-buffer system, that is easily evaluated. 

1. INTRODUCTION 

In ATM-based 8-ISDN networks, a certain level of Quality of Service (QoS) is 

to be guaranteed to each individual user. This, among other things, includes imposing 

an upper bound on the admissible Cell Loss Ratio (CLR), the value of which depends on 

the application involved. Consequently, having accurate tools to estimate the CLR 
becomes crucial when evaluating the overall performance of the network. 
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In this paper, we focus attention on discrete-time buffer models with general 

independent arrivals and multiple output links, a class of queueing models that naturally 

arises in the performance evaluation of ATM switching elements at various stages in the 

network (see e.g [1-9], and the references therein). As in most studies concerned with 

ATM-related discrete-time queueing models, the time axis is divided into slots of fixed 

length. The transmission of cells (units of information) is synchronized to the slot 

boundaries, and one slot suffices for the transmission of exactly one cell. 

Let us consider a multiplexer model with c (c ~ 1) transmission lines, implying 

that the number of cells that can leave the system during any slot is at most c. The 

multiplexer queue, where cells awaiting their transmission are temporarily stored, is 

assumed to have a storage capacity of K cells; this does not include cells that are 

currently being transmitted, if any. In the following, we will denote by the random 

variable ak the number of llew cell arrivals during slot k attempting to enter the 

mUltiplexer buffer. The cell arrival model is general, and assumed to be LLd., meaning 

that during any slot, Le., independently from cell arrivals during previous slots. 

Although, ill general, ATM traffic tends to be of a bursty nature, it has been verified 

through simulation (e.g. [6]) that the Li.d. assumption is quite realistic, for instance, in 

multistage switching networks where the arriving traffic is randomized (meaning that 

arriving cells are randomly distributed among all input links of the network). The 

number of new cell arriva.ls can then be characterized by a probability generating 
function A(z), i.e., 

[ ak] A(z) == E z ' 

(where E[.] denotes the expected value of the argument), for any value of k. The case 

where the numbers of cell arrivals during consecutive slots are correlated, requires a. 

different approach, and is subject for further study. New cell arrivals are accepted as 

long as sufficient buffer space is available; otherwise, cells are dropped. Further, let us 

denote by Uk the buffer contents at the beginning of slot k (the total number of cells in 

the multiplexer buffer at this time instant, including those that will be transmitted 

during slot k, if any), i.e., observed just after possible cell departure epochs, but before 

new cell arrivals during this slot. Under these circumstances, Uk cannot exceed K, and 

since, due to the synchronous cell transmission mode, cells that have entered the buffer 

during slot k are still in the system at the beginning of slot k+ 1. vk and vk+ 1 are related 

by the system equation 
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(1) 

where (.)+ £ max{.,O}. 

Calculating the CLR (also: Cell Loss Probability, Blocking Probability), defined 

as the fraction of new cells arrivals that are lost, due to the fact that the cell buffer of 

the system is completely filled at their arrival epoch, involves solving the [(+1 balance 

equations (together with the normalization condition) defined by (1). Indeed, let us 

denote by pc £ A '(1) (where primes denote derivatives with respect to the argument) 

the offered load, equal to the mean number of new cell .. arrivals per slot; from this 

definition it follows that p is the mean number of cells offered per output link, per slot. 

Similarly, let us denote by the carried load the mean number of cells processed by the 

transmission unit per slot, which, in the steady-state, is equal to the mean number of 

cells per slot offered to the multiplexer buffer that can actually enter the system. 

Defining the steady-state probabilities 

for all 0 ~ i ~ [(, the latter quantity can be calculated from 

c-1 00 c-1 
camedload = E iq; + E cq· = c - E (c-i)q .. 

i=O' i=c! i=O ! 

The CLR, the fraction of cells that cannot enter the buffer, is then given by 

CLR = load 

Calculating the values of qi (or, equivalently, sqi)' ° ~ i ~ c-1, requires solving the entire 
set of [(+ 1 balance equations. 

Solving the set of balance equations may be a complicated task, including 

substantialnumerica.l difficulties and/or time consuming algorithms. On the other hand, 

under various circumstances, it has been observed that the CLR in a finite queue and the 

distribution of the buffer occupancy in the corresponding infinit~apadty queue exhibit 

a similar asymptotic behavior when plotted versus the buffer size (or buffer contents) J(. 

Therefore, in many cases, the CLR is approximated by the latter quantity, because a 

number of techniques for approximating the distribution of the buffer occupancy exist, 
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that have shown to be accurate in the range of values of interest (i.e., sufficiently small 

probabilities, see [7-1a]). Nevertheless, in most cases, the exact correspondence between 

the number of cells lost per slot and the buffer occupancy in a queueing model with 

infinite storage capacity is not clear, and to the best of our knowledge, this issue has 

received little or no attention in the literature. In [14], a rela.tion between the CLR in 

the discrete-time Ge/Y}/ D/ 1/ f( queueing system, and the distribution of the buffer 

contents in the corresponding infinite-capacity queueing model was reported, which is a 

special case of the relationship to be derived in the current pa.per for the lllultiserver 

queueing model described above. 

2. GENERATING FUNCTION OF THE BUFFER CONTENTS 

In order to be able to derive an expression for the generating function of the 

buffer contents, let us denote by fA: the number of cells lost during slot A:, due to 

contention when new cells arrive a.t the multiplexer buffer which is already fully 

occupied. This random varia.ble is rela.ted to vA: and aA: by the equa.tion 

(3) 

Then, defining LA:( z) and VA:(z) as the probability generating functions corresponding to 

the random varia.bles f/;; and vI,; respectively, 

the above rela.tion can be translat,ecl tu the z-ciomain as follows: 

On the other hand, from system equation (1), we find that 

Combining the two above equations, we obtain 
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which can be further written as 

0-1 c-1 c-1 
E E:en Prob[vk=i] == E zn Prob[vk S n] . (4) 

i==On=i n=O 

The system reaches an equilibrium after a sufficiently large period of time, and the 

distribution of all random variables involved in the above analysis becomes independent 

of the exact value of k. Then, defining the steady-state functions 

V(z) £ lim Fk(;:;) ; L(;:;) £ lim Lk(z) .; SQ(z) £ lim SQk(z) , 
k ... oo . k-4OO k ... oo 

equation (4) leads to the following expression for the steady-state probability generating 

function of the buffer contents at the beginning of an arbitrary slot: 

V(;:;) = (z-1)A(;:;)SQ; .. ~) +~l\"+c(1_L(z)) . 

: - .'l(:) 
(5) 

The buffer occupancy HI, the beginning of a slot is bounded by the value of [(; therefore, 

the right-hand side ill til\'! above formula must he a polynomial in z of degree [(, 

implying that the denominator must be a divisor of the numerator. The latter property 

could be used to det.ermine 1f( z) from (5), but this would fall beyond the scope of this 

paper. Note that, since pc. CLR == L '( 1), the mean number of CE'lls lost per slot, the 

normalization condition ]I( 1)= 1 yields equation (2) for the eLR. 

3. INFINITE-BUFFER RESULTS 

The results for the infinite-capaeity queueing model can also be derived from the 

above expression. In this case, the (infinite) set of balance equations will have a 

normalized solution, only if the equilibrium condition 

04'(1) < C R P < I , (6) 

is satisfied. Under these collditiom:, IlO cells will be lost, i.e., L(::;) ~ 1, as f( approaches 

infinity. Defining CC:) , Pi and sPi (0 SiS (0) as the infinite-capacity limits of the 

probability generating function, distribution and cumulative distribution, respectively, of 

the buffer contents at the beginning of an arbitrary slot, we thus obtain 
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U(z) 

where 
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(z-1)A(z)SP(z) 
zC - A( z) 

c-1 . 
SP(z) ~ !: isp. , 

i=O Z 

(7.a) 

(7.b) 

is still to be determined. The buffer occupancy can now take 'ally value between 0 and 

infinity; therefore, we no longer have that the denominator in the right-hand side of 

(7.a) is a divisor of the numerator. Nevertheless, using RoucM's theorem (see e.g. [8]), 

it can be shown that the denominator :l- A(z) has &-1 zeros inside the unit disk {z: 
Izl<1}. Then exploiting the property that U(z), being a probability generating function, 

is analytic inside the unit disk, these must also be zeros of the denominator in the 

right-hand side of (7.11.), a property which completely determines the (c~1)-th degree 

polynomial SP(z). Indeed, denoting by Zj , 1 ~ j ~ &-1, the &-1 zeros of i- A(z) 
satisfying Iz}<1, we find, 

c-1 z-z· 
SP(z) = c(1-p) .II j1_/ ' (7.c) 

J= 'J 

where the normalization condition for U(z) has been incorporated in (7.c). The c 
unknown probabilities sPi' 0 ~ i ~ &-1, could be solved from (7.b,c) by identifying the 

coefficients of equal powers of z in both expressions. However, in the following, we will 
derive an approximation for the eLR such that the solution of tIns set of linear 
equations can be avoided. Expressions (7.a-c) for the probability generating function of 

the buffer contents are well-known results, and have been quoted in the literature on 

various occasions (e.g. see [6-8], [15-16]). 

4. AN EXPRESSION FOR L(z) 

In this section, we will eJltablish a relationship between the eLR and the buffer 

occupancy in an infinite-capacity buffer. For that purpose, we first derive an expression 

for L(z), the probability generating function describing the number of cells lost per slot. 

Let us therefore combine equations (5) and (7.11.) into 

SQ(z) U(z) - SP(z) V(z) = L~z) - 1/(+cSp(z) 
z - A(z) 
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If we take the n-th derivative of the above equation for z=O (due to the probability

generating property applied for the probability generating functions occurring in the 

above expression, these derivatives are well-defined and finite), we observe that the 

right-hand side will have non-zero contributions only if n ~ [( +C. In other words, the 

coefficient of /~ in the series expansion of the function SQ(z) U(z)-SP(z) V(z) will be 

non-zero, only if n ~ /(+c. Since L(z) satisfies 

L(z) = 1 + (zc_ A(z)) SQ(z)U(j>l - SP(z) V(z) , 
z \ c SP( z) 

the latter property, together with the observation that SP(z) V(z) is a polynomial in z of 

degree [( +c-1 (meaning that, considering the coefficients of zn, n ~ [( +c, in the series 

expansion of the numerator in tilE' right-hand side of this expression for L(z), only 

SQ(z) U(z) will have non-zero contributions), implies that L(z), the probability 

generating function of the number of cells lost per slot, can be written as 

c { , -1 c-1 c-1 i+f-c ~~!Zj 00 i-[(-C} L(z) = 1 + (z -04(;)) SP(z) E sqe. E z P[(+i + z. E. z Pi' (8) 
(=1 z=c-f z=[\+c 

where we have introduced the appropriate series expansions for SQ(z) and U(z), in terms 

of the steady-state probabilities defined in the previous sections. From this expression 

for L( z), all quantities of interest concerning the distribution of the number of cells lost 

per slot can be calculated. In this paper, we will limit ourselves to deriving the mean 

number of lost cells per slot. Specifically, taking the first-{)rder derivative for z=l, and 

using the relations SP(1)=c(1-p), SQ(1)=c(1-p)+L'(1), and L'(1) = pc.CLR, we find 
that the CLR satisfies 

(9) 

It is worth noting that the expression between braces in the right-hand side of this 

equation is a sum of nothing but. positive terms. Therefore, introducing accurate 

approximations for some of these terms (as is done in the next section), will by no means 

have severe consequences on the final result. Also, in the single-server case c= 1, this 

expression reduces to the following equation: 

1-8 P ? 

CLR = 1:::P. __ 1\ 
P 8J1 [( 

(10) 

which was established in [14] for the Gel1\. i/ D/ 1/ /( queueing system. 
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5. AN APPROXIMATION FOR THE CLR 

In this section. we derive an extremely accurate approximation for the CLR in 

the multiserver case, by introducing some proper approximation for the quantities 

occurring in the right-hand side of (9). First of all, in [7], it was mentioned that 

extremely accurate data are obtained when using a geometric-tail approximation for the 

distribution of the buffer occupancy in the infinite-capacity queueing model, i.e, 

-i-J 
P· ':!. - Cz z - 0 for large i . (ll.a) 

which, upon suitable 8lllllmation, also yields 

(11.b) 

In (Il.a,b), Zo is the zero outside the unit disk of i- A(z) (the denominator in 

expression (7.a) for U(z)) with the smallest modulus, a real and positive quantity larger 

than 1, and, from the residue theorem. C is given by 

C (ll.c) 

The accuracy of the above approximations becomes better as i increases, and is already 
very good even for relatively small values of i. It is self-evident to use approximation 

(Il.a--c) for 1-sPi and Pi' the (negative cumulative) distribution of the buffer contents 

in an infinite--capacity buffer. in expression (9) for the CLR. 

On the other hand. sqe' 1 ~ e ~ c-1. the cumulative distribution of the buffer 

contents in a buffer of size /\. can only be calculated by solving the set of balance 

equations, which, of ('ourse, we wish to avoid. Therefore, note that, when the CLR is 

sufficiently small, the difference between sqf and sp£, 1 ~ e ~ c-1. will be marginal, and 

the latter quantities. which could be calculated from (7.b,c), can be used as an 

approximation for the sqe's. Then it is not difficult to show that the second term 

between braces in the right-hand side of (9) call be written as 

c-1 c-1 
E E sqe P/'+ 

e=1 i=c-f \ I 

f . ('-1:-1 
N _ C: -1\-c E _l_J_ sp 

o f=O:(f 1 ( 

, -/\-c 
·0 

- C-::-=-1 (SP(:;o) - SP(1)) 
"0 
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Combining the latter expression, equation (7.c) for SP(z) , and approximation (11.b) 

with the expression between braces in the right-hand side of (9), we thus find 

CLR ~ (12) 

under the assumption that sP1(+c-1 ~ 1 in the denominator of (9), which will be the 

case if the parameters are such that the CLR is sufficiently small. In the next section, 

through some numerical examples, we will verify that (12) forms a close approximation 

for the exact value of the CLR. The calculation of the right-hand side in (12) involves 

calculating the zeros inside the unit disk, and the zero outside the unit disk with the 

smallest modulus of l- .4(:), a. simple numerical task that can be executed without 

difficulties using a Newton-Raphson iteration scheme. 

6. NUMEIUCAL EXAMPLES 

Let us consider an ATM switching element with N input links and N output links 

and output buffering ([4-8]). Depending on their destination, the output links are 

grouped together, which gives rise to N / c possible destination groups, each having c 

output links for the transmission of cells. On each input link, the cell arrival process is a 

Bernoulli process with mean p, i.e., during any slot, there is either 1 cell arrival 

(probability p) or no cell arrival at all (probability 1-p), independent from slot to slot. 

Cell arrival processes on different input links are independent. The routing of cells to 

their respective destinations is uniform and independent, meaning that each output 

group has probability c/ N of being addressed by an arriving cell. One output buffer is 

provided per output group, each having storage ca.pacity K. Under these circumstances, 

the aggregate cell arrival process per slot in an output buffer is a binomial process, the 

associated probability generating function being given by 

(13.a) 

The discrete-time multiserver queueing model we thus obtain for a.ny of the output 

buffers has been described in Section 1, and the analysis from the previous sections can 

be applied, resulting in equation (12) as a.n approximation for the CLR in an output 

buffer. In Fig. 1, we have plotted the exact value for the CLR (marks) and the 

approximation obtained with (12) (full line) versus the buffer size 1(, for N=16, c=4, 

p=0.2, 0.4, 0.6, 0.8, respectively. Calculating the exact values for the CLR requires 

solving a set of /{+1 balance equations (together with the normalization condition) for 
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each individual valne of K while, on the other hand, the approximate results are readily 

obtained from (12), regardless the value of K, onee the zeros ;;)' 1 ~ j ~ t-l, and zo' have 

been caleulated. From Fig. 1, it is observed that the approximation becomes extremely 

aecurate, even for relatively small values of l\. 

As Nbeeomes larger and larger, the maximu111 number of cells that may enter an 

output buffer during each slot increases, and for N->oo, the aggregate arrival process in an 

output queue becomes a Poisson process with mean pc, i.e., 

A(z) = exp{pc(;;- t)} (I3.b) 

which is often used as a worst-case model for the binomial arrival process (I3.a). In 

Fig. 2, we have plotted the exact value for eLR (marks) and the corresponding 

approximation (full line) versus the buffer size [(, for c=4, p=0.2, 0.4, 0.6, 0.8, 

respectively. Again, the approximation proposed in the previous section, which is easy 

to evaluate, leads to extremely accurate results, especially in the probability region of 

interest for ATM (Le., eLR« IE-'I). 

FIG. 1 

,0 20 30 

Exact (marks) and approximate (full) 
CLR versus fI'. binomial arrival 
process. c=4. ;V=16. p=0.2.0.4.0.r;.0.8. 

FIG. 2 

10 20 30 

Exact (mal'ks) and approximate 
(full) CLR versus II. Poisson arrival 
process, c=4. 1'=0.2.0.4.0.6,0.8. 
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7. CONCLUSIONS 

In this paper, we have addressed the problem of deriving results for quantities 

which are typical for buffers with finite storage capacity (such as the CLR, a 

performance measure of considerable interest in future B-ISDN networks based on 

ATM) from infinite-buffer results, for, in general, the latter quantities are easier to 

obtajn. In all of our derivations, we have used a generating-function approach, which 

has proven to be very useful, even when finite-capacity buffers are involved. 

Specifically, for a discrete-time multiserver queueing model with general independent 

arrivals, we have established an exact relationship between the probability generating 

function of the number of cells lost per slot in a buffer of capacity K, and the 

distribution of the buffer contents in a buffer with infinite storage capacity. This, in 

turn, has led to a closed-form approximate formula for the cell loss ratio, a quantity 

proportional to the mean number of cells lost per slot. Based on some numerical 

examples, we have shown that this approximation is extremely accurate, especially for 

those values for the CLR of interest in the ATM framework. 
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